
Chapter 1 

ELEMENTS OF VECTOR AND TENSOR THEORY 

The theory of angular momenta and irreducible tensors represents, in principle, a development of the classical 
theory of vectors and tensors. In this chapter only the basic definitions and relations of the vector and tensor 
theory are represented which will be used throughout. For more detailed analysis see corresponding monographs 
(e.g., Refs. [11, 34, 35]). 

1.1. COORDINATE SYSTEMS. BASIS VECTORS 
In the quantum theory of angular momentum cartesian, polar and spherical coordinate systems are widely 
used. 

1.1.1. Car tes ian Coordinate System 
In a rectangular cartesian coordinate system the position of a point is specified by three real numbers x, 

y, z which represent the distances between the point and coordinate planes (Fig. 1.1). The position vector 
(radius vector) of a point r may be written as 

r = xex + yey + zez. (i) 

-^ y 

Fig. 1.1. Cartesian coordinate system. 
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Quantum Theory of Angular Momentum 

The covariant cartesian basis (base) vectors eXiey,ez form a real orthonormal basis 

*i*k = &ik> (iik = x)y,z), (2) 
e»*=e;> (* = *,y»*)- (3) 

The contravariant cartesian basis (base) vectors e*(i = x,y,z) coincide with the covariant ones 

e' = e<. (4) 

Throughout this book the right-handed coordinate system will be used. In this system 

[e,- x ek] = eikleh (t, ky I = x, y, z), (5) 

A detailed form of (5) is 
Siki = [e* x e* e<. 

[e* x eyj = eZ) [ey x ez\ = ex, [e, x ex\ = ey . 

(6) 

(7) 

1.1.2. Polar Coordinate System 
In a polar coordinate system1 the position of a point is determined by r, i?, <p, where r is the position vector 

length, i? is the colatitude, and <p is the longitude (Fig. 1.2). The angles 1? and <p are called the polar angles 
of vector r. The relations between cartesian and polar coordinates are 

- y 

Fig. 1.2. Polar coordinate system. 

x = rsint?cos£>, r = \ / x 2 + y2 4- z2, 

y = r sin t? sm <p> v = arc cos 

0 < r < oo, 

- / - , 0< t?<7T , 
v ^ + ̂ T^2 " " 

z = rcosi?. <p = arc cos —7====, (tanv? = — ) , 0 < £> < 2TT. 

The position vector r may be written as 
r = re r . 

(8) 

(9) 

Note that this coordinate system is often called "spherical". To avoid misunderstanding we prefer to call it the "polar" system 
reserving the name "spherical" only for the coordinate system considered in the next section. 
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Elements of Vector and Tensor Theory 5 

The covariant polar basis vectors e r ,etf,e^ are shown in Fig. 1.2. They form a real orthonormal basis 

eaep = 8ap) (a,j0 = r,0,ip), (10) 

< = e a , (a = r ,0 ,p ) . (11) 

The contravariant polar basis vectors e r,e t?,ev> coincide with the covariant ones 

e * = e a (a = r,t?,^>). (12) 

The unit vectors er)e^ye^ form the right-handed basis 

[er x e^] = e^, [ e d x e p ] = e r , [ e ^ x e r ] = etf, (13) 

The polar basis vectors e r , e0 , e v , contrary to the cartesian ones, depend on the angles #,£>. This should be 
taken into account when evaluating the derivatives 

-r-er = 0, 
or 
d 

d 
i or 

8 
1** = °' 
^ = 0 ' 

n o o 
-r—er — e^ sintf, -r— e# = e^ costf, -r— e<p = —er sin & — e# cost? . (14) 
dip d(p dip 

The results of applying the V operator (see Sec. 1.3) to the polar basis vectors are presented in the form 

(V • e r) = - , (V • e*) = - cot 0, (V • e^) = 0, (15) 

[V x er] = 0, [V x e*] = - e ^ , [V x e j = - cot t?er e*. (16) 
r r r 

1,1.3. Spherical Coordinate System 
Spherical coordinates are widely used in the angular momentum theory. 
The covariant spherical coordinates xM (with \i = ±1,0) are defined by the relations 

x + 1 = —y=(x + iy) = - - ^ r s i n t V ^ , 

xo = z = rcosi?, (17) 

£_i = —IF{X — iy) = —p=rsini5e~*^. 

The contravariant spherical coordinates x** (where fj, = ±1,0) are given by 

z + 1 = T=(Z - iy) = 7=rsint?e~tv>, 

z° = * = rcost?, (18) 

rr_1 = —7=i(x + iy) — —=rsmdet,p. 
\/2 V2 
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6 Quantum Theory of Angular Momentum 

The relations between covariant and contravariant spherical coordinates are as follows 

x" = (-1)"*_M> *„ = (-1)"*-", 

*" = **, xM = x^ , (/* = ±1,0). (19) 

The covariant spherical basis vectors eM (/z = ±1,0) are defined by 
1 / x 

e+i = - - | ( e z + t e ! / ) , 
e0 = e*, (20) 

e_! = -y=(e» ~ *e»)-

The controvartant spherical basis vectors e'i(fi = ±1,0) are given by 

e + 1 = - - ^ ( e a - t e j , ) , 

e° = e „ (21) 
- 1 * / x 

e 7/f (e* ~Me»)-
Relations between the covariant and contravariant spherical basis vectors read 

e" = (-l)"e_MI e„ = ( - l ) ^ - " , 

e" = e;, eM = e"*, (/x = ± l , 0 ) . (22) 

The spherical basis vectors form a complex orthonormal basis 

e„e" = e„e* = £„„, (/x, i/ = ±1 ,0) . (23) 

Vector products of spherical basis vectors may be written with the use of the Clebsch-Gordan coefficients (see 
Chap. 8) in the form 

e ^ x e v = i V 2 C ^ l t / e A ) 
/ - „ » ( M , M = ± 1 > 0 ) . (24) 

One may also rewrite these formulas in a form similar to (5) 

e , x e =-ie^xe\ ( / ^ A = ± 1 0 ) > ( 2 5 ) 

eM x e " = ieM^AeA, 

wheree^A =-f-1 if the combination of indices/i,i/, A is obtained by an even permutation of-hi, 0,-1, e^A = - 1 
for an odd permutation, and e^y = 0 if at least two indices among #, i/, A are equal. 

A detailed form of (25) is as follows: 

e + 1 x e0 = te+ 1 , e0 x e^x = ie^u e + i x e^.x = ie0i 

e ° x e + 1 = i e + 1 , e ^ x e ^ i r 1 , e ^ x e + ^ i e 0 . (26) 

Covariant and contravariarit spherical components (see Sec. 1.2) of the basis vectors eM and eM are giyen by 

[ e ^ = ^ , [e*T = (-!)***-#.. (27) 
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Elements of Vector and Tensor Theory 1 

1.1.4, Helicity Basis Vectors 
By analogy with Eqs. (20), (21) one may construct the following combinations of the polar basis vectors 

e ' 0 = e r , e'° = e r , (28) 

e'_x = -^=(e* - ie^), e ' " 1 = -^=(e* + te„) . 

The vectors e' (/i = ±1,0) are called the covariant helicity basis vectors and e'M(/x = ±1,0) are called the 
contravariant helicity basis vectors (the explanation of the term "helicity" is given below in Sec. 6.3.6). 

The helicity basis vectors e^ and e//x satisfy the same relations (22)-(26) as the spherical basis vectors eM 

and eM. 

1.1.5. Relations Between Different Basis Vectors 

(a) Cartesian and Polar Basis Vectors 

ex = er sin t? cos <p + e# cos r? cos (p — e^ sin <p, 
ey = er sin t? sin <p ± e# cos # sin <p H- e^ cos <p, (29) 
e* = er cos t? — e# sin t?. 

Cartesian and Spherical Basis Vectors 

e a = ^ ( e - 1 " e + l ) ^ ( e " 1 " + 1 ) ' 

ey = Ti^"1 + e+l) = ~72(crl + e+1)> (30) 

e* = e0 = e°. 

Cartesian and Helicity Covariant Basis Vectors 

ex = —e'+1 •—=. (cos i9 cos <p + i sin y?) ± eQ sin # cos £> ± e'_ x —=. (cos # COS <p — i sin <p), 

ey = — e'+ x —p (cos i? sin <p — i cos <p) + ejj sin # sin <p ± e'__ x -y= (cos t? sin <p ± t cos y?), (31) 
V2 v 2 

e* = e',! —T= sin t? ± ef. cos i? — e'_ ̂  —7= sin 1?. + 1 \ / 2 ° ly/2 

Cartesian and Helicity Contravariant Basis Vectors 

ex = — e , + 1-y= (cost? cos <p — tsin <p) -f e'° sin & cos ̂ > ± e,_1--7=(cos #cos <p -+■ isinv?), 
\ /2 v 2 

ey = —e/+ x —7= (cos # sin <p -f i cos y?) ± e'° sin # sin <p + e'"~* —p (cos # sin y? — i cos y?), (32) 

ez = e'+1 -7= sin # + e'° cos t? - e'""1 -7= sin #. 
A/2 y/2 
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8 Quantum Theory of Angular Momentum 

(b) Polar and Cartesian Basis Vectors 

er = ex sin t? cos <p + ey sin t? sin >̂ -f e* cos 1?, 
©0 = €x cos t? cos v? + ey cos t? sin <p — ez sin #, 
ê > = —e*. sin >̂ •+■ ey cos >̂. 

Po/ar and Spherical Covariant Basis Vectors 

er = —e+i —r= sin #e"~tv> -f- eo cos t? + e_i -7= sin t?etv>, 
v 2 V2 

e# = —e+i ~ p cos de~%ip — eo sin t? + e_i -—p cos t?etv>, 

Po/ar and Spherical Contravartant Basis Vectors er = - e + 1 - p sin t?e'v + e° cos i? + e - 1 - = sin #e"'v . 

e* = - e + 1 4 = cos tV" - e° sin tf + e " 1 4 = cos t?«- ,v, 

ev = -e+14=^-e-1-U-'>-

Po/ar ana" Helicity Basis Vectors 

_ _ _' _ «'0 er — e0 — e , 

* - ; * < « £ . . - < . ) - > " - « • " ) . 

(c) Spherical and Cartesian Basis Vectors 

e + i = —7=(e* + *ey), e+x = —-=(e x - i e y ) , 

e0 = e „ e° = e*, 

e - i = ~ ^ ( e x - iey) , e"1 = ~^{ex + iey) . 

Spherical Covariant and Polar Basis Vectors 

e+i = - e r ~-p sin t?eiV> - e* -y= cos $eXH> — e^ - 7 = ^ , 

e0 = er cos t? — e$ sin #, 

e_! = er 4 = sin t?c""^ + e* 4 = cos t?e~*v - e„ 4=«" f >• 
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Elements of Vector and Tensor Theory 9 

Spherical Contravariant and Polar Basis Vectors 

1 1 i 
e + 1 = - e r —7=8int?c""i,p - e#—7= cost?e"~iV> + e«p—=6""'̂ , 

e° = er cos 1? — e# sin 1?, (39) 
1 1 i 

e""1 = er—psint?eiV> + e# -7= cos t?etv> + e^—pctv?. 

Spherical Covariant and Spherical Contravariant Basis Vectors 

e+i = - e ~ \ e + 1 = - e _ i , 
e0 = e°, e° = e0, (40) 

e_! = - e + 1 , e _ 1 = - e + i . 

Spherical Covariant and Helicity Covariant Basis Vectors 

1 + cosfl . sinr? ■„ 1-coetf <1P 
e + i — e + 1 e e 0 / - e - l - e^ c , 

. sint? . - , sint? . x 
e 0 = e + 1 — ^ - h e 0 c o sd-e^—^, (41) 

1-cost? ■ sin* ^ , l + co»tf ,„ 
e _ i - e + 1 ^ e + ° ^/o + e - i 2 

Spherical Contravariant and Helicity Covariant Basis Vectors 

+1 , 1-cost? ■„ sint? .„ 1-fcost? ^ 
e — e + i 2 \/2 2 ' 

n . sin# . A . sint? , x 
e = e + i - ^ - + e o c o e t f - e - i - ^ - ' (42) 

, _ , 1 + COSt? iv ,3i lH? t > 1-CQ31? , „ 
e — e + 1 ^ e \Z5 2 ' 

Spherical Covariant and Helicity Contravariant Basis Vectors 

= _ e < + 1 l - c o s t ? ^ _ e , o f m ^ ^ _ ^ 1 + c o s ^ 
2 -v/2 2 

e o = e , + 1 s m | + e / 0 c o 8 t ? _ e / _ 1 ? m | ) ( 4 3 ) 

e 1 = _ e > + i 1 + c o s ' ?
e -^ + e >o!y e -^_e'^ 1 - c 0 8 , ?

e - 'V. 
2 v/2 2 

Spherical Contravariant and Helicity Contravariant Basis Vectors 

c + i ^ + i i + c 0 8 ^ - . * c>o s i n* c-<g , c > - i l - c o s t ? c _ < t , 
2 v/2 2 

n . . ,sint? ,n . ,_isint? . . . 
e° = e ' + 1 — ^ + e'° cos tf - e' 1—7=-, (44) 

2 v̂ 2 2 
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10 Quart tumTh eory of A ngular Momen turn 

Equations (41)-(44) may be written in a more compact form using the Wigner D-functions (see Chap. 4). 

V V 

e" = ("I)" £ &-»A*> »> <PK = E ( - 1 ) " + l ' ^ ( 0 . *. *»)«'"» (45) 

(/*,!/ = ±1,0). 

(d) Helicity Covariant and Cartesian Basis Vectors 

1 . . 1 1 
e'+! = —ex --p (cos t? cos y? — i sin y?) — e^ -^= (cos t? sin y? -f-1 cos y?) -f e^ -~p sin t?, 

^o = ex sin t? cos <p + ey sin i? sin >̂ + ez cos t?, (46) 

e!_1 c= ex -j= (cos t? cos y? + isiny?) + ey —p (cos t? sin y? — icosy?) — e^-y=sint?. 

Helicity Contravariant and Cartesian Basis Vectors 

e , + 1 = — ex --p (cos t? cos y? H-1 sin y?) — ey —p(cos t? sin y? — i cos >̂) + ez -~p sin t?, 

e'° = ex sin t? cos <p + ey sin t? sin y? -f e« cos t?, (47) 

e ' " 1 = ex-y= (cos t? cos y? — isiny?) -f ey —-p (cos t? sin y? -ficosy?) — e^—psint?. 

Helicity and Polar Basis Vectors 

e, e r , e'u = e r , (48) 

e'-i = ~^(?tf - l e ^ ) , e'""1 = ^ * ( e * + t e v ) . 

Helicity Covariant and Spherical Covariant Basis Vectors 

. 1 ■+■ cos t? _• sin t? 1 — cos t? ,r/, 
e+i = «+i g « + e o 7 i " + e - 1 2 * ' 

. sint? ;„ rt sint? €-„ , v 
e'0 = - e + 1 ——e %tf> + e0cost? + e - i — — « *> (49) 
, 1-cost? ^ sint? 1 + cost? i(p 

Helicity Contravariant and Spherical Covariant Basis Vectors 

" c°s # _i« sin t? 

1 — ' + e oW" e-1 2 
/+i 1 —cost? - _ sint? 1-f-cost? -M e , + 1 = - e + i e •*>+ e0—T=T ~ e - i et(p, 

,0 sint? _4.̂  . n . sint? ,„ e'° = - e + i —p-e"*^ + e0 cos t? + e_x - y = V , (50) 

/_i 1 + cost? . sint? 1-cost? iu e = - e + 1 e %* - e0 —— - e_i etv 

^ 

 Q
ua

nt
um

 T
he

or
y 

of
 A

ng
ul

ar
 M

om
en

tu
m

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 2
60

1:
64

7:
c1

82
:6

89
0:

f9
cf

:9
66

a:
4f

e9
:b

c5
3 

on
 0

2/
15

/2
6.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



Elements of Vector and Tensor Theory 11 

Helicity Covariant and Spherical Contravariant Basis Vectors 

_ + 1 l - c o s i ? < 0sint? . 1 + coBtf iv 
e + i - e 2 e +e ^ _ e 2

 e > 
. .tsint? • n « 1 sin t? . ■ , v 

B0 = - e + 1 — p r e , , p + e0cost? + e 1 - y r - e - " p , (51) 

' - - + i 1 + C08*.«•«> O o s i n , ? . . x l - c o s t f _ ^ _, = —e e K — e —7=— e e . 
2 v/2 2 

Helicity Contravariant and Spherical Contravariant Basis Vectors 

2 V2 2 
.n . ismi? ,-i/» n « 1 sin # .^ / * 

e'° = - e + 1 --7=-etv? + e° costf + e"1—7=r-e~tv% (52) 
\/2 \/2 

x + 1 l - c o 8 t f •„ nsintf ,1-f-cosfl -, 
2 y/2 2 

Equations (49)-(52) may be written in a more compact form using the Wigner D-functions (see Chap. 4). 

e"* = 53 ( - I ) M ^-M(^* . °K = E(-1)"+PI,--M^^.o)eV. (53) 

(*.,!/ = ±1,0). 

Helicity Covariant and Helicity Contravariant Basis Vectors 

e i = e ' ° , e'° = eif (54) 
e ' . ^ - e ' * 1 , e ' - ^ - e L x . 

1.2. V E C T O R S . T E N S O R S 
Vectors and tensors are usually defined by transformation properties of their components under rotations of 
coordinate systems. The transformation rule for cartesian components of vectors and tensors is given below 
in Sec. 1.4 (Eqs. (46)-(51)). The transformation properties of spherical components of vectors and irreducible 
tensors are discussed in Chap. 3. 

1.2.1. Vector Components 
Any vector can be expanded in terms of basis vectors, i.e., written as 

a a 

The expansion coefficients Aa are called the covariant components of the vector, and Aa are the contravariant 
vector components 

i 4 a = A - e a , Aa=A-ea. (2) 
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12 Quantum Theory of Angular Momentum 

In a cartesian coordinate system one has 

A = Axex + Ayey + A*e* = Axex + Ayey + A*e*. (3) 

The covariant cartesian components of a vector coincide with the contravariant ones. 
In a polar coordinate system 

A = Arer + A#e# + ^^e^ = Arer + A°e# + A^e^. (4) 

The convariant pol^r components coincide with the contravariant ones. 
For a spherical coordinate system 

A = A + 1 e + 1 + A°e0 + A~le-! = 4 + i e + 1 + A0e° + A-ie~l. (5) 

The relations between covariant and contravariant spherical components are given by 

AM = (-1)"A-", A" = (-1)M_M , (A* = ±1,0). (6) 

If A is a real vector^ i.e., if A* = A, then 

Al = A», A- = A» (/x = ± l , 0 ) . (7) 

If A is a complex vector, then 

A; = ( A T . A"* = (A*)M> (M = ±I,O). (8) 

An expansion of a real vector A in terms of spherical basis vectors is written as 

A = £ 4.e" = £ **«M = £ W = £ ^ X 
M H f* V 

= E **.< = E *;* - E ̂ eM* = E ̂ *e" 
A* A* M M 

= £ ( - 1 ) " A_MeM = E ( - i r A - V . (9) 

An expansion of an arbitrary vector A in terms of helicity basis vectors is given by 

A = A , + 1e'+ 1 + ii'Vo + A'^eLx = A' + 1 e' + 1 + ^ e ' ° + i l ^ e ' " 1 . (10) 

The helicity components of a vector satisfy the same relations (6)-(9) as the spherical components. 
The relations between vector components in different bases are the same as the relations between basis 

vectors. These relations are given by Eqs. l.l(29)-l.l(54) in which one should replace e a —► Aa and e°* —► Aa. 
In particular, 

A+1 = -A-1 = -~(AX +iAy), Ax = ±{A-x - A+1) = ^(A'1 - A+1), 

A0 = A° = AZ, Ay = ^=(A^1 + A+1) = ^(A-1 + A+1), (11) 

A_i = -A+1 = -j={Ax - iAy), AZ = A0 = A0. 
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Elements of Vector and Tensor Theory 13 

The matrices of transformations between cartesian, contravariant spherical and polar components of vectors 
are given in Tables 1.1 and 1.2. 

Spherical components of a real vector A which contains no derivatives and is independent of spin variables 
are 

A I A I S m ^ 

^ ± i = : F | A | 7r 
AQ = | A | c o s # , 

,±*V A*1 = =F |A sint? 

7T 
A° = |A|cost9, 

=F»V 

where #, <p are the polar angles of the vector A . 
Equations (12) may be written in terms of spherical harmonics (see Chap. 5) as 

A„ = 
4TT, 

47T. A^^flMY^p), (M = ±l,0). 

The expressions for cartesian components of A in terms of spherical harmonics read 

(2*, A K i w ^ - y x + i O ? , ^ } , AX = 

Ay=iX/-\A\{Y1-1(e,<p) + Y1+i(#,<p)}, 

47T , 
A, = ^T |A|r1 0(*,*>). 

(12) 

(13) 

(14) 

Table 1.1 
Matrix form of the transformations for vector components in different bases. 

Cartesian coordinates Spherical coordinates Polar coordinates 

A = Axex + Ay*y + Azer 

In terms of spherical components 

AA=M(x,y,2<- + 1 , 0 , - 1 ) A» 

\A'J \A~l. 
In te ims of polar components 

'A*\ / V 
Av \— M (x> ^» z *" r> d» *) ( ^ a 

A = 4+ le+ 1 + A°eQ + A ^ e . , 

In terms of cartesian components 

A» \=M{+i,0,-l*-x,V,*)lA, 
.A-*) \A, 

In terms of polar components 

^ + , \ (A, 
A> ) = t f ( + l , 0 , - l « - r , » , * ) [ , « , 

A = ^ r e r + i4de8 + yl ?e ? 

In terms of cartesian components 

^ A (A, 
A9 \ = M(r, 9, <f<^x, y, z)l Ag 

,Aj \At 

In terms of spherical components 

A9)=M(r,i,f<r-+i, 0,-l)[ A° 
,A~l 
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14 Quantum Theory of Angular Momentum 

Table 1.2 
Matrices of transformations between cartesian, spherical contravariant and 

polar components of vectors. 

M{+U 0, - 1 « - x, y% z) 
x y z 

W (x, y , z 
+1 

x/~if 
y\~7l 

« - + 1 , 0, - 1 ) 
0 —1 
0 w\ 
» - £ 

0 1 0 

M (*, y , z «— r, ft, cp) AT (r, ft, cp <— a:, y, z) 
r $ cp x y z 

x / sin 8 cos <j> cos $ cos <p —sin <p\ r I sin $ cos cp sin 8 sin cp cos 9 ^ 
y I sin & sin cp cos $ sin cp cos cp 1 0 j cos & cos cp cos & sin cp —sin & 
z \ cos& —sin & 0 / cp\ —sin cp coscp 0 

A/(+l, 
r 

_ £ i ^ e - . f 
vr e 

cos 9 

, V2 

0, - 1 * - r, 8 
a 

cos» , 
" V2" 6 

— sin & 

cos_» 
V2 

f. ?) 
<P 

— *-<»' 
v/re 

0 

^2 

M(r, 0, ? « - + 1 , 0, - 1 ) 
+1 0 - 1 
sin ft { a sin* -»> 

cos ft t. . cos ft _, 
— —7=r-ef - s m o ~l=*e V2 v T 

1.2.2. Scalar Product of Vectors 

The scalar product of vectors A and B in an arbitrary orthonormal basis is defined by 

A B = ^ A a B a = ^ A a £ a . (15) 
a a 

In a cartesian coordinate system we have 

A B = AXBX + AyBy + AZBZ. (16) 

For polar coordinates the scalar product is given by 

A B = ArBr + A#B# + AvBp. (17) 

Equation (17) is valid only if A and B do not contain derivatives because the polar basis vectors depend on 
the polar angles i?,tp (see Section 1.1). In spherical coordinates we have 

A ■ B = ] T ^ J 9 M = £ > M £ * = £ ( - l ) M M B _ M = £ ( - l ) ^ B - » \ (M = ±1 .0 ) . (18) 
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Elements of Vector and Tensor Theory 15 

or, in a more detailed form, 
A-B = - A + 1 B _ ! + A0B0 - A _ i B + 1 . (19) 

The scalar product in terms of helicity components of vectors is similar to (18)-(19). The scalar product of 
vectors is invariant with respect to rotations of the coordinate system. 

1.2.3. Vector Product of Vectors 

In a cartesian coordinate system the vector product of vectors A and B is defined by 

A x B A-x Ay Az 

BX By BZ 

= X [AxB]*e<> 
t=x,y,z 

where 
[A x B]» = AyBz - AzBy , 

[A x B]„ = AZBX - AXBZ , 

AxBy AyBx. [A x B] 

Equation (21) may be written in a more compact form as 

[A xB]i = ^2eikiAkBh (i.kj = x,y,z). 
ki 

In the polar coordinate system 

A x B 

where 

e r e# ê > 
Ar A& A<p 
Br B# B<p 

= ]T [AxB]aea, 

(20) 

(21) 

(22) 

(23) 

[ A x B ] r = AoBv - ApBe, 

[ A x B ] * = A^Br- ArBv, 

[ A x B ] „ = Ar Bo- A#Br. 

Equation (24) is valid only if A and B are not differential operators. 
In the spherical coordinate system 

(24) 

A x B = i 
e+i e0 e_i 
A+i A0 A-i 
B+i BQ B-i 

= - t 
e+1 e° e"1 

A+1 A° A-1 

5 + i Bo B-i 
£ [AxB|/= £ [AxB]%, (25) 

l*=±l,0 M=±1,0 

where 

[A x B]+i = i{A0B+1 - A+1B0) = i ^ B 0 - A°B~1), 

[A x B] 0 = i(A-XB+1 - A + 1 S_ i ) = i ^ B " 1 - A^B*1), 

[A x B]_x = i(A-XB0 - A 0 5_i ) = i{A°B+1 - A+1B°). 

(26) 

[A x B ] + 1 = t(AoB_! - A-iBo) = i{A+1B° - A°B+1), 

[A x B]° = i{A-iB+1 - A+iB-i) = i{A+lB~x - A~lB+l), 

[A X B ] " 1 = i{A+1B0 - A0B+1) = i^B"1 - A~lB0). 

(27) 
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16 Quantum Theory of Angular Momentum 

Equations (26)-(27) may be written in a more compact form using the Clebsch-Gordan coefficients (see; Chap. 8) 

[ A x B ] M = - . V 2 X ) c f t A 4 , f l A l 

/ - * - ? i„ i (/*,«,A = ±1 ,0) . (28) 
[ A x B ] " = z V 2 X ; ^ u ^ S A

) 

Helicity components of the vector product are given by equations analogous to (25)-(28). 

1.2.4. Products Involving Three or More Vectors 

A • [B x C] = B • [C x A] = C • [A x B] = - A • [C x B] = - B • [A x C] = - C • [B x A], (29) 

A x [B x C] = B(A • C) - C(A • B), (30) 

[A x B] • [C x D] = (A • C)(B • D) - (A • D)(B • C), (31) 

[A x B] x [C x D] = B(A • [C x D]) - A(B • [C x D]) = C(A • [B x D]) - D(A • [B x C]). (32) 

( A [ B x C ] ) ( a [ b x c ] ) = 
A a A b A c 
B a B b B e 
C a C b C c 

=(A • a)(B • b)(C • c) - (A • a)(B • c)(C • b) - (B • b)(A • c)(C • a) 
- (C • c)(A • b)(B • a) + (A • b)(B • c)(C • a) + (A • c)(B • a)(C • b). (33) 

1.2.5. Tensors Sik and ena 
In a cartesian basis two basic tensors Sik and eua are widely used. The first tensor, £,*, is the symmetric 

unit tensor of rank 2. The second tensor, £**/, is the totally antisymmetric unit tensor of rank 3. 
The tensor Sik is called the Kronecker S-symbol and is defined by 

The components Sik are invariant with respect to rotations and inversion of coordinate systems. 
The tensor (or, more precisely, the pseudotensor) eya is often called the Levi-Civita tensor. It is antisym­

metric with respect to permutations of any pair of indices. Thus, €iki = 0 if at least two of the indices t, jfc, / 
are equal, and Siki ̂  0 only if all indices i, ky I are different. The components eiki are given by 

£%%% = 0) (* = z>2/>2) (3 components), 
e%ik = e%ki = Skii = 0, (i,k = x,y,z) (18 components), (35) 

Gxyz = Syzx = Gzxy = ~^xzy = Syxz = ~~ezyx = 1 (6 Components). 

The components e ^ are invariant with respect to rotations and inversion of coordinate systems. 
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Elements of Vector and Tensor Theory 

The tensor e^i has the following properties: The product of two tensors eiM and er8t may be 
the form of a determinant 

sikler»t — 
Sir Sis Su 
Skr Sks Skt 

Sir S{8 Su 
= SirSk8Sit + Si9SktSir + SitSkrSl8 - SirSktSi8 - Si8SkrSlt - SitSk8Slr. 

By summing over a pair of indices, one obtains 

2_^e%kiei8t = 
t 

Summation over two pairs of indices yields 

Sk$ Skt 

Su Su 
Sk»Su - SktSi8. 

2_^SikiSikt = 2£/t-
i,k 

Finally, the summation over three pairs of indices gives 

For an arbitrary 3x3 matrix ||Ai*|| (i9k — x,y,z) the following relation holds 

22,AxiAykAxi€iki = det||Atfc|| = 
i,kj 

A A A 
**xx xxxy ^xz 
AyX Ayy AyZ 
AZx AZy Azz 

1.3. DIFFERENTIAL OPERATIONS 

1.3.1. Operator V 
The operator V (nabla) is the basic vector differential operator. 
Cartesian components of V are given by 

d d d 

dx* y dy* dz' 

These components may be expressed in terms of polar coordinates as 

_ . _ d cost? cos <p d sirup d 
Vx = smt?cosv?— + — — • 5—, 

or r ov r sin $ o<p 
_ . n . 9 cost?sin<p d cos<p d 
Vy = s i n t ? s m ^ — + — — + . Q • T - , or r ov rsmt? o<p 
_ rt d sint? d 
Vz = cost?- —-. 

dr r 3t? 
An expansion of the operator V in terms of spherical basis vectors reads 

V = £ ( - l ) M e M V _ M = - e + 1 V_i + e0V0 - e_iV+i , 
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18 Quantum Theory of Angular Momentum 

where spherical components of V are given by 

1 / 3 . d \ 

1 (d d \ 

Spherical components of V in a polar coordinate system have the form 

„ e ^ f , J cost) 3 % d \ 
V+i = ;=<sin#— + • — + —:—- • -r— >, 

v ^ l dr r 9t? rsintf d<p) 
d sin t? d / x 

Vo = c o s ^ - - — • - , (5) 

« «" ̂  f . J cos t? a i a i 
1 y/i I 3r r 3i? rsini? 3 ^ J 

An expansion of V in terms of polar basis vectors may be written as 

V = er Vr + e* V* + e^ V^, (6) 

where 
9 r-r * d vr 1 d /„* 

Vr = —, V* = - . — , V^ = ^ — • — . 7 
or r ov rsintf o<p 

The order of operator components relative to the basis vectors in Eq. (6) is essential because er, e^}ep depend 
on t?, (p. 

The operator V may be written in the form 
<9 1 

V = n— + - V 0 , (8) 
or r 

where VQ is the angular part of V, and n = r/r is the unit vector determined by angles t9 and <p. The operator 
VQ acts only on variables # and <p. In the polar coordinate system it has only two components 

(v„).-£, ( v o ) , - ^ . ^ . m 
The operator VQ may be written as 

V n = - i n x L, (10) 

where L is the orbital angular momentum operator (see Sec. 2.2). 

1.3.2. Laplace Operator 

The Laplace operator (Laplacian) A is a scalar differential operator 

A = V2 . (11) 

In the cartesian coordinate system A has the form 
a2 d2 d2 

A = ^ + a^ + a?- <12> 
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Elements of Vector and Tensor Theory 19 

In the polar coordinate system it is given by 

1 d , 2 d , 1 3 . . J . 1 a2 

The operator A may also be written as 

A = " 2 • F " { r V } + T A " ' (14) 
r* or or r* 

where An is the angular part of A 

expressed in terms of the orbital angular momentum operator L as 

An = - £ 2 . (16) 

1.3.3. Differential Operations on Scalars and Vectors 
The gradient of a scalar function 4>(r) is the vector defined in terms of the operator V as 

grad$(r) = V*(r). (17) 

The components of grad$ may be obtained by use of Eqs. (l)-(7) for the components of V. If $ depends only 
on r = |r| (spherically-symmetric field), then 

V$(r)=nfffi, (18) 

where n = r/r. 
The directional derivative of a scalar function $(r) in the direction specified by a unit vector u is the scalar 

defined by 

^ * ( r ) = (u-V)*(r) . (19) 

The divergence of a vector field A(r) is the scalar product of V and A 

divA = V • A. (20) 

The expression for divA in a cartesian coordinate system is 

d i v A = ^ + ^ + ^ = £ d* (21) 
ox oy oz . *—' oxi 

x=x,y,z 
and in a spherical coordinate system it has the form 

divA = - V + 1 J 1 - I + Vo^o - V- iA+i = Y, {-iyVnA-p, (22) 
/x=±l,0 

where the spherical components VM are given by Eqs. (4)-(5). In the polar coordinate system we have 

divA = 1 • | - ( ^ r ) + - 4 - r • ̂ (sin«M„) + - ± - ■ ^ * £ . (23) 
r2 dr rsmv <9# rsintf o<p 

 Q
ua

nt
um

 T
he

or
y 

of
 A

ng
ul

ar
 M

om
en

tu
m

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 2
60

1:
64

7:
c1

82
:6

89
0:

f9
cf

:9
66

a:
4f

e9
:b

c5
3 

on
 0

2/
15

/2
6.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



20 Quantum Theory ofAngular Momentum 

The curl of a vector field A(r) is the vector product of V and A 

curlA = V X A. 

The cartesian components of curl A are given by 

dAz 

dy 
dAx 

dz 
[curlA], = *£ 

[curlA],, = 

[curlA]„ = 

dAy 

8z ' 
8A, 
dx ' 

dAx 

By' 
or, in a more compact form, 

[curlA]; = X > " ^ ' 
ki dxk 

Moreover, curl A may also be written in the form 

curl A = 

The spherical components of curl A are given by 

Cjp Cy ^z 
JL JL A 
dx dy dz 
Ax Ay AM 

[curl A]+i = t(V0j4+i - V + 1 A 0 ) , 
[curl A] 0 = t ( V - i A + i - V + i A - i ) , 

[curl A]-1 = i{V-iA0 - V 0A_i) , 

or in a more compact form involving the Clebsch-Gordan coefficients 

[curlA]M = -iVi^Cl&iVvAx (M,^,A = ±1 
i/A 

The spherical components of curl A may also be written as 

curl A = i 
e+i e0 e_i 
V+i V0 V_i 
-A+i A0 A-i 

The polar components of curl A read 

[curl A] r = 

[curl A] # = 

a (sint?j4^) 
dA# 

rsint?3t> 
1 dAr Id 

r sin # dp r dr 

rsint? d<p 

[curlA]^ = i | ; ( r ^ ) - i ^ . 

The above equations are summarized in Table 1.3. 
Note also the following differential operations of the second order 

div grad $ = V • (V$) = A$, 
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Table 1.3 
Differential operations. 

Cartesian coordinates Spherical coordinates Polar coordinates 

r 
dr 

ds* 

dV 

( V . A ) 

VXA] 

A$ 

exx + eyy + e,z 
exdx + eydy -f- e2dz 

dx2 + dy2 + dz2 

dxdydz 
d$ d$ d$ 

e*dx~ + esrdy + e*dz~ 

dA* *±9 dA, 
dx ~* dy "■ dz 

ex ey ez 

L JL — 
dx dy dz 
Ax Ay Az 

d2$ d2Q d2Q 
7i2+'dy2+7z2 

—e+1^-1 + e0:r0 — e^x+ 1 

—e+1dx^x + e0dx0 — 

—2(te+1dx_1 + dx0dx0 

idx+1dx0dx^t 

e + i Co e» i 

^ + 1 ^ 0 * ^ - l 

-av+tV^o + VoVo* 

err 
erdr + e$rd& + e f r sin bdy 

dr2 + r*d*2 + r2 sin2 &d<? 

r2 sin ddrd&d? 

er dr + <* r ^ + ef r ^m ^ • df 

i d I d 1 
7* • SF^r) + rsliu • 3 ^ * s m *> + F5mT dy 

er7inr»[^<^sin»)-^r]+ 
1 T 1 dAr J , v1 , 

i r <> , _ <Mrn 
+ e*7|>(ri4»)-~^~J 

t d i (?*\ l a / . <?*\ l ffi 

curl grad $ = V x ( V $ ) = 0, 

div curl A = V • [V x A] = 0, 

(33) 

(34) 

curl curl A = V x [V x A] = V ( V • A ) - A A 

= grad div A — A A . (35) 

1.4. R O T A T I O N S OF C O O R D I N A T E S Y S T E M 

kn arbitrary rotat ion of a coordinate system about the origin is completely specified by three real parameters. 
The most useful description of rotation is that in terms of the Euler angles a , )9 ,7 . Note tha t two other sets of 
parameters are also widely used to describe rotations: 

direction of the rotation axis n ( 0 , $ ) (2 parameters) and the rotation angle w (1 parameter) ; 
the Cayley-Klein parameters. 

1.4 .1 . D e s c r i p t i o n of R o t a t i o n s in Terms of t h e Euler A n g l e s 

Any rotat ion of the coordinate system S{x}y,z} —► S^x'^y'^z'} may be performed by three successive 
•o ta t ions about the coordinate axes (Fig. 1.3) 

(a) rotat ion about the z-axis through an angle a (0 < a < 2n)) 

(b) rotat ion about the new t/i-axis through an angle ^9(0 < p < n), 
(c) rotat ion about the new axis z2 = z1 through an angle 7(0 < 7 < 2TT). 

The same rotat ion S{x,y,z} —► S^x^y^z1} may also be performed by another succession of rotations 
Fig. 1.4), 
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22 Quantum Theory of Angular Momentum 

Fig. 1.3. Succession of rotations of a coordinate system according to scheme A. 

Fig. 1.4. Succession of rotations of a coordinate system according to scheme B. 

(a) rotation about the z-axis through an angle 7(0 < 7 < 27r), 
(b) rotation about the initial y-axis through an angle /J(0 < fi < 7r), 
(c) rotation about the initial 2-axis through an angle a(0 < a < 2TT). 
Here the angles a, /?, 7 are the same as those in the first case. 
The relative orientations of initial and final coordinate axes S{x,y,z} and S,{x,

Jy,
iz,}) obtained in both 

cases, A and B, are shown in Fig. 1.5. 

Fig. 1.5. The Euler angles a, ^ , 7 . 

The angles a, /?, 7 are called the Euler angles. They completely define the rotation of the coordinate system. 
The inverse rotation which returns the coordinate system S'lx'ty^z'} back into S{xty,z} is specified by the 
Euler angles —7, —fl, —a, or, equivalently, by the angles TT — 7, j9, —7r — a. 
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Sometimes the following successive rotations are used to obtain the general rotation of the coordinate 
system: 

(a) rotation about the 2-axis through an angle a'; 
(b) rotation about the new a^-axis through an angle /?'; 
(c) rotation about the new axis z^ = z1 through an angle 7'. 

The angles a',^'^' describe the same rotation of the coordinate system as the Euler angles a,j9,7 if 

a' = a + - , fi' = fi, 7' = r 7T 

2* (1) 

The absolute value of a vector is invariant with respect to rotations, but the polar angles #, <p} which determine 
the vector direction, change. The relations between angles #, <p and #', <pf which specify vector directions in 
the initial and final coordinate systems, S{x> y, z} and S'fa', y', z'}} are given by 

The inverse relations are 

cos i?; = cos t? cos /3 -f sin t?sin /3 cos(<p — a), 

cot t? sin f5 
cot(̂ >' + 7) = cot[<p — a) cos j3 — 

sin(̂ > — a) (2) 

cos # = cos &' cos p — sin #' sin /? cos(<pf -f 7 ) , 

/ x / / \ „ cot #'sin/? cot[<p — a) = cot[<p •+■ 7) cos p + . , t - . sm(yr + 7) (3) 

1.4.2. Description of Rotations in Terms of Rotation Axis and Rotation Angle 

Any rotation of a coordinate system S{x, y, z) —► £'{2', y', z1} may be treated as one rotation through an 
ingle (JJ(0 < w < TT) about some axis n(0 , $) . The direction of this rotation axis n is defined by the polar 
ingles 0 , $(0 < 0 < 7 r , O < $ < 2TT) which are the same in the initial coordinate system 5{x, y, z) and in the 
inal one S'{x',y',;?'} (Fig. 1.6). 

Fig. 1.6. Rotation of a coordinate system through an angle OJ about an axis n ( 0 , $ ) . 
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The angles w , 0 , $ completely determine the relative orientation of the initial and final coordinate axes. 
The rotation defined by the angles —a;, 7r — ©, TT -f $ is identical to the rotation defined by the angles a;, 0 , $. 
The inverse rotation S'{x*, y', z1} —► S{xt y, z} is specified by the angles -w, ©, $ or, equivalently, by the angles 
(J, IT — ©, 7T + $ . 

The direction cosines of the unit vector n(0 , $) in the initial coordinate system S{x,y}z} coincide with 
those in the final coordinate system S"{a;', y', z1}. 

n • ex = n • ex = sin © cos $, 
n • ey = n • e'y = sin 0 sin $, (4) 
n e * = n ê  = cos©. 

The polar angles i?, <p of vectors nonparallel to the n-axis vary under coordinate rotations. The relations 
between the polar angles tf,^> and t?', <p' which specify the direction of a vector with respect to S^y, z) and 
5"{x', t/, 2?'}, respectively, are given by 

cos t?' = cos t?(coso; sin2 0 + cos2 0 ) + sin t? sin ©[(1 — cos a;) cos 0 cos(y? — $) — sin a; sin(y? — $)], 

(i <i>\ — c o s ( ^ "" $)[C0S(<; c°g2 Q + sin2 0] + sin(y> — $) sin a; cos Q — cot t?(cosa; — 1) sin Q CQS Q (5) 
— cos(̂ > — 4) sin a; cos © + sin(<p — $) cos w + cot t? sin a; sin © 

The inverse relations are 

cost? = cost?'(coso;sin2 0 -f- cos2©) + sini?/sin©[(l — cosw)cos©cos(<p' — $) + sinwsin^' — #)], 
, . cos(v?' — $) [cos a; cos2 0 +sin2©] — sin(v?; — $) sin a; cos© — cott?'(cosa; — 1) sin ©cos© (6) 

COtl^? — Sr) = = v . " ' . / ' " \ . '' • 
cos(v?' — $) sin a; cos © -+• sin(^' — $) cos u — cot i?; sin u> sin 0 

Introducing parameters w,n(0, $) to describe rotations, we are able to write the transformation properties 
of components of the position vector r in compact vector form: 

r ' = rcosw+n(nr) ( l - cosa;) + [n x rjsino;, 
r = r'cosw + n(nr')(l - cosw) - [n x r']sino;. 

Equations (5)-(6) may be derived by projecting Eq. (7) onto the coordinate axes. 

1.4.3. Description of Rotations in Terms of Unitary 2x2 Matrices. Cayley-Klein Parameters. 
The position vector of an arbitrary point r = xex + yey + zex may be represented by the following Hermitian 

2x2 matrix X: 

i=x,y,z 

where Ci{i = x, y,2r) are the transposed Pauli matrices (Eq. 2.5(4)). Note that 

- det X = r2 = i 2 + y2 + z2. 

Each rotation S{x>y,z) —* 5'{x', t/,2?'} may be represented by a unitary transformation U of matrix X 
into X1 

X'^UXU"1. (9) 

Here U is the unitary unimodular 2x2 matrix 

U+ = U-\ d e t t f = l . (10) 
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Fig. 1.7 Stereographic projection of a point on a sphere. 

Bearing in mind that r is real, one can easily prove that U, indeed, is unitary. The relation det U = 1 ensures 
the invariance of the absolute value of the position vector under coordinate rotations. 

Equations (10) imply the following form of U 

where a and 6 are complex numbers which satisfy the condition 

| a | 2 + | 6 | 2 = l . (12) 

Thus, the matrix U depends on three real independent parameters. The numbers a and b are called the 
Cayley-Klein parameters. They uniquely determine rotation of the coordinate system. The inverse statement 
is not true because the parameters —a and —6 describe the same rotation as a and 6. 

The inverse rotation S"{x',y',2r;} —♦ 5 { x , y , z } corresponds to the matrix 

"--"+-(j: ?). (IS) 

The Cayley-Klein parameters permit us to propose an alternative interpretation of coordinate rotations. 
Let us consider a sphere (of unit diameter) about the origin. Each point of the sphere with coordinates 
x, y, z(x2 + y2 + z2 = 1/4) corresponds to the point $ = £ + irj on the complex plane which is called the 
stereographic projection of the point x, y, z (Fig. 1.7). The complex number f is related to x, y, z by 

l a . , 
(14) 

x + ty _ A 
f ~~ l 

+ * 
x-\y 

The rotation of the coordinate system which transforms the coordinates x, y, z of the point on the sphere into 
x'>y'izi generates the following complex-plane bilinear transformation 

, af + 6 
b -&*£ + a*' 

The coefficients of this bilinear transformation are just the Cayley-Klein parameters a and b. 

(15) 
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1.4.4. Relations Between Different Descriptions of Rotations 

(a) Relations Between Angles a ; , © , $ and Euler Angles a, j3} 7 
The angles a;, 0 , $ are expressed in terms of the Euler angles a, P> 7 by 

o) P a 4- 7 
cos —■ = cos — cos —-—, 

2 2 2 

tan© = 

p 
tan -7 

2 
. a + 7 ' sin 

* = 2 + 

2 
a — 7 

The inverse relations are written as 
P . u sin — = sin 0 sin --, 2 2 ' 

a 4-7 ^ w tan —-— = cos 0 tan —. 2 2' 

2 2* 
Note also the following useful relations between the angles a ,£ ,7 and a; ,0 ,$. 

da 37 cos 0 
do) doj 2cos 2 f , 

dot dri 1 _ . , . 
-rrr = —— = — - tan0sin(a -f-71, 
3 0 3 0 2 v "' 
da __ 37 _ 
3¥~"~3¥"- ' 

3̂ 9 __ sin2 9 sin a; 
3w sin j9 * 

3/3 _ 2 sin 2 0 sin2 I 
3 0 ~~ siiT/? ' 

3$ ' 

3w 3w ^ 
— = — = COS 0 , 
da 07 

^ _ £® _ 
3a 37 
3*__££ 
3a 37 

The Jacobian of the transformation is equal to 

a(«,e,*) 

sin 6 
'2tan I ' 
1 
2' 

3w 
37 
3 0 
3/? 
3 $ 

t a n | 
tan I ' 
cos © sin 0 

sin/9 

3 ( O ; , 0 , $ ) M - I 

3 ( a , ^ 7 ) I 
4sm© . 2 w 
- ^ — - s m —. 
sm/3 2 

A volume element of the three-dimensional rotation group is given by 

dR = sinfidadfidi = 4 sin2 — doj sin QdQd$. 

The total volume of the three-dimensional rotation group is equal to 

/

/•2ir pn p2it pn fir /»2TT 

dR = / da sinPd/3 / *y = 4 / sin2 -<fc/ / sin©d© / d* = 
0̂ Jo Jo Jo 2 y 0 j 0 
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(b) Relations Between Gayley-Klein Parameters a, b and Euler Angles a, ^9,7 
The parameters a and 6 are expressed in terms of the Euler angles a, ^ , 7 as 

while the inverse relations are 

a = cos — e 3 . 
2 

b = sin - e* 3 . 
2 

cos p = |a|2 - |6|2, cos — = |a|, sin - = |6|, 

a-f 7 Re a a — 7 Re 6 
cot = — , cot 

(23) 

(24) 

2 Ima ' 2 Im6* 

The parameters a and 6 may be expressed in terms of the Wigner J9-functions (see Chap. 4) 

a = D | ^ K / 9 , 7 ) , 6 = 0* t i ( a , j 8 ,n r ) . (25) 

The unitary matrix i7, according to Eq. (11), coincides with the transposed rotation matrix D* (a,/3,7) which 
transforms spin functions of particles of spin | (see Eq. 2.5(32)). 

(c) Relations Between Cay ley-Klein Parameters a, b and Angles a;, 0 , $ 
The parameters a, b are expressed in terms of the angles u, 0 , $ as 

w . . u) -a = cos i s m - cos 0 , 
« . * (26> 

6 = —tsin — sin ®e . 

and the inverse relations have the form 

cos a; = 2(Rea)2 — 1, cos — = Re a, 

_ Ima 
C ° S 9 = " x / l - ( R e a ) ^ (2?) 

COt$ = -TT~7-
Re 6 

The unitary matrix (7, according to Eq. (11), coincides with the transposed rotation matrix U* (OJ; 0 , $) which 
transforms spin functions of spin | (see Eq. 2.5(36)). 

1.4.5. Rotation Operator 
Under rotations of coordinate systems quantum-mechanical quantities are transformed by the rotation 

operators D(aiP,7) or t / (o; ;0,$) . 
Wave functions (state vectors) # ' and operators O1 in a rotated coordinate system are related to wave 

functions * and operators O in an initial coordinate system by 

V = S(*tfi,~,)% d = D{a)P,i)d[D{a,M)\-\ (28) 

9' = 0(w,e,*)V, O = ^(w;0,$)O[£/(w;©,$)]- 1 . (29) 

 Q
ua

nt
um

 T
he

or
y 

of
 A

ng
ul

ar
 M

om
en

tu
m

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 2
60

1:
64

7:
c1

82
:6

89
0:

f9
cf

:9
66

a:
4f

e9
:b

c5
3 

on
 0

2/
15

/2
6.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



28 Quantum Theory of Angular Momentum 

If the Euler angles a, £ ,7 are chosen to describe the rotation, then the rotation operator jD(a,/?,7) may be 
written as 

£(<*,/?, 7) = e - ^ e - ^ i e - * " ' ' ' , (30) 

or, equivalently, 
5(a,/9,7) = e-iaJ'e^Jye^J'. (31) 

Here Ji is the projection of the total angular momentum operator (see Chap. 2) on an t-axis. The equivalence 
of Eqs. (30) and (31) follows from the fact that, according to (28), 

^ A ^ « « * A « l 3 - « ) 

If the direction of the rotation axis n(6 , $) and the rotation angle u> are chosen to describe the coordinate 
rotation, the rotation operator U may be written in the form 

#(u/;e, $) = *-*""•*, (33) 

where J is the total angular momentum operator (Chap. 2). Note that D(a,0,i) = U(w; 8 , $) . 
The rotation operator written in the forms (30), (31) or (33) is an unitary operator. 

P + (a, 0,7) = \D(a, 0 , 7 ) ] - 1 = D{* - 7, fi, -x - a) = £ ( - 7 ) -fi, - a ) , 
U+{w; 6 , $) = [#(w; 6 , S ) ] - 1 = # («; *r - 0 , IT + *) = 0(-w; 6 , * ) . 

Matrix elements of Z? between eigenstates of the operators J , Jx are the Wigner D-functions (see Chap. 4) 

(J'M'\5(aiM)\JM) = 6jj.Dii,MAa,0,'l). (35) 
/As, 

Matrix elements of Z? between states corresponding to the cartesian basis vectors et(t = x,y}z) coincide 
with elements of the rotation matrix a** (see Sec. 1.4.6) 

(ei\3[a,/J,i)\ek) = at*, (t,A; = x,y,*). (36) 

Effects of the rotation operator on various wave functions and quantum-mechanical operators are considered 
in Chaps. 3, 5-7. 

1.4.6. Transformation of Cartesian Vectors and Tensors Under Rotations of 
Coordinate Systems. Rotation Matrix a 

An arbitrary vector A may be written as a column 

A=UJ, (37) 

where AX)Ay)Ax are cartesian components of A. In this representation the Cartesian basis vectors 0x ,ey ,e^ 
have the form 

e» = I 0 ] , ey = 1 , ez = 0 . (38) 
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The effect of the rotation operator on the basis vectors written in such a form is equivalent to an action of 
some 3x3 matrix a which may be regarded as one of the representations of the rotation operator 

%xx &xy &xz \ 
(39) 

%ZX azy azz J 

The matrix a is real 
a* = a, a*k = aik, (i, k = x, y, z). (40) 

and unitary 
a+a = aa+ = 1 (41) 

Equations (40) and (41) result in the orthogonality condition 

aa = da = 1, (42) 

where a is the transpose of a. Equation (42) written in a component form gives six independent relations for 
the elements at& 

^2cLikau = Skh (*>M = *>2/>2), (43) 
% 

or the equivalent relations 

^2 a**a'*= s**> (*» k>l==x> y» « ) • (44) 
k 

Relations (43) or (44) reveal that only three of the nine matrix elements atfc are independent. This result is 
in agreement with the fact that any rotation of the coordinate system is completely determined by three real 
parameters. 

The matrix a is unimodular, i.e., 

deta = 
*xx "xy "xz 
2yx ayy ayz = 1. (45) 

The relations between cartesian basis vectors e'{ in a rotated coordinate system S* and basis vectors et- in 
an initial coordinate system S are given by 

ej. = a ei = ^ a*te* . (t, k = x, y, z). (46) 
k 

The transformation properties of cartesian vector components are given by 

Ai = YlakiAk' (*'*= X»V^), (47) 

where i4^ are the components of A in the initial coordinate system and A[ are the components of this vector 
in the rotated coordinate system. Equations (43) and (44) ensure that the absolute value of A is unchanged 
by the rotation. 

The transformation rule for cartesian components of a tensor of rank n (n is integer) has the form 

4i*3...*n = /Z a>klilak2i3..-akninAklk3...kn. (48) 
kik2...kn 
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30 Quantum Theory of Angular Momentum 

The inverse transformation which corresponds to the rotation S* —► S is performed by the transposed matrix 
5 = a""1. The inverse relations are 

efc = 5 ^ a i w e j , (i, A; = xyy,z). (49) 
t 

i 4 f c = ^ a f c t i 4 j , (i, A; = a, y, z), (50) 

t i « 2 . . . t i i 

The elements of the rotation matrix a^ may be evaluated from 

<Hk = etejfe, (t, A; = x, y, z). (52) 

Thus, the elements a»jb are cosines of angles between the basis vectors in the initial (5) and rotated (5") 
coordinate systems. An equivalent definition of a** in terms of coordinates in S and S1 has the form 

uX- 9Xfc t i \ i \ 
a»* = ^ = -^j> fo,s* = *iy,*). (53) 

The rotation matrix a is given in terms of the Euler angles by 

( cos a cos ft cos 7 — sin a sin 7 — cos a cos p sin 7 — sin a cos 7 cos a sin j3 \ 
sin a cos ̂ 9 cos 7 + cos a sin 7 — sin a cos ft sin 7 + cos a cos 7 sin a sin fi . (54) 

— sin )9 cos 7 sin )8 sin 7 cos^S y 
The inverse matrix a"1 may be obtained from Eq. (54) by transposing or, equivalently, by replacing the Euler 
angles a, 0 ,7 -► - 7 , - & - a . 

The expression for the rotation matrix a in terms of the angles ©, $ which describe the direction of the 
rotation axis, and the rotation angle w has the form 

( (1 — cos (JJ) sin2 0 cos2 $ + cos w 
(1 — cos a;) sin2 6 cos $ sin $ 4- sin w cos 0 
(1 — cos a;) sin 0 cos © cos $ — sin w sin 0 sin $ 

(1 — cos w) sin 0 cos $ sin $ — sin OJ cos 0 (1 — cos a;) sin 0 cos 0 cos $ + sin a; sin 0 sin $" 
(1 — cosw)s in 2 0s in 2 $ + cosu; (1 — cos a;) sin ©cos ©sin $ — sin w sin ©cos $ | . (55) 
(1 — cos a;) sin 0 cos © sin $ + sin a; sin © cos $ (1 — cos a;) cos2 0 4- cos a? 

Equation (55) may be expanded into 

( 1 0 0 \ / n2 nxny nxnz\ I 0 -nz ny 

0 1 0 + (l-coso>) nynx n2 nynz +sina; nz 0 -nx J , (56) 
0 0 1 / \ n * n * nzny n2 ) \-~ny *x 0 

where nXiny,nz are components of the unit vector n which determines direction of the rotation axi$. Using 
(56) one can easily derive the following expressions for the matrix elements a**. 

aik = cosojSik + (1 — cosw)ntnfc - sinu)eiklnl} (i, A;, / = x, y, z). (57) 

The inverse matrix a"1 may be obtained from (55) and (56) by transposing or, equivalently, by replacing 
a;, ©, $ —► -w, ©, $ or a;, ©, $ —► w, n - ©, ir + $. 
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Elements of Vector and Tensor Theory 31 

The expressions for a;, 0 , $ in terms of the matrix elements at^ read 

cos a; = -[Spa - 1] = ~(axx + ayy + azz - 1), 

nx sin w = sin OJ sin 0 cos $ = - (azy — ay^ }, 

ny sin a; = sin a; sin 0 sin $ = - (axz - azx), (53) 

nz sin uj = sin a; cos 0 = -(ayx — axy)} 

Uisinw = - -^ f f t f c iow, (i,fc, / = z,y,;?). 

The rotation matrix a may be rewritten in terms of the Cayley-Klein parameters as 

/ | ( a 2 - 62 + a*2 - 6*2) i ( -a 2 + 62 + a*2 - 6*2) a6* + a*6 \ 
a = | ( a 2 + 62 - a*2 - 6*2) | ( a 2 + b2 + a*2 + 6*2) i{ab* - a*b) . (59) 

V -(a6 + a*6*) i(a6-a*6*) aa* - 66* / 

One can see that the parameters a, 6 and —a, —6 correspond to the same rotation matrix. 

Particular Forms of Rotation Matrix 
(a) Rotation through an angle * about the x-axis: 

(1 0 0 \ 
ax(*) = 0 c o s * - s i n * . (60) 

\ 0 sin * cos * / 

(b) Rotation through an angle * about the y-axis: 

c o s * 0 s i n * \ 
ay(tf) = ( 0 1 0 . (61) 

- sin * 0 cos * J 

(c) Rotation through an angle * about the 2-axis: 

( c o s * - s i n * 0 \ 
s i n * cos* 0 1. (62) 

0 0 l) 
For an arbitrary rotation determined by the Euler angles a,y3,7 the rotation matrix, in accordance with 

Eq. (31), may be written in the form 

a = an(w) = aM(a)ay(/3)aM(n). (63) 

Equation (63) represents a particular case of addition of coordinate rotations (see Sec. 1.4.7). 

1.4.7. Addition of Rotations 
Let us consider two successive rotations of the coordinate system. Let the first rotation transform the 

coordinate system S{x, y, z} into 5"{x', y', z'} and the second one transform 5'{x', y', z'} into ^"'{x", y", z"}. 
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32 Quantum Theory of Angular Momentum 

Below the parameters describing the resultant rotation S{x}y,z} —> Sn{x"y y", z"} will be given in terms of 
the parameters specifying the rotations S{x,y,z} —> S'{x\y*yz'} and S'{x',y',z'} —► 5"{a;", y",2r"}. 

(a) Description of rotations in terms of Euler angles 
Let both rotations be performed according to the scheme B (p. 22). Let the first rotation S{xry, z} —► 

5'{x', r/,z'} be described by the Euler angles ai, /?i ,7i , the second one, S'fx'jy',*'} —► S"{xi,
iy"1z"}i by the 

Euler angles (*2, /?2> 72 and the resultant rotation, 5{x, y, *} -* S"{x", y", *"} by the Euler angles a,/?, 7. The 
Euler angles a,/?,7,ai,/?i,7i and 0^2,^2,72 are supposed to be defined with respect to an initial coordinate 
system 5{x, y,2r}. 

The operator of resultant rotation has the form 

£(<*,/?, 7) =D{a2,P2n2)D{*u0i,li) (64) 

or in more detail 
e~i<*JM e-*PJy e~ilJz = e-i<*2JMe-iP2Jye-il2JMe-i<XiJge-i01Jye-iiiJz f^\ 

In Eq. (65) J; is the projection of the total angular momentum operator on an t-axis of the coordinate system 
S{x} y, z}. The angles of the resultant rotation a, ^,7 are expressed in terms of a±, ^1,71 and a2) P2,*12 as 

cot(a — a2) = cos)02 cot(ai + 72) + cot fix — sin/92 

sin(ai + 72)' 
cos p = cos fii cos )92 ~ sin Pi sin & cos(c*i +72), (66) 

/ \ n 1 \ n sin5i 
cot(7 - 7 J = cos ft cot(ai + 72) + cot ft-rj—; r. 

sin(ai + 72) 
The following relations are useful for evaluation of a, ft 7. 

sin(a — a2) _ sin(7 — 71) __ sin(ai -f 72) 
sin ft sin ft sin p ' 

(67) 

cos pi = cos p cos p2 + sinj9 sin #2 cos(a — a2)f 

cos ft = cos P cos ft + sinP sin ft cos(7 — 71), (68) 
cos/? = cos ft cos ft — sinft sinp2 cos(ai + 72), 

cos(7 — 71) = cos(c*i + 72) cos(a — a2) + sin(ai -f 72) sin(a — a2) cos ft, 
cos(a - a2) = cos(ai + 72) cos(7 - 71) + sin(ai + 72) sin(7 - 71) cos ft, (69) 

cos(c*i + 72) = cos(7 - 71) cos(a - a2) - sin(7 - 71) sin(a - a2) cos ft 

. 0- Pi . <*i + 72 + a - OL2 t a n — - — 

t a n ^ — 

t P-fo tan — - — 2 

tan — - — 

t a n ^ 2 

2 
f ft+ft tan 

tan 
tan 

tan 

tan 

tan 

2 
<*i + 72 - OJ 4- a2 ' 

2 
<*i + 72 + 7 - 7i 

2 
<*i + 72 ~ 7 + 7i ' 

2 
oc - a 2 + 7 ~ 7i 

2 
a - a 2 - 7 + 7i ' 

(70) 
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Elements of Vector and Tensor Theory 

Fig. 1.8. Addition of rotations in terms of the spherical geometry. 

Equations (67)-(70) may be easily interpreted in terms of the geometry on a sphere. Each rotation may be 
completely determined by a point of intersection of the z'-axis with the spherical surface and by a unit vector 
in the direction of the x'-axis which lies on a plane tangent to the surface at this point. In this case the 
determination of a,^,7 is reduced to constructing the corresponding spherical triangle, (Fig. 1.8). Equations 
(67)-(70) represent the formulas of sines, cosines and tangents for the spherical triangle. 

Another expression for the angles of the resultant rotation will be obtained if successive rotations are 
performed according to the scheme B (p. 22) but the Euler angles c*2>/?2>72 sPecifymg the second rotation 
Sf{x,

ix/izt} —► Sn{xl\y,\z"} are defined with respect to the intermediate coordinate system S!{x\ y',z'} 
rather than the initial system S{x, y, z}. In this case the operator of the resultant rotation has the form 

D(a,jSf7) = D'(a2i & ,7 2 )£ (a i , £ i ,7 i ) , (71) 

where prime indicates that the operator of the second rotation is taken in the coordinate system S^x'^y'^z'}. 
According to (28), the operator D9 is related to the operator in the initial coordinate system by 

£'(a2,/?2,72) = 5(a1 , /91 ,7i)3(a2,/?2 ,72)[^(ai ,^i ,7i)]"1 . (72) 

Substitution of this expression into Eq. (71) yields 

£(<*,£, 7) = 5(a1 ,^1 ,7i)S(a2 , /?2,72), (73) 

i.e., the operator of the resultant rotation differs from (64) in the order of operators of the first and second 
rotations. Thus, for such a description of the successive rotations the Euler angles a, ^,7 may be obtained 
from (66)-(70) by interchange of indices 1 ^ 2 . 

Finally, if successive rotations are performed according to the scheme A (p. 21), i.e., if each rotation is 
made about the corresponding new axis, the operator of resultant rotation is given by Eq. (73). In this case the 
Euler angles a, ^9,7 of the resultant rotation may also be derived from (66)-(70) by the interchange of indices 
1 ^ 2 . 
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34 Quantum Theory of Angular Momentum 

(b) Description of Rotations in Terms of Rotation Axis n ( 0 , $ ) and Rotation Angle OJ 
Let the first rotation, S{x, y,z} —> S'{x', y', z'}, be performed about an axis n i through an angle o>i, 

and the second one, S ' f a ^ y ' j z ' } —► S"{x")y"}z"}) be about an axis 112 through an angle 0J2- The resultant 
rotation £{a;, y, 2 } —^ S,,{x,,

)yn
)zn} may be treated as a rotation about an axis n through an angle oj. 

The operator of the resultant rotation has the form 

The angle of the resultant rotation OJ and the axis of this rotation n are determined by 

OJ 0J\ OJ2 / v 0J\ U)2 
cos — = cos — cos ■—— (rii • 112) sin — sin —, * 

2 2 2 2 2 (7K) 
OJ 0J\ W2 , 0J2 W 1 . w l . w 2 V / 

n sin — = n i sin — cos — - + 1 1 2 sin — cos •—— n i x 112 sin — sin —. 
2 2 2 2 2 l J 2 2 

It follows from Eq. (75) that the resultant rotation is independent of the order of successive rotations (i.e., 
the rotation operators commute) if and only if n i x 112 = 0, i.e., the axes of both rotations are parallel or 
antiparallel. In this case 

OJ = 0>i ±0>2' 

If directions of the rotation axes n i , 112, n are specified by the polar angles ©1, $ 1 ; ©2, $ 2 and ©, $^ respec­
tively, and the polar angles are defined with respect to the initial coordinate system S{xry, z}} then 

OJ OJi OJ2 . OJi OJ2 
cos — = cos — cos sin — sin — [cos © i cosJ©2 + sin © i sin ©2 c o s ( $ i — $2)]) 

JL L L It L 
. w ^ . OJI 0J2 ~ . oj2 OJI _ sin — cos 0 = s in"- - cos — cos © x -f- sin — cos — cos @2 2 2 2 2 2 

. OJI . 0J2 . . . (76) 
+ sin — sin — sin ©1 sin ©2 s in($i — $2)) 

It L 
sin ©i (cot ^ cos $1 — cos ©2 sin $1) + sin @2(cot ^ cos $2 + cos ©1 sin $2) 
sin ©1 (cot ^ sin $1 + cos ©2 cos $1) +' sin ©2(cot ^ sin $2 — cos ©i cos $2) 

If directions of the rotation axes n i , n are defined by the polar angles ©i, $1 and 0 , $ with respect to the 
initial coordinate system 5{x, y, z} and the direction of the axis of the second rotation 112 is defined by the 
polar angles ©2, $2 with respect to the intermediate coordinate system 5"{x', t/;,2r'} then the angles ojt ©,$ of 
the resultant rotation will be given by Eqs. (76) with interchanged indices 1 ?== 2. This situation is similar to 
the case when rotations are described by Euler angles. 

(c) Description of Rotation in Terms of Cayley-Klein Parameters 
Let the first rotation, S{x)y)z} —♦ 5"{x;,y^z'} be determined by the Cayley-Klein parameters ai,6i 

(1.4.3) and the second one, 5'{a;',y',2'} —► S,,{x,,
)y,,

)z,,}i by the parameters 02,62- Then the resultant 
rotation S{xty,z} —► S,,{xn

)yN\zn) will be determined by the parameters a,b such as 

a = aia2 - 6J62, ( . 
b = ai&2 + &1CI2. 

The matrix U (see Eq. (11)) which describes the resultant rotation is a product of matrices correspodding to 
the first and second rotations 

U(a,b) = U(ai,b2)U(aub1). (78) 

In this case all the matrices are supposed to be given in an initial coordinate system. 
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(d) Addition Theorem for Rotation Matrices a 
Let us carry out two successive rotations S{xy y, z} —+ 5"{x', y', zf} and Sf{xf, r/, z'} —* Sn{xn', y", 2"}. The 

matrix which transforms cartesian components of vectors and tensors under the resultant rotation S{x} y, z} —► 
5"{x", y", z"} represents a product of the matrices a(l) and a(2) corresponding to the first and second rotations. 
The order of these matrices in the product depends on the convention used for the rotation angles. If all angles 
which describe rotations are referred to the initial coordinate system, i.e., the operator of the resultant rotation 
is given by Eq. (64), then 

a = a(2)a(l) (79) 

or, in terms of matrix elements, 

aik = ^a^(2)a / f c ( l ) , [i,kyl = xyy,z). (80) 

The rotation matrices in terms of the rotation angles are given by Eqs. (54) and (56). The angles which 
determine the resultant rotation are related to the angles of the first and second rotations via Eqs. (66) and 
(76). 

If the angles which determine the first and resultant rotations, S —♦ Sf and S —♦ £", are defined with 
respect to the initial system S{x, y, z} but the angles of the second rotation 5" —♦ S" are defined with respect 
to the intermediate system 5'{x', y', z1} (i.e., the operator of the resultant rotation is given by Eq. (73)), then 

a = a(l)o(2) (81) 

or, equivalently, 
aik = J ^ o»-| (1) a/* (2), ( i , M = z,y,2:). (82) 

/ 
In this case the relationships between the angles of the resultant rotation and the angles of the first and second 
rotations may be derived from Eqs. (66) and (76) by an interchange of indices 1 ^ 2 . 

 Q
ua

nt
um

 T
he

or
y 

of
 A

ng
ul

ar
 M

om
en

tu
m

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 2
60

1:
64

7:
c1

82
:6

89
0:

f9
cf

:9
66

a:
4f

e9
:b

c5
3 

on
 0

2/
15

/2
6.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.




