PART 2: INTRODUCTION TO CONTINUUM MECHANICS

In the following sections we develop some applications of tensor calculus in the areas of dynamics,
elasticity, fluids and electricity and magnetism. We begin by first developing generalized expressions for the
vector operations of gradient, divergence, and curl. Also generalized expressions for other vector operators
are considered in order that tensor equations can be converted to vector equations. We construct a table to
aid in the translating of generalized tensor equations to vector form and vice versa.

The basic equations of continuum mechanics are developed in the later sections. These equations are

developed in both Cartesian and generalized tensor form and then converted to vector form.

§2.1 TENSOR NOTATION FOR SCALAR AND VECTOR QUANTITIES

We consider the tensor representation of some vector expressions. Our goal is to develop the ability to
convert vector equations to tensor form as well as being able to represent tensor equations in vector form.
In this section the basic equations of continuum mechanics are represented using both a vector notation and
the indicial notation which focuses attention on the tensor components. In order to move back and forth

between these notations, the representation of vector quantities in tensor form is now considered.

Gradient
For @ = ®(a!,22,...,2") a scalar function of the coordinates 2,i = 1,..., N , the gradient of ® is
defined as the covariant vector 5
lii}
i=—, i=1,...,N. 2.1.1
im g (21.1)
The contravariant form of the gradient is
g . (2.1.2)

Note, if C? = g'™m® ,,,, i = 1,2, 3 are the tensor components of the gradient then in an orthogonal coordinate
system we will have
Cl — gll(I),l, CQ _ 922(1)’2’ C3 _ 933(1)’3.

We note that in an orthogonal coordinate system that ¢® = 1/h?, (no sum on i), i = 1,2,3 and hence

replacing the tensor components by their equivalent physical components there results the equations

Cuy_100  C@)_10%  CB)_ 1 0%
h1 _h%alJ’ hg _h%(?xQ’ h3 _h§8$3

Simplifying, we find the physical components of the gradient are

i&(b 1 0% 1 09

CO =5 0.0 Q=532 O =95

These results are only valid when the coordinate system is orthogonal and g;; = 0 for ¢ # j and g = h2,

with ¢ = 1,2, 3, and where ¢ is not summed.
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Divergence
The divergence of a contravariant tensor A" is obtained by taking the covariant derivative with respect

to 2* and then performing a contraction. This produces
div A" =A" . (2.1.3)

Still another form for the divergence is obtained by simplifying the expression (2.1.3). The covariant deriva-

tive can be represented
0A" r
A" = — A™,
kT ok + { mk }

)

Upon contracting the indices 7 and k and using the result from Exercise 1.4, problem 13, we obtain

AT = 0A ia(\/ﬁ) Am
' dz" /g Oz™

1 0A" 09
A" = — A" 2.1.4
Ve (‘/E dar &vr) (214
roo_ 1 0 T
T \/y 8Z‘T (\/EA ) .

EXAMPLE 2.1-1. (Divergence) Find the representation of the divergence of a vector A" in spherical

coordinates (p, 0, ¢). Solution: In spherical coordinates we have

t=p, 22=0, 2>=¢ with gi;j =0 for i#j and
gi1 = h% =1, goo = h% = p2, g3z = hg = p2 sin? 6.

The determinant of g;; is g = |g;;| = p* sin # and /g = p*sinf. Employing the relation (2.1.4) we find

div A" = % [%(\@Al) + %(\@Az) + %(\@A%] .

In terms of the physical components this equation becomes

A@), 9 (\/_A(?)))}

. 1 [0 A1) 0
AT = — _—_ _ —_— _— —_—
e & = == | ST + D +
By using the notation
A(l)=A4,, A(2) = Ay, A(3) = Ay

for the physical components, the divergence can be expressed in either of the forms:

: r_ 1 0 2 9 2 Ag 9 2 . ¢
div A" = s 8p(p sinfA,) + 80(p sin @ ; )—|—8¢(p Smepsinﬁ) or
1 04,

S N 1 9, .
div A" = ?8—/)(;) A,))+ —psiHG%(SmeAe)—’_ el 09



Curl

The contravariant components of the vector C = curl 4 are represented

C' = IR Ay .

In expanded form this representation becomes:

045
02

_ 94
ox3

(2.1.5)

(2.1.6)

1
V9

C? = i (% _ %)
Vg \0x® Ozl
1
7

04s oA
g \ Ox! 022 )

EXAMPLE 2.1-2. (Curl) Find the representation for the components of curl Ain spherical coordinates
(p, 0, ).

Solution: In spherical coordinates we have :z! = p, 22 =0, 23 = ¢ with g;; =0 for i # j and

g1 =hi=1, g22 = h3 = p?, g3z = h3 = p®sin® 0.

The determinant of g;; is g = |g;;| = p* sin? § with VI = p?sin@. The relations (2.1.6) are tensor equations
representing the components of the vector curl A. To find the components of curl Ain spherical components

we write the equations (2.1.6) in terms of their physical components. These equations take on the form:

ca 170 )

T _%(th(:a)) — a—d)(th(?))}

c@ 1[0 )

CD - L2 Ay - L aaw)] 217
cB) 1[0 )

= = [ mA) - A
We employ the notations
C(1)=C,, C(2)=Cy, CBB)=Cy, A)=A4, A2)=A4y, AQ3)=A44

to denote the physical components, and find the components of the vector curl /Y, in spherical coordinates,

are expressible in the form:

1 o, . 0
Cp= m {@(Psm@f%) - —(PAe)]

o¢
1 [0 o
©7 psind |:8_¢(Ap) - 8—p(psm9A¢)] (2.1.8)
1[0 0
Coy = F {a—p(PAe) - %(A,,)] .
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Laplacian

The Laplacian V2U has the contravariant form

ij ij i'aU
VU = ¢ U4 = (g"U,) ; = <gjaxi) E (2.1.9)
sJ

Expanding this expression produces the equations:

v2U2i<gijaU>+gimaU{ ].}
oxt

Oxd ox? mj
- 0 |
- s () 23
VU = %% (ﬁﬂ%) .
In orthogonal coordinates we have g% = 0 for i # j and
g11 = h?, ga2 = h3, g33 = h3
and so (2.1.10) when expanded reduces to the form

This representation is only valid in an orthogonal system of coordinates.

EXAMPLE 2.1-3. (Laplacian) Find the Laplacian in spherical coordinates.
Solution: Utilizing the results given in the previous example we find the Laplacian in spherical coordinates

has the form

1 0 oU 0 oU 0 1 aU
27 9 2eno?Y) £ 2 (GinplY) L 2 P 2.1.12
ViU p?sind [8/}( Sln98p>+80 (Sln980)+8¢ <sint9 8(;5)} ( )
This simplifies to
0’U 20U 1 02U cot® oU 1 0*U
W="xc0+-"2"+= — . 2.1.13
VU= ooy T ram T 2 0 T rente 082 (2.1.13)
|

The table 1 gives the vector and tensor representation for various quantities of interest.
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VECTOR GENERAL TENSOR CARTESIAN TENSOR
A A" or A A;
A-B A'B; = gv:inBj = A;B" A;B;
AIB, = gV A,B,
— N _ ) 1 ..
C=AxB Cl = %e“kAjBk Ci = eijuA; By
’ ’ 8{El
- S 1 0 04;
V-A=divAa A=A, = = A" A= —
1V g , , \/E({‘)xr (\/§ ) ’ ozt
L B o DA,
VxA=C=curl A O =R Ay Ci:eijkaxj
1 0 . oU o [0oU
V2U an mn = — —— 7 _ — [
g T g 0xd (\/Eg &cl) ox? (&W)
- - _ . , B;
C=(A-V)B Ci=A"Bi ¢ = 4,2
- S ., , L oB
— A(V.B = A'B i = Ai—
C (v ) C ,J C axm
- S . o , 0 0A4;

o 2 T m Al _ m _ 1
C=V-“A "= g] A ,mj or Ci - 9‘7 Ai7mj Ci - Hxm (axm>
(4-v)o gAY A6,

/S m 0x;0x,
" , 0%A; 0% A,
A ii jm kstA s Jj )
V x (v X ) €ijkg (6 t, ) ,m (9.13]8]31 8xj833j

Table 1 Vector and tensor representations.
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EXAMPLE 2.1-4. (Maxwell’s equations) In the study of electrodynamics there arises the following

vectors and scalars:

—,

E =Electric force vector, [E] = Newton/coulomb

—

sy

=Magnetic force vector, [B] = Weber/m?

D =Displacement vector, [D] = coulomb/m?

H =Auxilary magnetic force vector, [H] = ampere/m
J =Free current density, [ﬂ = ampere/m?

o =free charge density, [o] = coulomb/m?
The above quantities arise in the representation of the following laws:
Faraday’s Law  This law states the line integral of the electromagnetic force around a loop is proportional
to the rate of flux of magnetic induction through the loop. This gives rise to the first electromagnetic field
equation:
VxE= —ar o By = —%. (2.1.15)
Ampere’s Law  This law states the line integral of the magnetic force vector around a closed loop is
proportional to the sum of the current through the loop and the rate of flux of the displacement vector
through the loop. This produces the second electromagnetic field equation:
oD

xa =g ik 7 aD’L
VXH:J—’_E or eijkJ:J‘f'at-

Gauss’s Law for Electricity This law states that the flux of the electric force vector through a closed

surface is proportional to the total charge enclosed by the surface. This results in the third electromagnetic

(2.1.16)

field equation:
1 0

% oxt
Gauss’s Law for Magnetism Thig law states the magnetic flux through any closed volume is zero. This

produces the fourth electromagnetic field equation:

V-ﬁ:g or

(vVgD') = o. (2.1.17)

1.9
/g Oxt

The four electromagnetic field equations are referred to as Maxwell’s equations. These equations arise

V-B=0 or (VgB') = 0. (2.1.18)

in the study of electrodynamics and can be represented in other forms. These other forms will depend upon
such things as the material assumptions and units of measurements used. Note that the tensor equations
(2.1.15) through (2.1.18) are representations of Maxwell’s equations in a form which is independent of the
coordinate system chosen.

In applications, the tensor quantities must be expressed in terms of their physical components. In a

general orthogonal curvilinear coordinate system we will have
gi1=h3, gw=h3 g;3=h3 and g;=0 for i#j.
This produces the result /g = h1hahs. Further, if we represent the physical components of
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the Maxwell equations can be represented by the equations in table 2. The tables 3, 4 and 5 are the
representation of Maxwell’s equations in rectangular, cylindrical, and spherical coordinates. These latter

tables are special cases associated with the more general table 2.

i | o (6B — o (haB@)| = — - o
i | o (B — o (hsB@)| = — -2
i | 5 (E@) — o (mBW)| = - 25
i | a5 HG) — o (aH@)| = 22 L 200
e | () - o (o3| = 22 L0
e | (e @) — o ()| = 22 LD

1 [0 D)\ . @ D)\ @ DB)\]
hahahs [% <h1h2h3 hy )‘L@ <h1h2h3 he ) o \heha T T )| = e

1 B B(1) B, B(2) B, B(3)\] _
h1hahs [% <h1h2h3 hy )‘L@(hlh% he ) Tagm \heha T )| =0

Table 2 Maxwell’s equations in generalized orthogonal coordinates.

Note that all the tensor components have been replaced by their physical components.
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oy 0z ot dy 0z ot O oy 9. ¢
dE, OE. 0B, oH, oH. _ 0D,

0z  ox 0Ot 0z oz UV ot

0E, 0B, _ 9B,  oH, 9H, , op. 9B OBy OB.
or oy ot or oy T o Oz~ 9y = Oz

Here we have introduced the notations:
D,=D() B,=B(l) H,=HQ) J,=J E
D,=D(2) B,=B(2) H,=H((2) J,=J(2) E,=E?2)
D,=D@3) B,=B3) H.=H@3) J,=J E

witha!l =2, 22=y, 2°=2 hi=ho=h3=1

Table 3 Maxwell’s equations Cartesian coordinates

10B. 0By _ 9B, 1oH. 0Hy _, 0D,

r 00 0z ot r 00 0 " ot

OE, 0E. _ 0By 0H, 0H. _ , 9D

9z or ot 9z 0 Y

13( )_laEr__é)BZ 13( )_laHT_J oD,

r Oor r 00 ot r Or 00 # ot
10 10Dy 0D, 10 1 0By 0B,

R U R i P corB) T oG v, =0

withal=r, 22=0, 2°=2 hi =1, hy=r, hy=

Table 4 Maxwell’s equations in cylindrical coordinates.




1 a . 0Fy 0B 1 0 . OHy oD
— | = 0Fy) — —| = ——2 — | = 0Hy) — —| = —r
psiné | 00 (sin 6 Ey) 0¢ ot psin® | 00 (sin 6 Hs) 0¢ Tot ot
1 0E, 10 0By 1 0H, 10 0Dy
= -7 - 720 P (pH.) = =0
psing 0¢ p@p(p s) ot psin® 0¢ pap(p #) = Jo + ot
10 10F 0B 10 10H oD
2 (pE)) — 2L P9 2 Y (pHy) — =2 ¢
ap( ) 90 ot P ap( ) 90~ T o
10,, a, . 1 0Dy
- _ -~ (g D 7 _
p? ap(p p)+psin989(bm0 9)+psin9 1) e
10,, 1 0, 1 0By
_— B —_— 3 B _— =
p28p(p ’))_|—;Jsir1989(bm‘9 0>+psin9 1)
Here we have introduced the notations:
D,=D(1) B,=B(1) H,=H() J,=J(1) E,=E1)
Dy=D(2) By=B((2) Hp=H((2) Jyg=J(2) Ep=E(_2)
Dy=D@3) Bs=B@B) Hy=H@E3) Js=J3) Es=E@3)
withz! =p, 22=60, 23=¢, hi1 =1, hy=p, hz=psinb
Table 5 Maxwell’s equations spherical coordinates.
|
Eigenvalues and Eigenvectors of Symmetric Tensors
Consider the equation
TijAj = NA;, 4,5 =1,2,3, (2.1.19)

where Tj; = Tj; is symmetric, A; are the components of a vector and X is a scalar. Any nonzero solution
A; of equation (2.1.19) is called an eigenvector of the tensor T;; and the associated scalar X is called an

eigenvalue. When expanded these equations have the form

(T — N A+ Ti9As + T13A3 =0
To1 A1 + (Taz — V) Az + Ty3A3 =10
T31A; + T39As + (T53 — N) A3 = 0.

The condition for equation (2.1.19) to have a nonzero solution A; is that the characteristic equation

should be zero. This equation is found from the determinant equation

Tii— A Tro T3
A =] T Te-X T |=0, (2.1.20)
T3 T3 T33 — A
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which when expanded is a cubic equation of the form
FO) ==X+ LN = LA+ 13 =0, (2.1.21)

where I, Is and I3 are invariants defined by the relations
L =T
1 1
Iy = 5TT55 — 53T (2.1.22)
I3 = ek TinTjoTys.

When T;; is subjected to an orthogonal transformation, where T = T35limjn, then

éiméjn (Tmn — )\(Smn) = Tij - )\5”' and det (Tmn - Aémn) = det (TU - )\5@') .

Hence, the eigenvalues of a second order tensor remain invariant under an orthogonal transformation.

If T3; is real and symmetric then

o the eigenvalues of Tj; will be real, and

e the eigenvectors corresponding to distinct eigenvalues will be orthogonal.

Proof: To show a quantity is real we show that the conjugate of the quantity equals the given quantity. If

(2.1.19) is satisfied, we multiply by the conjugate A; and obtain

The right hand side of this equation has the inner product A;A; which is real. It remains to show the left

hand side of equation (2.1.25) is also real. Consider the conjugate of this left hand side and write

AiTijAj = AlT”AJ = AiTjiZj = ZlT”AJ

Consequently, the left hand side of equation (2.1.25) is real and the eigenvalue A can be represented as the
ratio of two real quantities.
Assume that Ay and Ay are two distinct eigenvalues which produce the unit eigenvectors Ly and Lo

with components ¢;; and ¢;2,7 = 1,2, 3 respectively. We then have
Tijgjl = )\(1)&1 and Tijéjg = )\(2)&2. (2126)

Consider the products
Aylirbio = Tijlj1lio,

(2.1.27)
Aylinlio = bin Tijljo = L1 Tjilia.

and subtract these equations. We find that
A1) — Ay [lirliz = 0. (2.1.28)

By hypothesis, A is different from A3y and consequently the inner product £;1£;2 must be zero. Therefore,

the eigenvectors corresponding to distinct eigenvalues are orthogonal.



Therefore, associated with distinct eigenvalues A(;),7 = 1,2, 3 there are unit eigenvectors
Ly = i &1 + lin € + 3 83
with components ¢;,,, m = 1,2, 3 which are direction cosines and satisfy
Linlim = Omn and Ciilim = Oim. (2.1.23)
The unit eigenvectors satisfy the relations
Tijli1 = Ayla Tijljz = A2yliz Tijliz = A3)lis
and can be written as the single equation
Tijlim = )\(m)&m, m=1,2,or 3 m not summed.
Consider the transformation
T = lijz; or T = lmjT;

which represents a rotation of axes, where ¢;; are the direction cosines from the eigenvectors of T;;. This is a
linear transformation where the ¢;; satisfy equation (2.1.23). Such a transformation is called an orthogonal
transformation. In the new T coordinate system, called principal axes, we have

— ozt Oz7

Tmn = leaf—mﬁ = T%jéiméjn = )\(n)éméim = /\(n)5mn (HO sum on n) (2.1.24)

This equation shows that in the barred coordinate system there are the components

_ A 0 0
(Tmn) = 0 )\(2) 0
0 0 Aw

That is, along the principal axes the tensor components 7;; are transformed to the components Tij where

Tij = 0 for i # j. The elements T'(;)(;) , i not summed, represent the eigenvalues of the transformation
(2.1.19).
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EXERCISE 2.1

» 1. In cylindrical coordinates (r,0, z) with f = f(r,0, 2) find the gradient of f.
» 2. In cylindrical coordinates (r, 0, z) with A = A(r, 0, z) find div A.

» 3. In cylindrical coordinates (r,0, z) for A = A(r,0, z) find curl A.

» 4. In cylindrical coordinates (7,0, 2) for f = f(r, 0, z) find V? f.

» 5. In spherical coordinates (p, 0, ¢) with f = f(p,0, ¢) find the gradient of f.
» 6. In spherical coordinates (p,0,¢) with A = A(p, 6, ¢) find div A.

» 7. In spherical coordinates (p, 6, ¢) for A = A(p,8,¢) find curl A.

» 8. In spherical coordinates (p, 0, ¢) for f = f(p,0, ) find V? f.

> 9. Let 7= xé1+yés+zés denote the position vector of a variable point (z,y, z) in Cartesian coordinates.

Let r = |7] denote the distance of this point from the origin. Find in terms of 7 and r:

(@) grad(r) — (b) grad(r™) () grad(%) (d) grad(lnr)  (e) grad(¢)

where ¢ = ¢(r) is an arbitrary function of r.
» 10. Let 7 = xé;+yé2+2zé3 denote the position vector of a variable point (x, y, z) in Cartesian coordinates.
Let r = |7] denote the distance of this point from the origin. Find:

(@) div(F) (b) div (™) (¢) div (r%F) (d) div (¢7)

where ¢ = ¢(r) is an arbitrary function or r.

» 11. Let ¥ = zé; + yéy + zé3 denote the position vector of a variable point (z,y,z) in Cartesian
coordinates. Let r = || denote the distance of this point from the origin. Find: (a) curl # (b) curl (¢7)

where ¢ = ¢(r) is an arbitrary function of r.
» 12. Expand and simplify the representation for curl (curl /T)
» 13. Show that the curl of the gradient is zero in generalized coordinates.
» 14. Write out the physical components associated with the gradient of ¢ = ¢(x!, 22, 23).

» 15. Show that 5

‘ _i_ 1 0
v /g Oxt

T g or

g (V99" Am] = A", [VgA'].



> 16. Letr = (7-7)Y2 = /22 + 42 + 22) and calculate (a) V2(r) (b) V2(1/r) (c) V2(r?) (d) V3(1/r?)

» 17. Given the tensor equations D;; = %(vi; + vj,), 1,7 = 1,2,3. Let v(1),v(2),v(3) denote the
physical components of v1, vz, v3 and let D(ij) denote the physical components associated with D;;. Assume
the coordinate system (x!, 22, 23) is orthogonal with metric coefficients Iy = h?, 1=1,2,3and g;; =0
for i # j.

(a) Find expressions for the physical components D(11), D(22) and D(33) in terms of the physical compo-

10V(i V(j) Ohs
nents v(i),7 = 1,2,3. Answer: D(ii) = — 0 + Z h(j) 9g7 DO sum on L
A

(b) Find expressions for the physical components D(12), D(13) and D(23) in terms of the physical compo-

nents v(4),7 = 1,2,3. Answer: D(ij) = % {%% (Vh(l)) + %% (%)]
J i i J

» 18. Write out the tensor equations in problem 17 in Cartesian coordinates.

» 19. Write out the tensor equations in problem 17 in cylindrical coordinates.
» 20. Write out the tensor equations in problem 17 in spherical coordinates.

» 21. Express the vector equation (A + 2u)V® — 2uV x & + F = 0 in tensor form.

» 22. Write out the equations in problem 21 for a generalized orthogonal coordinate system in terms of

physical components.
» 23. Write out the equations in problem 22 for cylindrical coordinates.
» 24. Write out the equations in problem 22 for spherical coordinates.
» 25. Use equation (2.1.4) to represent the divergence in parabolic cylindrical coordinates (£, 1, 2).
» 26. Use equation (2.1.4) to represent the divergence in parabolic coordinates (£, 7, @).

» 27. Use equation (2.1.4) to represent the divergence in elliptic cylindrical coordinates (£, 1, z).

Change the given equations from a vector notation to a tensor notation.

»28. B=0V-A+(V-9)A
d - 5 . dA o L o dB 4 - - dC
> 29. E[A-(BXC)]_—LL-(BXC)—FA-(E><C)+A-(B><E)
v ov S
» 30. %—E"F(’U'V)U
> 31. la—H = —curl E
c Ot
dB - . .
»32. — —(B-V)i+B(V-9)=0
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Change the given equations from a tensor notation to a vector notation.

>33 B+ F =0
» 34. gijejlel’k +F;, =0

do :
» 35. 5t + (ov3),i =0
i i P %
> 36. g(av v o, v 0 0°v

a1 oe) = "oz T Fagmagn T

» 37. The moment of inertia of an area or second moment of area is defined by I;; = / / (YmYmbij—yiy;) dA

A
where dA is an element of area. Calculate the moment of inertia I;;, 4, j = 1,2 for the triangle illustrated in

Lond —Lb2n?
the figure 2.1-1 and show that I;; = < 12 5.9 %, ) .
—550°h 15b0°h

" 0,n)

0,0)  (b0) vy,

Figure 2.1-1 Moments of inertia for a triangle

» 38. Use the results from problem 37 and rotate the axes in figure 2.1-1 through an angle 6 to a barred
system of coordinates.

(a) Show that in the barred system of coordinates

_ I I I —1I
I = (%) + <%) cos 20 + I15 sin 26

I — 1
ITio =1 =— <%> sin 20 + I cos 26

_ I I I, — I
Tor — (+> - (T) c0520 — Iy sin 20

(b) For what value of § will I; have a maximum value?

(c) Show that when I1; is a maximum, we will have T2 a minimum and I3 = I = 0.
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Figure 2.1-2 Mohr’s circle

» 39. Otto Mohr! gave the following physical interpretation to the results obtained in problem 38:
e Plot the points A(I11,I12) and B(lse, —I12) as illustrated in the figure 2.1-2
e Draw the line AB and calculate the point C' where this line intersects the I axes. Show the point C'

has the coordinates

(I 11 + Ia2
2

e Calculate the radius of the circle with center at the point C' and with diagonal AB and show this

Iy — I\ 2
r:\/(%) LB,

e Show the maximum and minimum values of I occur where the constructed circle intersects the I axes.
7 _Iutl Y T
Show that Imarc = Ill = % +r Imln = 122 = 711 —g 22 —T.

70)

radius is

Iin I

Iy 1.22) are \\ = I,,q2 and

» 40. Show directly that the eigenvalues of the symmetric matrix I;; = (

Ao = Ipin where I, and I,;, are given in problem 39.

» 41. Find the principal axes and moments of inertia for the triangle given in problem 37 and summarize

your results from problems 37,38,39, and 40.

» 42. Verify for orthogonal coordinates the relations

e()jk I(hayA(k))
[V ] ¢w = Zhlhjhg oz,

or
1 hiég ha €2 hs é3
90 0 9

Oz ox Oxs :
Puhahs | A1) haA(2) heA(3)

—

VxA=

» 43. Verify for orthogonal coordinates the relation

3
V x (V x A)} e = Z e(l)”ersmh hahg Ox; | hahahs Oz

m=1

LChristian Otto Mohr (1835-1918) German civil engineer.
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» 44. Verify for orthogonal coordinates the relation

1 9 I(hahs A O(hi1hsA A(h1hs A
{V (V ' A)} e = hi) Oz ;) {h1/112h3 [ - g; = * - g{ig = + & gx3 (3))} }

» 45. Verify the relation
o X 5h(l) Ohy,
AV . = — Ak
[( } e(l) Z h 8mk Z hkh( ( 833k ( )8$(i)

» 46. The Gauss divergence theorem is written

1 2 3
/// (8F oF +8;; ) dTZ// (mF' +noF? + ngF?) do
S

where V is the volume within a sunple closed surface S. Here it is assumed that F* = Fi(z,y,z) are

continuous functions with continuous first order derivatives throughout V and n; are the direction cosines
of the outward normal to S, d7 is an element of volume and do is an element of surface area.

(a) Show that in a Cartesian coordinate system

Fi OF! n OF? n oF3
4T Ox dy 0z
and that the tensor form of this theorem is /// Fﬁ dr = / Fin, do.
v s
(b) Write the vector form of this theorem.
(c¢) Show that if we define

ou ov
Uy = py v, = D and F, = grmF™ = uv,
then Fll = g””Fl m= im(uvLm + U V;)

(d) Show that another form of the Gauss divergence theorem is

/// G U v; dT = // U™ do — /// ugimvi,m dr
1% s 1%

Write out the above equation in Cartesian coordinates.

11 2
» 47. Find the eigenvalues and eigenvectors associated with the matrix A= 1 2 1
2 1 1

Show that the eigenvectors are orthogonal.
1 21
» 48. Find the eigenvalues and eigenvectors associated with the matrix A= |2 1 0
1 01

Show that the eigenvectors are orthogonal.
1 10
» 49. Find the eigenvalues and eigenvectors associated with the matrix A= 1 1 1
0 1 1

Show that the eigenvectors are orthogonal.

» 50. The harmonic and biharmonic functions or potential functions occur in the mathematical modeling
of many physical problems. Any solution of Laplace’s equation V2® = 0 is called a harmonic function and
any solution of the biharmonic equation V4® = 0 is called a biharmonic function.

(a) Expand the Laplace equation in Cartesian, cylindrical and spherical coordinates.
(b) Expand the biharmonic equation in two dimensional Cartesian and polar coordinates.
Hint: Consider V*® = V?(V2®). In Cartesian coordinates V2® = & ;; and V4® = @ ;.



