@

Pjysrclr 12/ Solochrom Set #3

alsin <1 1o noke Hat
A/‘;'a/ = (gavﬂy)j‘f
= Jud AV + Qav AV
Udrhy Leibniz's ruk for %mﬁaﬁm fdp/ml«af . Bei

Fauv;et T O

@ (@) ‘473;;‘) i‘::f!&.r{ wey f‘o V&g}% 4 racsing dna /JIM boledos Commector

Kee,

- v
Ay = Guw A% o

m Sdne MW works 14:('
Aﬂ;( = (g,hvlqv )'n( - 5Av’4vjn(

Smee g4%y 0. The @rsiment i eeiily eqfendeqd Fo recsin or/wue-wap
e m’KZx Ib:'ﬂ"y JI&MSH‘. 0'( gf

(b) Follourny e eramplls givon <n chise,
(¢) By debwition , e mefric conmechion &
‘;,4 = Z'Lﬁﬂulﬁvﬁ,'-( + ,?uo(,p - ﬁofp',u]

IF pyot and af ard of is diagmel on
j‘ﬁ/go.me-eZ:ﬁ, in' e m‘u;éo&":( _rm(arztdﬁu, we )iq.t?‘ Aave o= b

otlorwise GY=0 . Mote at ¢4 15 1% javerse @”J,‘, aned & Tlonotore

diagorel well . Fe el M=V bt VAR5 Fow e and £,
wfj_@ ﬁd‘}yﬁ = Gvut =ﬂ;%/k/e’ ru::émé Aot R SHagonld “
ard to, %, MJ/S ae c/u"ﬁn'c?[/ Fion 7“:{'; =,

Fal¥ 200/ @ a A/.{J'y: A/,V—AJ ,fu

AVJ/‘ = A"J/“ - Ay F:‘/l

= AV}/’- _Ad P;’v

. o
S‘m ]:‘:’: V/a ] l%"ﬂe
/-L.;,, ~Apu = Apu - Av,/- .

{“ ’L:“'f'.P - F/“’JJ’ - 7;0; Fou ~ [l;- /E:ar
F.?ﬂ‘;" = F.-P/”/V - r}i Fo-/‘t - f;i F}cr

- L
FUJ,/'A" ij‘/“—l:?ﬂ Fa‘_p'—]}iaq,a-

AJJw’aﬂy fo Heo @wﬁu‘nr A virny o fact flat

Fae= ~Fop
e = I%
we we Hat

=

A3 * 6ﬂ;v+ E_r;,. - F/W;.P + ‘C})';" + F;_rw

-1 e o
Tas ot Foe) =0 Rt Fr) =T (50t Fo)
or
P ot Foupt Fugip = Funp *Fpue * Fogin

() Tn Miakowsl spuce, Mamurells epoefron; ace:

.= 4;13»

I+ U+ VP = ©
whi T 2%4Y- avg“
ch«:egm&‘{'fem&ha,wrm wre¥e

%+ uFiy * d Fuz e



wlho F,=88, ~FAu.
Vg 17 cotmma nefatron, we Flogfore Ague
F“5 = Ty
F,W;y t F;’_r,,u'f' F-J’mv =0
whe Fur® Pu = Ao
et B e e i e
:{w o’ean fves il covarvait Aprivmbrvei. For ex
o A Aus
Mofe At baced ox poai (2], wt com J‘M?r; write Br 4
Faw = Aoy — B,
© e is ne chunst in #e inihomof Fur. B pow,
Fave gedgré [,

whee g'“‘( it fle myense vf fle metric Fmjor of chVe/J;nceﬁr'w.
772 MM%U«*\N w covamant form AR MBI S

14 __4. L
= T

E‘VJS’ t F—V_}’,'ll"' F__;%;v =0

Based on 1% rescbbs o pd &), 1% recond G hen con bo reuritfes ar

o W Ascu

E:v,f T+ FL_PJ/& -+ ‘F:?)‘/U = O
So W v How 1 Ao c{.«m?:e -ﬁ«m ﬁe /”/Twéaw_néi {oxe Ve Stoh -
FTM.% current Comserwmbon on Minkowski gmece 45 @,T"'—‘OJ whaed
W fan :urhlﬁ'af j—“j/‘—'-'o, I‘ﬂ'cvfl’eaf_]‘pwﬁ,..e” ‘&ymwm
orué«nuy tire vt & romaddaX ; Flas, in corvea
Sppeefrme, ga = o
sa =8

Remenk: I e fakosr 1 rovariant dorpatie o F = X TY wntd
i?;:l&{» o XY, ;e can viégd(tcfm MV} J;:éa st ST
(F“%u)sv = ©

T divairing i reqult, one mast ve o #et 1Rt F= ~F¥A, T,
ﬂ:ﬁxw&@j’ ﬁ;ﬁ Ul-;";-‘;:e{'; Cm}.r‘le wi¥l e fe;uirem.en—ﬁ ﬂd \7‘-‘-‘;“ 0.

@ [-a) Shdmli‘ﬂc f‘e_rqjt’.‘
T';(f = %’.ga’f (ﬁf‘b} + g_{’/ﬁl’ - gﬂ‘b.?]

_gééé»ﬁj o amd .ramm;.rg e i,
ZI
f’/,,, - igﬂf[ﬁfmﬂ F Jore T Qewsp ]

Nofe tlat 80 (G50, = Qup )= O  siiee g*0= g% while
Fopvin— Qs 15 aisyminetric ndsn Ho inderchange. € uand p.
[Gguvetetly, me cen simply relebel 1o sud term 27F9,,
%u:rr%vgfﬁrﬁmd/uﬁr_p-mi:méfmﬂo( g anis
Shie 9 amd 4 ane w iaceier 7 170d o5 f&? are sommad 1ncleces. |
Henez,

[ = 3,79@33;0-»
= 3"9“—7 Oru
2x"
T prove. Het 145 is eguinlont fo
G = ;—é‘-gg; ) JSELtg,,

f;l:u_r %@1 an Mé/ﬁ'ﬂrot; matre A. é)Y cbfomition q’ﬂ

d{detR) = det(A+dA) — et A
We con perform tla Follounmg manspabation:
dot (A+ARY = det{Al1+ A'dAD)
= det A dot (1+ATdA)

whge 15 He entidy matrix  [wifh madrix ebmerfs &‘}) and
we have vied Hle fuck That Aot AB = dotA d6t 8.



%

T com ovabuale Aet(1+8A) as bllows”

“’JA" JAH_ e ;hly\
‘id{iffﬂ) = Ak J\Am 1+FA, & A

SQH.“ SA..‘ A I'Q'FAM.

= (A1 TRn) (1 Shn) O (EA))
= |+ J‘A||+IAn*-'.+ SAM + O(fé‘@)")
= 1+ Tr(sa)
T heve Aropped ol hibor orden correchoms in SAy . Nate 1Rt
l:rﬁﬁn:/:wzf mﬁ' fk{?*ﬂ% whied i egunél"n ‘fh_r?/m of T o&a;oé«j

1
T“Au\a JA= AdA
& flfows Hak Qnaﬁng orden wn dA,
det (Aedh)= dot A1+ Tof A7dA) ]

= det A+ dot AT (ATWA)

JF{[MA) = wtA T m”m

4 1 tr £ & AA Hr Wt Fo A= v, @rl
st o b T
T (A7dA)= g d
- gMV dg;w
M= g4 Mareoven, Aot A= 9. Heree

(4= 555 |

Heree

Srace g

F;ﬂ;.%, U.(m; ‘ﬂe c[m;\ ruﬁz,

dg= g dx*
oxP
43;‘9: 93»' JXH
X
!'é"'q/ A 9? g _ Av 92‘“" y
32_? dx j axﬂ d)(

Thes (s feue for am arl:.;-('f‘m,g nPnitesimed dA", Jo we onclade that-
A1 93 _ A Ar 9‘3,‘,
/ 35279 5% 7

(m\fow-y witd to previci re;qﬂ) T’/‘,“W - igA.P 9.:9_?,44
D x*

{and usirg § “—’33"‘“), we g@ Aot




/%m : Anoer promp of a/ag ,‘?ﬁ”‘fﬁ”
From Yo detonctoon of 1o determmant, we fave

_pa—f'c‘ —

Fup Qv Jus a1 € B ALY

Nete fle minus _n}mJ Siece J; convembon E£°3= —g .= 1
Tabe e diffonsmtied of s eguerhon o obtein:

5Mr[ “’Juﬁuo—jdé‘ Yot Iu9 99 fes Jne
+ 3)\5’?14"&3#{ aﬁ‘f -+ gt\_l’ﬁuc-aad"dgpt]

—Ag Eﬂy,(ﬁ =

We dﬁ(c Ilo‘k ﬂﬂl‘
o T _
jwja;ﬁ;z £.? T= —3 ﬁyf Ervdp

Since j"‘Pé; Tle iaverse § Gup - L kewise
= T

Gy s Qe €77 = —3877 Eurnp
sod v _ ¥

Gup Qoo dpr € S 739 L

5#.‘??9"3&'6‘ E.P!!'J'l' = _ggrrgﬂvqu’

T[«U -
dgf,.wp = 3[9'?4‘3,@ fa'w# + 3’ ‘nga' Euyep

¥
+97°dg 5 Eprp * 3”6{3 gt EAde-]

Mu,% b .E}m:”d and Surm over rgaer/a/ noeess .
UJM;: a(f evolf = 24

E E/'y.(fg s J

grnb EW#,G = -4 J‘?

£‘f‘c./wc Btz

« @

- 4 ve o =
afg = ,5% é[; Pdg;,j, +9Y°dg,,+ 3% dg . * 3F d?ﬁrj
All bovr ferams ae idantrial afies rgfa&ﬁ.‘; Thas, we eed vp wilk

Aj = jg“"dgw
as before . Wa now T b fa) and ().

. M =AM AL — . -
(a) fehiﬂe:/q w TAY L J;V. Set v and sum over pu. Uiy f;v: ;;J
M -
A,'/"A,,u*ﬁ'}’,gﬂ’g = A4 +f§ J?
714'5 should be Mmﬂ
-~ ol L “_f. o=
Jl_}ax (GA) Bx“ Wbﬂ%
avd we sep Aok fpdood
uE e 2 A

Va2

~ v A By Vo
[M?z‘%:ﬂ\flﬂfaw FJJ{']’,’;.(F 4‘7},(:;#. 9“::\&/ Mv(.ruwom/u.

CFMp s PR e T P o e

F“ s an anZispmme i Tlewtore, T2 Fef=
““z 1 ar e, F o
since F ”M whoeas Tiy 15 5 Bric vndes 1 s fench
{Ai g T .ryn:n.ptt—tc p ot 'y {e,.. mpl
Ferip = F*  + L. o p#*
=

@n%){a;i aﬂm; ©or 1l ridy. Offervive, He reselt is Simelaq A Fat
o (3 F)

AV -

A : v — b
1/ Fj‘ ax -(7{ F F- ’

o



D |

&

CNVE / - 2l } - //— 2P )4t = i 0 d B

ctr

(2) (omsidon 16 [‘}4%/4'60\
L=(1-&1

U’n;; e Zﬂ,lmf ezwﬁm g

/- 3(.

or

M )rxoj— ( j— 261

2 2)] o

%“[/—M + M fie = o
ctr ot

Mmfewrn(ﬁ’ aJf
Ew 2ol [~ 2 ) e o‘]
ilad <rr
/ - 3[_ —
d iy s o + — rz
Z(—'[Jr(/ c’-r ] Ko} (/ C"‘f"}

-‘2.*‘9 ~ - JLin E¢

Hencz,
- 2~ (122

-2
F2 o GM (xo)*
ci?
—-r9 — rsm*g 51'53‘:: o

Moty by I—%Wf fo cbtain:

ctr

Ir'”;—- r26° —pren*8 B2

'

"r2 4 gm

ctrt

CECRIT el

ctr

n
Q

—'r(f— ‘;)'G'M 9 ~ rsin 9([_ 9»6—M

c"r"

4 /oL ). gL d.[,e57 - :
ds {26 )' C7y = J;‘/:Qr 9] S —Ir5inbeos B ¢5:
That 4, .o . -

LQ + %59 - snfafp” = 07
,ci oLl ol —— 20 4 ] =
or sm>6 é.'f‘ 9;9; gm*& + 2aBres @ 6595‘ =0

Drifia(e [73 sie ot n
L%*‘E’:ﬁ—r 2&*99.9“3:: o]

;(.'““‘TZ;X'“);F=O

F @MMMJM f;,'l“/,&d,

e (X*XF + KB X))

and vend o‘Fﬁc,ﬂQﬂe AR~
m, for d#p, o T,

L x“‘x“ =4



mfesuﬁ/-' 77«!,
reenge GHL( 2g )" To=Ti= e (- Lent)”
re etrt otr . “r ¢tr
T_,r: - _ &M I~ ; — 716 ofher non-seno Chrish el Jymla/_ft«eu{ro e-a.‘:; 5 obtain
ebrt ctr T,o:: _Elﬁrr an =
nT = &M (j-—;&n’l) or cr‘( o
o] pprt -E;—;'- rr o= _f.?”_a_gr_,. -
r‘é; - —_—r (I'_ ar - Cz,-a ( clr
Fr - g 8 -
T = —r;,,e&(f %M R e
t-r- r — rr
r:9: re - _L r)w B i@f = Trsm®8 (/_ Q‘ﬁM
er r d
f’e = & _ o
72, = —sinOef ro = Tor = 23 Q—gv: - ;.;,-J_J(_;,) =L
AR AT
® _ _ 1 ré ér 9% Og¢s - g
T’W - f}_;’,‘; T g 2r e 19)( 2rin®8) =
A
réq; - r;"?; = ot ® T;s‘?s - }j”?;)ggﬁs = _t,'zi——'t— 251 e B = —sinOcer B
. . f - é _
These ao e Thirteen nowzero CAru?‘owJ}mLcé. 7;45 - 7;9 - '-_{‘_3# gy = }Lj 5 2rtim Beor B
89 n
b) Ure . = cot &
( T’orﬂ - T';'JA [oq"ﬂﬂ’ T Jrap T Jus VJ j
Af/_oflu s vewdih.
71“‘{) For*ijoo/‘z%:—rf‘—io—-"_d‘?"_. o
3% —227
Since g,uu is Jm;mmﬁ we l'rwe g'“’“= g—l—— (no sum wu/-()'
Ths, 9%z (1— 30)". Nest, 7
9g,o: 26M

Pr errt



T

®

@ e metric for T surbice rf e _gt;éaa of radicc one iy
d_(';: a0+ s "ﬂd;ﬁz_

e of frin %;EMQIM ,%’a‘r/)éaf Ko L= y‘ﬁ,‘-’_m 19;5’ =
- oL . ..
ﬁ_/% -l = Z‘%{Jﬂ/—' AnbcesB &

(

/

or Lé"’ s'mgca_rﬁgé'a: o

ﬁ /.2;:5;;”"‘9}: @

Hy)-% —

or Fg;m'*ﬂ + AsmBcos )};;5': o

U;’“ 20t B9 = o J

Llr\é\lof W oo 1o _V&v.z Caffé-r/'m/ fo

?5:' Cons funit
f=x
wlone ¢ is o ane monswied af. ﬂegém’ar/'c. I & brirdd 4

check it s saiities -ffe&:a;ew(.:;?c %mﬁws;whﬁﬁpve

&mmk.‘ﬁﬂ is not muck more difBcald fo obtrin adl ' peeolpsitr. Fresn
fle egvahim . :
s A(fsn*8) =0

ds

uﬁfcwﬂd ;15;,,,*9:(]" whoe T ot aar:uﬁ,u(. et 725 resu ot
s -fjﬁ ﬁr}¥}edejfz esuqﬁ'ﬂ\ ol e &. Bw‘f, flee €1 4m easier
method. Nohaly Prat

[ = %)14— an*p é:?)?.

we se ot flo vt o [ o Yo goabosic s L=1. TR,
éa+ .S‘Maggga = 1
Puﬂﬂj ¢'$;n°‘9=3) we hard

éﬂ-: l — J-J
Jrnaa

——Q- = Vﬁn’ﬂ— Uz

ds sin @

Debire T=3n00. Thow, we cam intepral s fo obfren
Cos B = Cor@ Sim{s—s.)

“’{b‘é&a'm M mte ahen r S er = y i
st Byt by By vty e ot omgt

1 Cos &= cos 0, SmS}
Inﬂ{ru:e, §=o Corre.r’ema’.f o @=-§ [‘f%. eb’wn’br). Fm%,ﬁmq
ér,,‘g = Sin 90

Thes,

‘_fﬁ_ -~ Sin 90
ds 1 — car*Bosin®s
In'#erwho"h ,M;CJ-'

[t (F=8,)= cm 0, funs |

W @, is e costrat of imdegratiin. THe fun boxed Eruatins proydb
& prrosme bric representahin of any geodes 1t Mdﬂfwé’gu“‘ &ngw
we hewve

Do and o For example, 1{ B.="0, Hon
#= e
6= -711—-5 :
whek descufles e of e Uompitucts. TF Oo=T | Hon ye hhes
6=T |
¢= ¢o+5
whiek -i&'meﬁuaf‘br.

——— VY o



3 |

A ddendom to <
ﬂeby resuld
L 28 - ‘“’9,,,,
oI

Canbe proved im ot g Hee ae ‘M alfeunate melhods.

Mfﬁadr 1: Far ary maFrix /4/
det (exp A) = axpltrA4)
whew _ = pn
aphs > L

n=o

] of by 14 vswal Senipr %Waﬂl—é /Mamueyar?g/
%ﬁ?{f‘rid UTJl'é’e %W%’ ‘a{ﬁa‘e.r

D e lb A
2y dot lerp 1) = 2 enplt A)

assumss Hat 1o matrix eloments of A dopord on xB. Now,
i;w,o[wr): oxplh ) 25t A

= %p[frﬁj ér/%}

d 1o fact fAux He 74@-«05;«&-1: M o e matix
w‘jﬁxiﬁg i 1 v of He Adgenall olomands) ; and 1%

dervihve i « Lbeen gperator. A “}jfﬂh‘f/ note {2t

_ a4 2A
Srerrh = emph 55

(wlic can pe proved vsing ffe chaen rok and fZe pruren series defoneBon.
% ewp A) - TR,

oA -1 3

b - (‘%PA) Y 6"7/"‘4

Tho, < B= ep A, we hwe proves 1Auzt
2 + = -1 9B
i detB = dtB B .é}?)

Putbnig B=8,, , B'=9" and det B= q puilits 1% obsired renctd.

Lomarks: If 8=@cpﬂ) an we cam write A=én 5.
In this case, o above oot (au bo rewerten a5 tollows:
bt B = trlbn 8B)

2 Lol B) = L P

2xF Aet R DxP
2 (e -'.: ,—._9_. = ~ -1 28
2, trltn8) faﬁe"za) é(B'—?}T

Fom wfoed & Fllows et

..__I_-.-__a._. - "{38
wE a8 = (B 26,

[Nole thet tle prost of

2 = 728
P &8 s

iseasy f B=osp A, cuse nlexpA)= A by #hiniti.)

2 remacse veshah 4 whefien we canm
ﬂo/:{,’d(e :»74.«}’ 4%“—-79?565- flaxf Hane taicts 4::/’% Svek 14
B=exp A (or eﬁwéa&/ﬂt@ At &0 B exrits).

Since G 15 2 read Symene fric matrix /u/év Qs

A& cam be dmae;rnn.&évedég an orflogenad Hrawstarmatiin. lef & be 12
mafrig S+
OTG C = cfr? ("'J Az,A;l Aq,)

twloe dui; & a g hvix witd d«t{}maf-@&-—aﬂﬁ dq::'fe* é'vg #e “}dﬂ“&e&

Hese fadquf Fo T

ump oom oF £y lrd‘h".fm;)k/ﬁd )/



7D

The,
0-7‘4"@ @': dmj /%Jf’, 4/‘:,,4-\/‘3/& J4}

G s O diy(boh, bk, oy, B ) O

I¥ 4,, is posshie detnits ) flom ol flo A;>0 and bo & < well oborinen
Howewen, i L rebetriity, Guv b ihve egomnlie anel

I A LA A EE s Y3 SNy e g

be covtil simce b /o; 9 a negetie nomlie, 15 meelle valiwrd.

Nevertleless , 1o end reruld,

i B - 198
ded 3 x* et '6'[8 Ixt

¢ frue for a¥ matreces B, and dots not dk on MJ/M £ in
By 1% way , i 1 solutoin Fo profilem 3, T clecrved

/ - ot
vy didetd) = Tr [A"HA)

¥ Irrb‘efm«?@ s %uaz‘;dn, Hom T ohtacn

L et A) = n et A

dext A

and
fTr[ﬁ"/A): 7?]4"’4;4 = TR A

T tie tust e, T s e Lins, copondlince ot 1o trace on 28, mabri
W;M%&»é cb’%_fm(?ﬂaj TAe 4&:2%}1% "~
formal bot S%exﬁve, and & folleds Lok

b (et R) = Tr(bn )
Tloe 45 ro intepation conttaed ; since Tt resdd 15 %rfwk% eFiHed wlon
A=1 He £, matrix) . A moe rgoreus proof would replace A
alrove witf exp A. IA c easy v ree how fo obfmen

det (exph) = exp (t-A)

| 2

Meﬂm’ g Iy s me/faoﬂ e (‘w _f’._“.d@x B more afr}‘e\r?‘%-
&
First 2 ix . ‘
At-r; l:.w%l;v.(l} review) i;ﬂ’- atr a%ﬂbm For ."7 mfmr-éﬁ—v Matrix 8/

g'= ! B
det B

oloe B 1s 1 “adjoint" of B (oot fy o anfised it hermithen ad ot 87)

“’M 4 éﬁ“f’ 6;°

adi _ )
(rote fle order of irdeies ) , wlace /2 c»ﬂcﬁrpbf’gg & gwen by
CﬂF(B;J)E GU‘t’id&f 3;" Bf'j" B:‘J:Nr o Bya

Bi_-bi e B;-a,;-n B:-l.i-ﬂ . Bt-uh
B-'ﬂ-l_,‘ bt Bm,;—-' B«'+l,:ol <+ Biryn
Bna Bh,f-l B-A,J:H i énn

Thed 4s , 2o cofactor of Bl is obbasmid by Aol L B
3] .0 £ 75’9 F0 row cad (15 Cdle--uv\
N S L o < AT

One can dedt B v He So-calfod co factor ex .
[0" Crprn ] por, ba miners) . 5&2 har He TQ’NOQJ;AQ o Fh"‘\-h;o“\

h
det B = Z Bij Co?o(gij)
431 .

Gor fied i (Mg choice oFf ; gues tZe sme reru.&’)_
_a_. = 0 o
98‘30{@{'8- CF[B‘.J)-

Sikep Co‘F[Bi;) doesnofde,aam’m Bg simce This eloment hos botn delited

Lrom fie matrix o CompuFiig % defermimant (00 above).



0

t
Q
w
O
%
o
<
N

!
wb
9
o

= dthTr(B"g-f;

e we huve vied BT — B, Th fictor det B & pirt a numbbes

uwwempw”oufmcm f’fw& 77:0‘,

b s = T735)

'r%fcwg m-—s:'r\}a&l matrix B.




