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Chapter 1

ELEMENTS OF VECTOR AND TENSOR THEORY

The theory of angular momenta and irreducible tensors represents, in principle, a development of the classical
theory of vectors and tensors. In this chapter only the basic definitions and relations of the vector and tensor
theory are represented which will be used throughout. For more detailed analysis see corresponding monographs
(e.g., Refs. [11, 34, 35]).

1.1. COORDINATE SYSTEMS. BASIS VECTORS

In the quantum theory of angular momentum cartesian, polar and spherical coordinate systems are widely
used.

1.1.1. Cartesian Coordinate System

In a rectangular cartesian coordinate system the position of a point is specified by three real numbers z,
y, z which represent the distances between the point and coordinate planes (Fig. 1.1). The position vector
(radius vector) of a point r may be written as

r = ze; + ye, + ze,. (1)
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Fig. 1.1. Cartesian coordinate system.
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4 Quantum Theory of Angular Momentum

The covariant cartesian basis (base) vectors e;,e,, e, form a real orthonormal basis
e;er =0y, (1,k=2z,y,2),
el =¢;, [(t=2zy2).
The contravariant cartesian basis (base) vectors €'(i = z,y, z) coincide with the covariant ones
e =e;.

Throughout this book the right-handed coordinate system will be used. In this system

[e; x ex] = eiey, (¢, k1 = z,y, 2),

girt = [€; X egle;.

A detailed form of (5) is
[e: X e;] =ey.

[ez X e,] =e,, [ey X ;] =eg,

1.1.2. Polar Coordinate System

In a polar coordinate system! the position of a point is determined by r, ¥, o, where r is the position vector
length, ¢ is the colatitude, and ¢ is the longitude (Fig. 1.2). The angles ¢ and o are called the polar angles

of vector r. The relations between cartesian and polar coordinates are
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Fig. 1.2. Polar coordinate system.

z = rsin ¥ cos p, r=+/22 + y2 + 22, 0< r < oo,
. . z
y = rsindsinp, ¢ = arccos —————— 0<¥<m,
Va2 +y? + 22
z Y
z=rcos?, © = arccos ,(tanpz—), 0< p <27,
x2+y2 z
The position vector r may be written as
r=re,.

(8)

(9)

1Note that this coordinate system is often called “spherical”. To avoid misunderstanding we prefer to call it the “polar” system

reserving the name “spherical” only for the coordinate system considered in the next section.
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Elements of Vector and Tensor Theory 5

The covariant polar basis vectors e,,eg, e, are shown in Fig. 1.2. They form a real orthonormal basis
€y = 5aﬂ! (a)ﬂ =71 19: 90), (10)
e, = €q, (a=r113,¢). (11)

04

The contravariant polar basis vectors e”,e’, e¥ coincide with the covariant ones

e* =e, (a=r,9,0). (12)
The unit vectors e,, ey, e, form the right-handed basis

[e, xes]=¢e,, [esxe,]=¢e,, [e,xe]=ey. (13)

The polar basis vectors e,, ey, e,, contrary to the cartesian ones, depend on the angles ¢, . This should be
taken into account when evaluating the derivatives

a 8 a

=% Free =0 oo =0

i =e —ey = —¢ ie =0

819e'- 9 EX) 9 = rs 39 o =Y,

a . _ _ .

Ege,—e,,smﬂ, a—(peg—epcos'ﬂ, a(pew— e, sin¥ —egcos . (14)

The results of applying the V operator (see Sec. 1.3) to the polar basis vectors are presented in the form

(Voe)=2,  (Vep)=

% cot ¥, (V-e,) =0, (15)

R

[V xe]=0, [V x eg] = -}e,,, [Vxe,]= %cot de, — —l-e.,. (16)
r

1.1.3. Spherical Coordinate System

Spherical coordinates are widely used in the angular momentum theory.
The covariant spherical coordinates z, (with u = £1,0) are defined by the relations

1 1 ;
T4, = ———=(z +1y) = — —=rsin 9e'¥,
t1 \/5( y) \/5
Ty =2 =Trcos 19, (17)

1 1 X
z_1=—F7=(z—1y) = 7_rsin ge ¥,
2

V2

The contravariant spherical coordinates z#* (where u = £1,0) are given by

ztl = —\/ii(z —ty) = —-%rsin ge~¢,
2°=z=rcos¥, (18)
7l = —1—(x+'i ) = irsin19e""°.
V2

V2
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6 Quantum Theory of Angular Momentum
The relations between covariant and contravariant spherical coordinates are as follows

z# = (-1)¥z_,, z, = (—1)*z7¥,

. z, = 2", (v = £1,0). (19)

The covariant spherical basis vectors e, {p = £1,0) are defined by

ey = - (es +1ey)
+1 \/5 z )
e = e, (20)

1 .
e_; = 7—§(eac —1ey).

The contravariant spherical basss vectors e#{u = +1,0) are given by

1 .
_ﬁ(ez —iey),
e =e, (21)
et = 1 (ez +1tey)
ve 't
Relations between the covariant and contravariant spherical basis vectors read
= (-1)"e_y, e, = (~1)"e™¥,
e, = eM*, (v = £1,0). (22)
The spherical basis vectors form a complex orthonormal basis
e’ =eue) =6, (p,v==%10). (23)

Vector products of spherical basis vectors may be written with the use of the Clebsch-Gordan coefficients (see
Chap. 8) in the form
ey X &, =1V2C1) e,

u,v, A= +1,0). 24
o x e = —iyiCiy e, A TELO) (24)
One may also rewrite these formulas in a form similar to (5)
. A

e, X e, = —ig,,\€
“ v . = ’ (#»V)A = :*:1’0): (25)

e” X e =1ie,0en,
where £,,,,, = +1if the combination of indices y, v, ) is obtained by an even permutation of +1,0, -1, ¢, = -1

for an odd permutation, and €,,,, = 0 if at least two indices among u, v, A are equal.
A detailed form of (25) is as follows:

ey Xey= ie+1, € Xe_; = ie_l, €, Xe_; = ‘I:eo,

¥ xetl =detl e lxe=1de7!, e!xet!=1el. (26)

Covariant and contravariant spherical components (see Sec. 1.2) of the basis vectors e, and e” are given by

i

lenlo = (~1)78o-p, [en]” = bou,
[e*]6 = Sou, [e”]o = ("1)050—-“- (27)
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Elements of Vector and Tensor Theory 7

1.1.4. Helicity Basis Vectors

By analogy with Eqs. (20), (21) one may construct the following combinations of the polar basis vectors
€r, €9, €,

. 1 .
e = (oo tiey), €= ——(es —iey)
ey = ey, e =e,, (28)
] 1 1—-1

1 .
\/—i(eo +1e,).

e, = —\/—i(eg —1e,), e

The vectors e, (4 = +1,0) are called the covariant helicity basis vectors and e'*(u = £1,0) are called the
contravariant helicity basis vectors (the explanation of the term “helicity” is given below in Sec. 6.3.6).

The helicity basis vectors e, and e'* satisfy the same relations (22)-(26) as the spherical basis vectors e,
and e*.

1.1.5. Relations Between Different Basis Vectors

(a) Cartesian and Polar Basis Vectors

e; =e.sindcosp + ey cos ¥cosp — e, sin p, _
ey, = e, sin¥sin p + ey cos ¥ sin p + e, cos p, (29)

e, =e,cost¥ —eygsind.

Cartesian and Spherical Basis Vectors

1 1, _
e; = E(e_l - e+1) = -\—/——E(e 1 e+1),

1 L
ey = 75(9—1 +et) = —72—(0 f+etl), (30)
€, = € =e°.

Cartesian and Helicity Covariant Basis Vectors

1 1
e, = —e , —(cosIcos p+tsinp) + e, sin¥cosp + e_, —(cos ¥ cosp — ¢ sin
z +1\/§( © p) + e ® 1\/5( p ©),
1 1
e, = —e' , —=(cos 9sin @ — 1 cos ) + e}, sin ¥ sin p + e'_, —=(cos ¥sin ¢ + ¢ cos v}, 31
v +1\/2-( SO) 0 1\/2—( ) (31)

1 1
! . ’ I3 .
e, =e,,—sind+ ejcos? —e_; —sind.
T en gt e ‘7z
Cartesian and Helicity Contravariant Basis Vectors

1 1
e, = —e 1 ——(cosdcosp —isinp) + e sin¥cosp + e~ —=(cos ¥ cos o -+ ¢ sin
. \/5( ® ®) ® ﬁ( © ©),

1 1
e, = ~e't1——(cos¥sinp +1icosp) + eOsinIsinp + e~ —(cos ¥sin p — 1 cos p), 32
v ﬁ( P ) P «/i( e v) (32)
e, =e'+1i2sint9+e'°cost9 —e'—l—l—sin'ﬂ.

V2



Quantum Theory of Angular Momentum Downloaded from www.worldscientific.com

by 2601:647:¢182:6890:f9cf:966a:4fe9:bc53 on 02/15/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

8

Quantum Theory of Angular Momentum

(b) Polar and Cartesian Basis Vectors

e, =e;sindcosp + eysindsinp + e, cos ¥,

ey = ez cos¥cosp + e, cos¥sin p — e, sin ¥,

e, = —e, sin p + ey cos .

Polar and Spherscal Covariant Basis Vectors

1 . 1 .
e = —e4) \—/—5 sin9e™*® + egcos¥ +e_; 75 sin ¥9¢'¥,

1 — . 1 ot
ey = —e+17§cos de Y —egsin ¥ +e_1-\/—§cos de'?,

e, =e Lc"’-i—e
L2 +1\/5 -1

1 . ; ) ;
—sinde® + e®cos ¥ + e 1 —=sinde ¥

t
—et?,

V2

Polar and Spherical Contravariant Basts Vectors

— _atl
e, = —e
V2
1 ; . -
es = —e“xcos&e“" —elsind+e?
— _atl b _ip 1t ~ip
e, = —etl—¢ e l—¢
" .
V2 V2

1 . 1
ey = _%(ez +zey), e“ = —'75

Spherscal Covariant and Polar Basis Vectors

1, ;
ey = —e, 7 sin 9¢*¥ — ey
2

ey =e,cos ¥ — ey sin g,

€e_; =¢€

V2

sin 9e 7% + e,

el =e,,

- 1
e l=—
1 .
— cos Pe'¥

V2

1 .
——=cosde™*¥
V2 ’

ﬂ(ez +1ey).

—e _i._et"p
V2 ‘vz

1 .
—=cosfe™'¥

V2

LI
—e,p—\—/—ie

ip

(33)

(34)

(35)

(36)

(37)

(38)
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Spherical Contravarsant and Polar Basis Vectors

1 . 1 - 1
etl = —e,——sin¥e™*? — ey —=cosPe ™ + e, —=e*¥,
V2

V2 V2

e =e,cos¥ —egsind,

_ 1 . . 1 : I
e~ ! =e,—sinde’® + ey ——= cos 9e'¥ + e,—¢'®.
V2

V2 V2

Spherical Covartant and Spherical Contravariant Basts Vectors

-1 1

€41 = —€ 7, etl=—e_,
€y = eo, eo = €q,

e_; =—etl, e l=—e,;.

Spherical Covarsant and Helicity Covariant Basts Vectors

1+cosd | sind | 1—-cos?d
ey = e'+1_2 ¥ — e 7z e e'_l_—z e,

on = o sin ¢ te cosd— e sin ¢
0 = —= —e_j—F—
‘ +1 \/5 0 1 \/i ’
1—cosd _; sind _, 14+cosd _;
e.; = e'+1——2—e e 867_2—8 te +e'__1 ——2—'8 up.
Spherical Contravarsant and Helicity Covariant Basis Vectors
1—cosd _; sind _, 1+cosd _;
et! = ___el+1 > e — e6 \/5 e ¥ e’—]. +2 c—up’
sin ¢ sin ¢
e0 = eg_l-v_; +e6cos:9— 61172—,
~ 1+ cosd sind 1—cosd ;
e l= —e'“—z—e‘” + e{,—J_Z—c"" - e'_l—z—e‘”
Spherical Covariant and Helicity Contravariant Basss Vectors
ey = —e'+] 1—cos 19‘.-p B e'osmﬂe"“’ el 1+ cos 0ei‘°,
2 V2 2
sin ¢ sin ¥
eo=et!— +e%cosd—e'? ,
2 V2
e, = —e't 1+ cos 05"“’ 10 810 0c'i“’ el 1—cosd —ip_

2 V2 2
Spherical Contravariant and Helicity Contravariant Basis Vectors

+1 _e,+11+coet9 —ip _ gosind ., ;1-—cosd _.
= —e¢ ¥ e e e T TP,
2 V2 2
j—18n¢
V2’
L =e,,,_11—-<:os 0e‘“’ +e,osm0e,-¢ e,_11+;osz9€,-p.

e

sin ¢
e = e'“——z- +eCcost—e

e

(40)

(41)

(42)

(43)

(44)
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10 Quantum Theory of Angular Momentum

Equations (41)-(44) may be written in a more compact form using the Wigner D-functions (see Chap. 4).

e, = Zpiu_u(o, 9, p)el, = Z(-l)"Dﬁ—u(O, 9, p)e'”,
v

v

et =(=1)*> D!, ,(0,9,p)el = > (=1)#*+ DL, (0,9, p)e",

v
(u,v = £1,0).
(d) Helicity Covariant and Cartesian Basis Vectors

!

¢ = ey (cos¥cosp—isinp) —e —l—(cosﬁsin +1icosp) +e —l—sint9
+1 3\/5 P 14 y\/i 14 14 z\/i 3
ey = e, sin ¥ cos p + e, sin ¥sin p + e, cos ¥,

e, = e,i(cosﬁcosgp +isinp) + ey——l—(cos Jsinp — i cos p) — e,—l-sinﬂ.
V2 V2 V2

Helicity Contravariant and Cartesian Basis Vectors

1 1 1
et = —e,—(cos¥cosp + 1sin ) — e, —=(cos F¥sinp — 2 cos ) + €, — sin ¥
:c\/z-( © ) uﬁ( @ ) + 75 0%,
e’ = e, sin¥ cos p + e, sin¥sinp + e, cos I,

1 1 1
e l=e,—=(cosPcosp —isinp) +e,——=(cosIsinp +icosp) — e, —sin §.
zﬁ( P ) yﬂ( © ®) 7

Helicity and Polar Basis Vectors

1 . 1 .
€= ‘7—5(90 +1e,), e'tl= "E(ea —1ie,),
e) = ey, e'°

I

er)
e =—1—(e,,—ie ) e"‘lz—l—(eo +1e,).
-1= e) /2 ¢

Helicity Covariant and Spherical Covariant Basts Vectors

) 1+cosd _;, sin ¢ 1-cos? ;,
e+1=e+1———2———e +eg 7 +e_; AL
) sind _., sind
ey = —ey; e '? +epcosd+e_; 72 et?,
2
1—-cosd _; in ¢ 1 9
e, =e+1-—-2——e"‘°—eosil/1§ e_, +;os et®

Helvcity Contravariant and Spherical Covartant Basis Vectors

141 l—cosﬂe__,-s‘7 sin 9 14+ cosd

ettt =_¢ ep——— —e_j ————¢'f
+1 2 + €g vz e-1 2 e,
mngd . i .
e'? = —e_Hsm e +eg cost9+e_ls$;e‘“’,
1+cosd _; sin ¢ 1—cos? ;
el = e e —gg—= — e_; ———¢'®,
+1 2 0 \/5 1 2 €

(45)

(46)

(47)

(48)

(50)
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Elements of Vector and Tensor Theory 11

Helicity Covartant and Spherical Contravariant Basis Vectors

1—-cos¥ ; sin ¢ 1+cosd _;
e, =—etl———¢¥ 4 ¢ —e1 e™'?
+1 2 + \/é 2 3
) 4+15ind ip o _ysind
ep=—e""—=¢c¥ +e'costte \/Ee #, (51)
e, = —et! 1+ cos&e,-p _ eosinz? el 1—cos 0e"‘“’.
2 V2 2
Helicity Contravariant and Spherical Contravariant Basis Vectors
1 _ gt 1+ cosﬂew 4 e03“”9 +e! 1- cosﬂe_ip,
2 V2 2
10 _Hsmt9 £ (sind —ip
e’ =—e +e%cosd+e” \/Ee , (52)
e,_1=e+11—cost9 io Osin19+ _11+cost9€_,-p.

2 e —e \/5 (] 2

Equations (49)-(52) may be written in a more compact form using the Wigner D-functions (see Chap. 4).
_ZD /A(p)'& 0 Z( —uu <p,19 0)

et = Z ~1)4D}_,(9,9,00e, = > (-1)***DL,_ (p,9,0)e", (53)

v
(p,v = £1,0).

Helicaty Covariant and Heliesty Contravariant Basis Vectors

e]+1 = —-e"'l, ei+1 — —el—li
e, =e'°, e'® = e, (54)
e =—eTl e l=-¢,

1.2. VECTORS. TENSORS

Vectors and tensors are usually defined by transformation properties of their components under rotations of
coordinate systems. The transformation rule for cartesian components of vectors and tensors is given below
in Sec. 1.4 (Eqs. (46)-(51)). The transformation properties of spherical components of vectors and irreducible
tensors are discussed in Chap. 3.

1.2.1., Vector Components

Any vector can be expanded in terms of basis vectors, i.e., written as
A=) A% =) A€ (1)
a 2

The expansion coefficients A, are called the covariant components of the vector, and A®* are the contravariant

vector components
a=A e, A*=A e (2)
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12 Quantum Theory of Angular Momentum
In a cartesian coordinate system one has
A=Ae, +Aye, + Ae, = A%, + AVey + Ae,. (3)

The covariant cartesian components of a vector coincide with the contravariant ones.
In a polar coordinate system

A=A + Agey + A e, = Ae, + A%y + Afe,. (4)

The convariant polar components coincide with the contravariant ones.
For a spherical coordinate system

A= A+le+1 + Aoeo + A—le_]_ = A+1e+1 + Aoeo + A_le_l. (5)
The relations between covariant and contravariant spherical components are given by
A, =(-1)FA7", A¥ = (-1)*A_,, (s = £1,0). (6)
If A is a real vector, i.e., if A* = A, then
A, =AY, A = A, (v = £1,0). (7
If A is a complex vector, then
A= (AT, A% =(AT),,  (w=+1,0). (8)
An expansion of a real vector A in terms of spherical basis vectors is written as
A=) Aet =) Abe, =) Anet = At
n n n n
= z Aye, = Z A;e,, = E Abet* = Z Ar*eH
n u u B
=) (~1)*A_ueu =Y (—1)*ATe (9)
u b

An expansion of an arbitrary vector A in terms of helicity basis vectors is given by
A=A*el + 4%+ A el = AL e + AL’ + A e (10)

The helicity components of a vector satisfy the same relations (6)-{9) as the spherical components.

The relations between vector components in different bases are the same as the relations between basis
vectors. These relations are given by Eqs. 1.1(29)-1.1(54) in which one should replace e, — A, and e® — A,
In particular,

1 . 1 1
Apy=—A"1=— (A +i4,), Az=—(A-1— A4) = (471 - 4™
+1 \/5( 4 y) x \/5( 1 +1 \/E( A )’
Ao =A% = 4, A, = \/LE(A_1 +Ay) = —\—/—;(A‘l + 4T, (11)
1
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13

The matrices of transformations between cartesian, contravariant spherical and polar components of vectors

are given in Tables 1.1 and 1.2.

Spherical components of a real vector A which contains no derivatives and is independent of spin variables

are
sin?d sind _;
Az = F|A|[—=eF?,  A*! =3 |A|——cFi°,
+1=F| l\/5 FlA|—=e
Ao = ]A|cos ¥, A% = |A|cos ¥,

where 9, ¢ are the polar angles of the vector A.
Equations (12) may be written in terms of spherical harmonics {see Chap. 5) as

4
Ay =\ TIAIYL(8,0),
4n N
A¥ = v/ —3-|A! 1“(19,<p), (v = £1,0).

The expressions for cartesian components of A in terms of spherical harmonics read

A, = 231|A]{Y1—1(19,<P) - Yi+1(%, )},

(13)

. |27
Ay =4\ —|A{Y1-1(8, @) + Yi41(8, 0)}, (14)
3
4
Ay = —3—|AIY10(19» ).
Table 1.1
Matrix form of the transtormations for vector components in different bases.
Cartesian coordinates Spherical coordinates Polar coordinates
A=A,e. + Ae, + A.e, A=Atle, + A%+ A7 'e_, A=A4d,e. + Agey+ A e,

In terms of spherical components In terms of cartesian components In terms of cartesian components
A, A+t AN A, 4, A,
Ay |=M(z,y, 2 +1,0, —1)[ 4° 40 =M (+1,0, —1<z,y,2)| 4, Ay |=M(r, 8, 92z, y, 2)| 4,
4, A1 A 4, A 4,

In terms of polar components In terms of polar components In terms of spherical components
Az 4, 4+ A\l (4, AH
A, =Mz, y, z2¢ 1,9, ¢)| 4y A =M (+1,0, —ter, 8, )| 45 Ag =M (r, 3, 9« +1,0, —1){ A°
4, 4, Al A ¢ 4, At
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14 Quantum Theory of Angular Momentum

Table 1.2

Matrices of transformations between cartesian, spherical contravariant and
polar components of vectors.

M(z, y, z «— +1, 0, —1) M(+1, 0, —1 «— =z, y, 2)
+ 00— z y oz
1 1 1 i
—— — 1 f——= —= 0
[~ 0 v t V2 V2
W -7 o —7’2_— ol o o 1
o 1 0 1\ =L o
? N\ vz Ve
Mz, y, 2 «<—r1, 8, ) M(r,3, ¢ «<— 1z, 4, 2)
r 3 P z y z
z (sindcose cosdcosp -—sing r{sindcosp sindsinyg cosd
y| sindsine cosd¥sine cose¢ 9] cos®cosp cos¥sing —sind
z cos ¥ —sin 0 e\ —sing cos ¢ 0
M(+1, 0, —1 «—r, 8, ¢) M, 9$, ¢ «<— +1, 0, —1)
r ) @ +1 0 —1
sind _, cos ¥ _; i sind sin &
LN 2T i e — e 9 S t?
+1 V3 © Vs ¢ N r vz ¢ cos 75 ¢
L cos} _;
0 cos & —sin § 0 ] —%_—-e‘? —sin & Va e*?
in$ |, cosd i i i .
-1 ﬂl_—:— e —e*? —e'? ——=c'? ——?
vz ¢ vz ¢ V2 ¢ P\TVvz° vZ ¢

1.2.2. Scalar Product of Vectors

The scalar product of vectors A and B in an arbitrary orthonormal basis is defined by
A B=) A,B"=) A°B,. (15)
13 a

In a cartesian coordinate system we have

A-B=A;B;,+AyB,+ A.B,. (18)
For polar coordinates the scalar product is given by

A-B=AB,+ AsBy + A, B,. (17)

Equation (17) is valid only if A and B do not contain derivatives because the polar basis vectors depend on
the polar angles ¥, o (see Section 1.1). In spherical coordinates we have

A B=) A"B,=) A,B*=) (-1)*A,B_, =) (-1)*A*B™#, (u=+1,0). (18)
u u u 7
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or, in a more detailed form,
A'B = -—A+1B._1 + AoBO bt A_lB+1 .

15

(19)

The scalar product in terms of helicity components of vectors is similar to (18)—(19). The scalar product of

vectors is invariant with respect to rotations of the coordinate system.

1.2.3. Vector Product of Vectors
In a cartesian coordinate system the vector product of vectors A and B is defined by
e; e, €,

AxB=|4, 4, A, |= ) [AxBle,

Bz By B, i=x,y,z

where

[AxB|; =A4,B, — A.B,y,

[A x Bl, = A, B, — A, B, ,

[A x B, = 4,B, — A,B, .
Equation (21) may be written in a more compact form as

[A xB]; = ZeiklAkBl, (4, k1 = z,y,2).
ki
In the polar coordinate system
e ey e,

AxB=|4 4s A, |= D [AxBlsea,
B,- Bo BP a=r,9,p

where

[A X B]r = Aon - A‘pBo,
[Ax Bls = A, B, — A,B,,
[A x B, = A, By — AsB,.

Equation (24) is valid only if A and B are not differential operators.
In the spherical coordinate system

0 ,—1

e, 1 € e_; etl 0 e
AxB=1{Ay Ag A |=—1i|A*1 A2 471 = >~ [AxBle*= ) [AxBle,
B+1 By B_; B*1 B p-1 u=+1,0 pu==+1,0

where

[A X B]+1 = i(AOB+1 - A+1Bo) = ‘l:(A_lBO — AOB—I),
A X B]o = ‘I.(A_lB 1— A 1B_1) = 1:(A+IB_1 - A—IB+1),
+ +
[A xB]—; =4(A—1Bo — AoB-1) =i(A°B*! — A*1B?).

[A x B]*! ={(4oB_; — A_1 By) =i(A*'B% — A°B™Y),
[AxB|]°=4¢(A_1B41 — A41B_;) =i(AT'B™! - A~1BH),
[A x B]™! =4(A4, By — AgB41) =i(A°B~1 — A71By).

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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Equations (26)-(27) may be written in a more compact form using the Clebsch-Gordan coefficients (see Chap. 8)
[A x Bl = i3y Clt, A, By,
vA (,v,A = £1,0). (28)

[A x BJ* = ’\/52 Cion 4" B,
va

Helicity components of the vector product are given by equations analogous to (25)-(28).

1.2.4. Products Involving Three or More Vectors

A [BxC|=B:[CxA]=C-[AxB]=-A-[CxB|=-B-[AxC|]=-C-[BxA], (29
Ax[BxC|=B(A-C)-C(A-B), (30)
[AxB]-[CxD]=(A-C)(B-D)-(A-D)(B-C), (31)

[AxB]x[CxD|=B(A-[CxD])—A(B-[CxD})=C(A-[BxD])-D(A-[BxC]). (32)

(A-BxCj){(a-[bxc])=

t

Quw»
e
Qw»
o oo
QW »
a a0

=(A -a)(B b)(C-c) - (A-a)(B-¢)(C-b) — (B-b)(A-c)(C -a)
—(C-c)(A b)(B-a)+ (A -b)(B-c)(C-a)+(A-c)(B-a)(C-b). (33)

1.2.5. Tensors 6 and ;5

In a cartesian basis two basic tensors §;x and &5 are widely used. The first tensor, &, is the symmetric
unit tensor of rank 2. The second tensor, €, is the totally antisymmetric unit tensor of rank 3.
The tensor & is called the Kronecker §-symbol and is defined by

1, 1=k
bix = ’ " (G k=1z,y,2). 34
1k {0, i#k, () sya) ()
The components 6 are invariant with respect to rotations and inversion of coordinate systems.

The tensor (or, more precisely, the pseudotensor) &;x is often called the Levi-Civita tensor. It is antisym-
metric with respect to permutations of any pair of indices. Thus, & = 0 if at least two of the indices ¢, k, !
are equal, and &5 # O only if all indices 1, k, ! are different. The components £;;; are given by

€ =0, (t=1z,9,2) (3 components),
ik = Eiki = €xii =0, (1,k=1z,y,2) (18 components), (35)
Exyz = Eyag = €pzy = —Ezzy = —Eyzz = —Exyz = 1 (6 components).

The components i are invariant with respect to rotations and inversion of coordinate systems.
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The tensor £;; has the following properties: The product of two tensors £;x and &,,, may be written in

the form of a determinant

bir bis & :

Eiki€rat = [Okr Oka Okt | = OirOkote + 8556kt btr + 6t 6kr b1y — bir bkt B1s — bis0kr b1t — 8it b1y Oty

6ir b1y bu

By summing over a pair of indices, one obtains

E EikiEist =

i

Oks Okt

5[3 6“ = 6ka 6“ - 5kt51.9-

Summation over two pairs of indices yields

E EikiEikt = 2011,

i,k

Finally, the summation over three pairs of indices gives

E €iki€iri = 6.

ik,

For an arbitrary 3x3 matrix || Aix| (%, k = =z, y, z) the following relation holds

Az Azy Azz
ZAa:iAykAzleikl=det||Aik"= Ayz Ay Ay
Y Ax Ay Al

1.3. DIFFERENTIAL OPERATIONS
1.3.1. OperatorV

The operator V (nabla) is the basic vector differential operator.
Cartesian components of V are given by

E)
Ve=zp V=3 Vemg

These components may be expressed in terms of polar coordinates as

. 9§ 0 i 3
V‘c:slnﬂcosso__*.w.___w.

or r 8% rsind ?3;’
o q. 0 cos¥sinp J  cosp 9
Vy =sindsinpar+ ——— 35+ remd 3p’
d sind 3
V,——COS{SE—T'%.

An expansion of the operator V in terms of spherical basis vectors reads

V=) (-1)*e,V_,=~e. Vo1 +eVo—e_1V,y,
n

(36)

(37)

(38)

(40)

(2)

(3)
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18 Quantum Theory of Angular Momentum

where spherical components of V are given by

Va=-—— (L4l
3
VO"Er
1 /8 .8
V=7 (5 m)

Spherical components of V in a polar coordinate system have the form

ePr. 8 cos® 0 1 ]
Vi = —\/—E{smﬂg; + Tr o9 * rsing —8—;}’

8 sind 3

V0=C05195'———r—'a‘9, (5)
e, 3 cosd 08 ) a
V—l—-\/—i{smﬁa—"ﬁ- ; ‘Ea—m'ap}.

An expansion of V in terms of polar basis vectors may be written as

V=eV,+esVs+e,V,, (8)
where
S O S G 1 0
T Ty 8% ¥ rsin® dp’

The order of operator components relative to the basis vectors in Eq. (6) is essential because e,, es, e, depend
on 9, .
The operator V may be written in the form

8 1
V= na + ;Vn, (8)

where Vg is the angular part of V, and n = r/r is the unit vector determined by angles ¥ and . The operator
Vi acts only on variables § and . In the polar coordinate system it has only two components

E} 1 3
Z Valy = —— - —.
550 (Vale sin ¢ ()

(Va)s = 39

The operator V; may be written as
VQ = —n X L, (10)
where L is the orbital angular momentum operator (see Sec. 2.2).

1.3.2. Laplace Operator

The Laplace operator (Laplacian) A is a scalar differential operator
A =V2, (11)
In the cartesian coordinate system A has the form

3? 82 8%
A= 322 + a—y“z- + 3.2 (12)
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In the polar coordinate system it is given by

1 9 3} 1 8 2} 1 a2
A== —{r¥— c—={sind =} + ———  —.
7 o T e a0 Gt 5 (13)
The operator A may also be written as
1 8,,8, 1
A= A5+ Zla, (14)
where Aq is the angular part of A
1 3 3 1 8%
Ag=VE = == {sind =} + ——  —. 15
0=Vo=55 s tinlastt 5y 5 (15)
expressed in terms of the orbital angular momentum operator Las
Aq = -T2, (16)
1.8.3. Differential Operations on Scalars and Vectors
The gradient of a scalar function ®(r) is the vector defined in terms of the operator V as
grad®(r) = Vo(r). (17)

The components of grad® may be obtained by use of Eqs. (1)—(7) for the components of V. If ® depends only
on r = |r| (spherically-symmetric field), then

(18)

where n =r/r.
The directional derivative of a scalar function ®(r) in the direction specified by a unit vector u is the scalar

defined by

2 3(r) = (u- V)2(x). (19)

The divergence of a vector field A(r) is the scalar product of V and A
divA =V - A. (20)

The expression for divA in a cartesian coordinate system is

dA 8A dA JA;
divA = —=Z Y £ = L, 21
ivA oz + dy + Oz mg ; dz; (21)
and in a spherical coordinate system it has the form
divA = —V41A_; + Vodo ~ V1Al = D (-1)*V,4_,, (22)
u==%1,0
where the spherical components V,, are given by Eqs. (4)—(5). In the polar coordinate system we have
.1 38 4 1 a,. 1 0A,

divA = 5 g (P A) 4 o g i dAg) g S (28)
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20 . Quantum Theory of Angular Momentum

The curl of a vector field A(r) is the vector product of V and A

curl A =V x A.

The cartesian components of curl A are given by

_8A, 04,

[curl A, = By 32
dA, OA,

- [curl A]y = % Ba
84, 04,

[curl A], = 32 3y’

or, in a more compact form,

94
[curl A); = Zk;: &kl F

Moreover, curl A may also be written in the form

e; eg, e,
curlA = % 3y %
A; Ay A,

The spherical components of curl A are given by

[CllrlA].H_ = ‘i(VoA+1 - V+1Ao),
[CIH‘IA]O = i(V’_1A+1 - V+1A._1),
[curlA]..l = i(V_le - V()A_l),

or in a more compact form involving the Clebsch-Gordan coefficients

[curlA], = —iv2) CIH,VuAx (41,2 = £1,0).

vA

The spherical componentg of curl A may also be written as

e;1 € e,
curlA =1 V+1 Vo V-l .

A+1 Ao A_l
The polar components of curl A read
1 4, 1 34
lA], = ——— - =9
[eurl A] rsind 3¢ (sin 34, rsing dp ’
1 84, 19
1 = —— . L
[curl Als rsind 3o ror (rde),
14 13A,

[curlA], = ;5—;(1'.4.,) - -

The above equations are summarized in Table 1.3.
Note also the following differential operations of the second order

div grad ® = V- (V@) = AJ,

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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Table 1.3

Differential operations.

Cartesian coordinates Spherical coordinates Polar coordinates
r ezt ey -1-ez —euZ_; + € — €174y i
dr e,dz + e, dy--e,dz —eqndz_;) 4 egdzy — e dr + egrdd + e, r sin 3dy
—e_dzy,
ds? da? 4 dy® - d2? —2dz,dz_; - dzydz, dr? 4 r2d$? 4 r2 sin? §d¢?
av dzdydz tdz,,dzydz_, r® sin 9drddde
vo o® o oP a0 109 i L4
ex"ﬁ"i'eyﬁ"' €9z —e V10 4 €V, ® — e'?)?"-e’_r-x-*-e?rs'in&'g
—e_ VP
04, 94y 04 1 9 t 9 . 1 04,
(V- 4) oz + wt o | —VndatVedo—V.4,, 7o M40+ r5ns 3 e sind) + s - o
1 9 . dAy
. e e e'rsin%[;ﬁu?sma)_d_v-]-*'
y 3 € & € 1T 1 04, @
2 ¢ 0 ; =t (A
VXA] 9z oy 9z HV% Vo Y, tesT|sns dp_dr(r o]t
4y 49 4, 1a 04
Ae Ay 4 eyt [ 49— 5]
N i) 1 9 00 L .\ Y ..
a? tapt T | e | e (n 5) s - p(sin )+ s o
curl grad ® = V x (V®) =0, (33)
divcurlA=V - [Vx A]=0, (34)
curl curl A=V x [Vx A|=V(V-A) - AA
= grad div A - AA. (35)

1.4. ROTATIONS OF COORDINATE SYSTEM

An arbitrary rotation of a coordinate system about the origin is completely specified by three real parameters.
The most useful description of rotation is that in terms of the Euler angles o, 8, . Note that two other sets of
sarameters are also widely used to describe rotations:

direction of the rotation axis n(©, ®) (2 parameters) and the rotation angle w (1 parameter);

the Cayley-Klein parameters.

1.4.1. Description of Rotations in Terms of the Euler Angles

Any rotation of the coordinate system S{z,y,z} — S'{z',y',2'} may be performed by three successive
‘otations about the coordinate axes (Fig. 1.3)

(a) rotation about the z-axis through an angle a(0 < & < 27),
A { (b) rotation about the new y;-axis through an angle (0 < 8 < ),

(c) rotation about the new axis z; = 2’ through an angle (0 < v < 2n).

The same rotation S{z,y,z} — S'{2,y',2'} may also be performed by another succession of rotations
Fig. 1.4),
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22 Quantum Theory of Angular Momentum

Fig. 1.4. Succession of rotations of a coordinate system according to scheme B.

(a) rotation about the z-axis through an angle 4(0 < v < 2x),
B { (b) rotation about the initial y-axis through an angle (0 < 8 < «),

(c) rotation about the initial z-axis through an angle a(0 < a < 27).

Here the angles o, 8,y are the same as those in the first case.

The relative orientations of initial and final coordinate axes S{z,y, 2} and S'{z',y’,2'}, obtained in both
cases, A and B, are shown in Fig. 1.5.

Fig. 1.5. The Euler angles &, 5, 4.

The angles a, 8, v are called the Euler angles. They completely define the rotation of the coordinate system.
The inverse rotation which returns the coordinate system.S'{z',y',2'} back into S{z,y, 2} is specified by the
Euler angles —v, —f8, —a, or, equivalently, by the angles 7 — v, 8, —7 — a.
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Sometimes the following successive rotations are used to obtain the general rotation of the coordinate
system:
(a) rotation about the z-axis through an angle o';
(b) rotation about the new z,-axis through an angle #';
(c) rotation about the new axis z; = 2’ through an angle .
The angles o', 8’,7" describe the same rotation of the coordinate system as the Euler angles o, §, v if

n n
a=a+§1 ﬂ'=ﬂ’ '7':"7_5' (1)

The absolute value of a vector is invariant with respect to rotations, but the polar angles 9, ¢, which determine
the vector direction, change. The relations between angles 9, ¢ and ¢, ¢’ which specify vector directions in
the initial and final coordinate systems, S{z,y, 2} and S'{z’, ¢/, z'}, are given by

cos ¥’ = cos ¥ cos f + sin ¥sin f cos(p — a),

cot ¥sin f
t{o' = cot(p — -
cot(p' + ) = cot(p — a)cos B sin(p — o)
The inverse relations are

cos ¥ = cos ¥ cos f — sin &' sin B cos{p’ +17),

cot ¥’ sin B
sin(p' +7)

(3)

cot(p — a) = cot(p' + ) cos B+

1.4.2. Description of Rotations in Terms of Rotation Axis and Rotation Angle

Any rotation of a coordinate system S{z,y,z} — §'{z’,y, 2’} may be treated as one rotation through an
angle w(0 < w < ) about some axis n(©, ®). The direction of this rotation axis n is defined by the polar
angles 6, P(0 < © < 7,0 < & < 2x) which are the same in the initial coordinate system §{z,y,z} and in the
inal one S'{z',y’,2'} (Fig. 1.6).

Fig. 1.6. Rotation of a coordinate system through an angle w about an axis n(@, @).
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24 Quantum Theory of Angular Momentum

The angles w,®, ® completely determine the relative orientation of the initial and final coordinate axes.
The rotation defined by the angles —w,n — ©, w + ® is identical to the rotation defined by the angles w, ©, ®.
The inverse rotation S'{z',y’, 2’} — S{z,y, 2} is specified by the angles —w, ©, ® or, equivalently, by the angles
w,m— 0,7+ D.

The direction cosines of the unit vector n(©, ®) in the initial coordinate system S{z,y, 2} coincide with
those in the final coordinate system S'{z',y’, 2'}.

sin © cos P,
sin © sin P, (4)

n-e,=n-e, =cosO.

n-e,=n-e,

=n-e
n-e,=n-e,

The polar angles ¥, ¢ of vectors nonparallel to the n-axis vary under coordinate rotations. The relations
between the polar angles ¥, p and ¢, ¢’ which specify the direction of a vector with respect to S{z,y, z} and
S'{z',y,2'}, respectively, are given by

cos ¥ = cos ¥(cos w sin? © + cos? ©) + sin 9sin O[(1 — cosw) cos O cos(p — P) — sinwsin(p ~ )],

cos(p — ®)[cosw cos? © + sin® O] + sin(p — D) sinw cos © — cot ${cosw — 1) sin © cos @ (5)
— cos(p — ) sinw cos © + sin(p — ) cosw + cot ¥ sinw sin ©

cot(p' — @) =

The inverse relations are

cos ¥ = cos ¥'(cosw sin® © + cos® ©) + sin ¥’ sin O[(1 — cos w) cos O cos(p’ — @) + sinw sin(p’ — B)),

cos(p’ — ®)[cos w cos? © + sin® O] — sin(p’ — <I?) sinw cos @ — cot ¥ (cosw — 1) sin O cos @ (6)
cos(p' — ®) sinw cos © + sin(p' —~ P) cosw — cot ¥ sinwsin O

cot(p — ®) =
Introducing parameters w,n(©, ®) to describe rotations, we are able to write the transformation properties

of components of the position vector r in compact vector form:

r' =rcosw +n(nr)(1 - cosw) + [n X r|sinw, )
r=r'cosw +n(nr')(1 — cosw) — [n X r']sinw.

Equations (5)-(6) may be derived by projecting Eq. (7) onto the coordinate axes.
1.4.3. Description of Rotations in Terms of Unitary 2x2 Matrices. Cayley-Klein Parameters.

The position vector of an arbitrary point r = ze, +ye, +ze, may be represented by the following Hermitian

2x2 matrix X:
+
X=X+=(z_ziy z_'y) Z 2:5;, (8)

t=z,y,%

where §;(¢ = z,y,2) are the transposed Pauli matrices (Eq. 2.5(4)). Note that
—det X =1? = 2% + y? + 22

Each rotation S{z,y,z} — §'{z',y,2'} may be represented by a unitary transformation U of matrix X
into X’
X'=UXU-L. ()

Here U is the unitary unimodular 2x2 matrix

Ut=U"1, detU=1. (10)
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Fig. 1.7 Stereographic projection of a point on a sphere.

Bearing in mind that r is real, one can easily prove that U, indeed, is unitary. The relation det U = 1 ensures
the invariance of the absolute value of the position vector under coordinate rotations.
Equations (10) imply the following form of U

v=(5 ) (11)

where a and b are complex numbers which satisfy the condition
la|? + [b]% = 1. (12)

Thus, the matrix U depends on three real independent parameters. The numbers a and b are called the
Cayley-Kletn parameters. They uniquely determine rotation of the coordinate system. The inverse statement
is not true because the parameters —a and —b describe the same rotation as a and b.

The inverse rotation S'{z',y',z'} — S{z,y, 2} corresponds to the matrix

*

-1 _ + _ a -b

U-'=U ( b a ) . (13)
The Cayley-Klein parameters permit us to propose an alternative interpretation of coordinate rotations.

Let us consider a sphere (of unit diameter) about the origin. Each point of the sphere with coordinates

z,y,2(z% + y? + 22 = 1/4) corresponds to the point ¢ = £ + tn on the complex plane which is called the

stereographic projection of the point z,y, z (Fig. 1.7). The complex number ¢ is related to z,y,z by

T+iy % +z

1 e’
22 z -1y

(14)

The rotation of the coordinate system which transforms the coordinates z, y, 2 of the point on the sphere into
z',y', 2’ generates the following complex-plane bilinear transformation

' _ a¢+b

= Triva (18)

The coefficients of this bilinear transformation are just the Cayley-Klein parameters a and b.
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1.4.4. Relations Between Different Descriptions of Rotations

(a) Relations Between Angles w,©,® and Euler Angles o, 8,7
The angles w,®, P are expressed in terms of the Euler angles «, 8,7 by

o0 ] 8 = €08 éCOS a—-M
2 2 2’
1;a.n£2’i
ta.ne=s—i-n—&—_-r,7,
2
T a-—-9
b= - .
2+ 2

The inverse relations are written as 5
. . . W
sin 5 = sin O sin —,

2
a+q
tan 5 —cos@tan 7
a—9 *
=0 - —.
2 2

Note also the following useful relations between the angles «,8,v and w,©, ®.

Qg_a_'y_ cos © ?_@_sinzesinw
Bw_aw_zcosﬂg’ dw  sinf °’
da Oy 1 ) 98 _ 2sin293in2§
36 ~ge - gtanOsinlet),  Fg=—om—
ta__0y_, 2 _,
P od ! 0% !
tan &
2
3_6__?2__ sin © ég_cosGsinG
da 9y  2tan%’ 3  sinf '
o8 _ 58 _1 00 _
a8y 2’ g~
The Jacobian of the transformation is equal to
" e, ,7) ” " (w,©,9) ”-1 _ 45in @ sin?
3(w, 8, ) 3(a, B,7) sin 8 2’

A volume element of the three-dimensional rotation group is given by
dR = sin fdadfdy = 4sin? %dw sin ©40d0.

The total volume of the three-dimensional rotation group is equal to

2 27
/dR / da/ smﬂdﬁ/ d'y—4/ sin —-dw/ smed@ d<I> 8n2.

(16)

(17)

(18)

(19)

(20)

(21)

(22)
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(b) Relations Between Cayley-Klesn Parameters a, b and Euler Angles o, 8,7

The parameters a and b are expressed in terms of the Euler angles o, 8,7 as

B —iaga
a=cos—e '3 |
(28)
b = sin ée"“;—’.
2
while the inverse relations are
cos B = |a|> — |b[%, cos B =|a|, sin £ = |b],
2 2 (24)
o+ Rea a—7v Red
cot = - , cot = —.
2 Ima 2 Imb
The parameters a and b may be expressed in terms of the Wigner D-functions (see Chap. 4)
a=D§ %(a,ﬂ,’y), b=Dl’l%%(a,ﬂ,'7). (25)

The unitary matrix U, according to Eq. (11}, coincides with the transposed rotation matrix D} («, B,7) which
transforms spin functions of particles of spin 3 (see Eq. 2.5(32)).

(c) Relations Between Cayley-Klein Parameters a, b and Angles w, ©, P

The parameters a, b are expressed in terms of the angles w,©,d as

w .. w
a=cos — —1sin —cos O,
2 2

. (26)
b= —isin ot sin @c*®.
2
and the inverse relations have the form
cosw = 2(Rea)? - 1, cos% = Rea,
Ima
€080 = — ————=——,
v/1— (Rea)? (27)
Imb
cot (D = —m.

The unitary matrix U, according to Eq. (11), coincides with the transposed rotation matrix i) (w; ©, ®) which
transforms spin functions of spin ; (see Eq. 2.5(36)).

1.4.5. Rotation Operator
Under rotations of coordinate systems quantum-mechanical quantities are transformed by the rotation
operators D(a, B8,7) or U{w; ©,®). -
Wave functions (state vectors) ¥’ and operators O' in a rotated coordinate system are related to wave
functions ¥ and operators O in an initial coordinate system by

~

V' = D(a, ,7)¥, O = D(a,8,7)0|D(a,8,7)]7%, (28)

¥ =0(w;0,8)¥, O=0w;0,8)0[0w;0,)] " (29)



Quantum Theory of Angular Momentum Downloaded from www.worl dscientific.com

by 2601:647:¢182:6890:f9cf:966a:4fe9:bc53 on 02/15/26. Re-use and distribution is strictly not permitted, except for Open Access articles.
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If the Euler angles a, 8,7 are chosen to describe the rotation, then the rotation operator ﬁ(a, B,7) may be

written as L .
D(a,ﬂ, ,7) = e""""e"ﬁ"!’l c—mJ,, (30)

or, equivalently, R e s s
D(a,ﬂ,'y) = e—Vats =BTy —iv Iy (31)

Here :I: is the projection of the total angular momentum operator (see Chap. 2) on an :-axis. The equivalence
of Eqs. (30) and (31) follows from the fact that, according to (28),

e=Pn = D(a,0, O)c*‘ﬂjv[ﬁ(a,o, 0)]~!= ¢miats =iy oty (32)
=19 = D(a, $,0)e7+[D(a, ,0)|7! = em*xTre B e n i8Iy giads,

If the direction of the rotation axis n(©, ®) and the rotation angle w are chosen to descnbe the coordinate
rotation, the rotation operator i may be written in the form

0(w;0,8) = e~wnJ, (33)

where J is the total angular momentum operator (Chap. 2). Note that ﬁ(a_, B,) = o (w; 0, ®).
The rotation operator written in the forms (30), (31) or (33) is an unitary operator.

D*(a,8,7) = [D(e,8,7)]* = D(n — 4,8, ~7 — a) = D(—, -8, ~a),

Ut (w;8,®) = [0(w;8,9)] ! = U(w;x — 6, + &) = U(-w; 8, d). (84)

Matrix elements of D between eigenstates of the operators .72, f, are the Wigner D-functions (see Chap. 4)
(J'M'|D(cx, B,7)|IM) = 875D pas B, ). (35)

Matrix elements of D between states corresponding to the cartesian basis vectors e;(1 = z,y, 2) coincide
with elements of the rotation matrix a;x (see Sec. 1.4.6)

<e5|ﬁ(a:ﬂs7)|ek) = Gk, (":k =Y, z)- (36)

Effects of the rotation operator on various wave functions and quantum-mechanical operators are considered
in Chaps. 3, 5-7.

1.4.6. Transformation of Cartesian Vectors and Tensors Under Rotations of
Coordinate Systems. Rotation Matrix a
An arbitrary vector A may be written as a column
A,

A=14,1, (37)
Ay

where A, Ay, A, are cartesian components of A. In this representation the Cartesian basis vectors e, ey, e,
have the form

e (38)

||

o

[+
<

1

[wry

(d

n

i

- O O



Quantum Theory of Angular Momentum Downloaded from www.worldscientific.com

by 2601:647:¢182:6890:f9cf:966a:4fe9:bc53 on 02/15/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

Elements of Vector and Tensor Theory 29

The effect of the rotation operator on the basis vectors written in such a form is equivalent to an action of
some 3x3 matrix a which may be regarded as one of the representations of the rotation operator

Azz Qgzy Ozz
a=| 8y Gyy Gy |. (39)

Qzz Gzy G2

The matrix a is real

and unitary

Equations (40) and (41) result in the orthogonality condition
da=ad =1, (42)

where @ is the transpose of a. Equation (42) written in a component form gives six independent relations for
the elements a;

Yoakau =0, (,kl=1542), (43)
i
or the equivalent relations
Z Gk = b, (4, k1 = 7,9, 2). (44)
k

Relations (43) or (44) reveal that only three of the nine matrix elements a;x are independent. This result is
in agreement with the fact that any rotation of the coordinate system is completely determined by three real
parameters.

The matrix a is unimodular, i.e.,

Qzz QGzy Gzz2

deta = =1. (45)

Ayz Qyy Gyz

Qyz Qry Qzy

The relations between cartesian basis vectors €] in a rotated coordinate system S’ and basis vectors e; in
an initial coordinate system S are given by

e: =ge = Eak‘-ek . (i,k =2z,Y, Z) . (46)
k

The transformation properties of cartesian vector components are given by

Al = Z ag; Ag, (4, k=z,9,2), (47)
k

where Aj are the components of A in the initial coordinate system and A} are the components of this vector
in the rotated coordinate system. Equations (43) and (44) ensure that the absolute value of A is unchanged
by the rotation.

The transformation rule for cartesian components of a tensor of rank n (n is integer) has the form

! — E . . .
Aix‘z...t'n - akl‘lakZ‘! e akn‘nAklkﬁnJcn' (48)
kiks...kn
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30 Quantum Theory of Angular Momentum

The inverse transformation which corresponds to the rotation §' — S is performed by the transposed matrix
& = a~1. The inverse relations are

€ = Zakie:» (i,k:: T, Y, z)' (49)
[t
A = Z akiAs ’ (i:k =%,¥, z) ) (50)
$
Abknkn = 3 OkaisOkigarnin Abrinins (K152, K2y0 s yin,n = 7,9, 2). (51)

$183...5n
The elements of the rotation matrix a;;z may be evaluated from

ik = eie;c; (")k =, yiz)' (52)

Thus, the elements a;; are cosines of angles between the basis vectors in the initial (S) and rotated (S’)
coordinate systems. An equivalent definition of a; in terms of coordinates in S and S’ has the form

dz} - Az
dzx  Ozl’

A = (=}, zx = z,¥,2). (53)

The rotation matrix a is given in terms of the Euler angles by

cosacosffcosy —sinasiny —cosacosfsiny —sinacosy cosasinf
a= | sinacosfcosy+cosasiny —sinocosfsiny+cosacosy sinasinf |. (54)
—gin S cos vy sin A siny cosf

The inverse matrix a~* may be obtained from Eq. (54) by transposing or, equivalently, by replacing the Euler
a'ngles a, ﬁ) T —ﬂs —a.

The expression for the rotation matrix a in terms of the angles ©, ® which describe the direction of the
rotation axis, and the rotation angle w has the form

(1 - cosw) sin® © cos? & + cosw
a= | (1—cosw)sin® @ cos ®sin ® + sinwcos ©
(1 - cosw)sin®cos©cos P —sinwsin O sin

(1 — cosw)sin? © cos Psin @ — sinw cos © (1 — cosw) sin © cos © cos P + sinw sin O sin
(1 - cosw) sin® @ sin® @ + cosw (1 —cosw)sin©cosOsin® —sinwsinOcos® |.  (55)
(1 —cosw)sin®cosOsin® +sinwsin@cos® (1~ cosw)cos? O + cosw

Equation (55) may be expanded into

100 nZ  ngny ngn, 0 -n, ny
a=cosw [0 1 O+ (1—-cosw) | nynz nZ nyn, |+sinw| n, 0 -n,|, (56)
0 01 ngng ngny  n? —ny  ng 0

where nz, ny,n, are components of the unit vector n which determines direction of the rotation axis. Using
(56) one can easily derive the following expressions for the matrix elements a

a;x = coswhx + (1 — cosw)nin, — sinwe;uny, (3,k, 1= z,y,2). (57)

The inverse matrix a~! may be obtained from (55) and (56) by transposing or, equivalently, by replacing
w,0, > —w,0,P0rw,0, - w,x—0,r+ .
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The expressions for w, ©, ® in terms of the matrix elements a;; read

cosw = %[Spa - 1] = —;—(am + ayy + 0y — 1),
ngsinw = sinwsin®cos P = %(a,y — Qyz )y
nysinw = sinwsinOsind = -;—(a_.u — G2z), (58)
n,sinw = sinw cos © = %(aw — Gay),

. 1 .
n;smw:—ig‘:e;k;akz, (3, k1= z,y, 2).

The rotation matrix a may be rewritten in terms of the Cayley-Klein parameters as

3@ ¥ +a?—b*%) f(-a®+67+a"2-5"%)  ab*+ah
a=| i(a®+b%—a*? - p*?) (a® + 8% +a*?+b*%)  i(ab* —a*b) | . (59)
—(ab + a*b*) 1(ab — a*b*) aa* — bb*

N o=

One can see that the parameters a,b and —a, —b correspond to the same rotation matrix.

Particular Forms of Rotation Matriz

(a) Rotation through an angle ¥ about the z-axis:

1 0 0
az(¥)={0 cos¥ —sin¥ |. (60)
0 smV¥ cos ¥

(b) Rotation through an angle ¥ about the y-axis:

cos¥ 0 sinV¥
ay(¥) = o 1 o |. (61)
—sin¥ 0 cosV¥

(c) Rotation through an angle ¥ about the z-axis:
cos¥ —sin¥ O
a;(¥)=|sin¥ cos¥ 0}. (62)
0 0 1

For an arbitrary rotation determined by the Euler angles «, 8,7 the rotation matrix, in accordance with
Eq. (31), may be written in the form

@ = an(w) = a;(a)ay(B)as (7). (63)
Equation (63) represents a particular case of addition of coordinate rotations (see Sec. 1.4.7).

1.4.7. Addition of Rotations

Let us consider two successive rotations of the coordinate system. Let the first rotation transform the
coordinate system S{z,y, z} into S'{z’, ', 2’} and the second one transform S'{z',y’, 2’} into §"{z", y", 2"}.
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32 Quantum Theory of Angular Momentum

Below the parameters describing the resultant rotation S{z,y,2z} — S"{z",y", 2"} will be given in terms of
the parameters specifying the rotations S{z,y,2} — S'{z',y’,2'} and S'{',y',2'} — S"{z",y",2"}.

(a) Description of rotations in terms of Euler angles

Let both rotations be performed according to the scheme B (p. 22). Let the first rotation S{z,y,2} —
S'{z', ¢/, 2'} be described by the Euler angles a1, 1,71, the second one, $'{z',y’,2'} — §"{z",y", 2"}, by the
Euler angles az, f2,7; and the resultant rotation, S{z,y, 2} — §"{z",y", 2"} by the Euler angles o, 5, . The
Euler angles «, 8,1, 21, B1,71 and ag, f2,72 are supposed to be defined with respect to an initial coordinate
system S{z,y,z}.

The operator of resultant rotation has the form

ﬁ(a’ﬂ"Y) = ﬁ(a2)ﬂ2)72)5(a1’ﬁ1)'71) (64)

or in more detail

c~.'af,c-.'pj,,e—.'7i, = ¢~io f.e-.'ﬁ, fye—i'n f,e—ial f,e—s'ﬁl jye—l"n .f,. (65)

In Eq. (65) J; is the projection of the total angular momentum operator on an i-axis of the coordinate system
S{z,y,2}. The angles of the resultant rotation «, 8,7 are expressed in terms of ay, f1,v; and az, f2,72 as

sin §,
cot({a — aq) = cos By cot{ay + +cot By ——m————
( 2) B2 cot(ey +72) B sin(or +72)’
cos 8 = cos f; cos f; — sin B sin f; cos(ay + ¥2), (686)
sin 8,

cot(y — = co8 f; cot{a; + + cot fp —F———.
(’7 ’71) b1 (1 ’72) ﬂzsm(a1+72)

The following relations are useful for evaluation of a, 8,1.

sin(a —az)  sin(y—m) _ sin(a; +12)
sin B8, sin 3, gin 8

, (67)

cos fi1 = cos ff cos B3 + sin B sin B; cos(a — az),
cos f2 = cos ff cos B; + sin B sin By cos(y — 1), (68)
cos § = cos f; cos fz — sin By 8in f; cos(ay + 72),

cos(y — 71) = cos(a; + ¥2) cos(a — a2) + sin(a; + v2) sin(a — az) cos B,

cos(a — az) = cos(ay + 72) cos(y — 11) + sin(ay + v2) sin(y — 1) cos By, (69)
cos(ay + 72) = cos(y — 71) cos(a — az) — sin{y — v1) sin(a — a2) cos A.
¢ B— 5 apt+zta—oa
an 2 tan 2
= — )
tanﬂ+ﬂ1 tan &L ty—atas
2 2
¢ B — B2 ar+Y2+7—m
an 2 tan 2
= - , (70)
B+, ap+12—7+7
tan tan
2 2
tanﬂl;ﬂz tana"az‘;ﬂ"h
tan Pt P2 22—t

2 2
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Fig. 1.8. Addition of rotations in terms of the spherical geometry.

Equations (67)-(70) may be easily interpreted in terms of the geometry on a sphere. Each rotation may be
completely determined by a point of intersection of the 2’-axis with the spherical surface and by a unit vector
in the direction of the z’-axis which lies on a plane tangent to the surface at this point. In this case the
determination of «, 8, is reduced to constructing the corresponding spherical triangle, (Fig. 1.8). Equations
(67)—(70) represent the formulas of sines, cosines and tangents for the spherical triangle.

Another expression for the angles of the resultant rotation will be obtained if successive rotations are
performed according to the scheme B (p. 22) but the Euler angles agz, f2,v2 specifying the second rotation
S'{z',y,2'} — S"{z",y", 2"} are defined with respect to the intermediate coordinate system S'{z’,y', 2’}
rather than the initial system S{z,y,2}. In this case the operator of the resultant rotation has the form

ﬁ(a’ﬂ;'ﬁ = b,(aZ) ﬂ2772)ﬁ(a1xﬂ1”71)y (71)

where prime indicates that the operator of the second rotation is taken in the coordinate system S'{z’,y',2'}.
According to (28), the operator [ is related to the operator in the initial coordinate system by

D'(az, B2,72) = D(o1, B1,71) D(az, B2, 72)[D( 1, 1, 71)] 72 (72)
Substitution of this expression into Eq. (71) yields
ﬁ(a)ﬁ»'ﬂ = ﬁ(alxﬂl)'yl)ﬁ(a%ﬂ%'h)) (73)

i.e., the operator of the resultant rotation differs from (64) in the order of operators of the first and second
rotations. Thus, for such a description of the successive rotations the Euler angles o, 8,7 may be obtained
from (66)—(70) by interchange of indices 1 == 2.

Finally, if successive rotations are performed according to the scheme A {p. 21), i.e., if each rotation is
made about the corresponding new axis, the operator of resultant rotation is given by Eq. (73). In this case the
Euler angles o, 8,7 of the resultant rotation may also be derived from (66)—(70) by the interchange of indices

= 2.
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(b) Description of Rotattons in Terms of Rotation Azis n(©,®) and Rotation Angle w

Let the first rotation, S{z,y,2} — S'{z',y',2'}, be performed about an axis n; through an angle wy,
and the second one, S'{z',y’,2'} — S"{z",y", 2"}, be about an axis n, through an angle wy. The resultant
rotation S{z,y, 2} — S"{z",y",2"} may be treated as a rotation about an axis n through an angle w.

The operator of the resultant rotation has the form

e-—iwn-J — e—tw;nrJe-tw;an' ‘ (74)

The angle of the resultant rotation w and the axis of this rotation n are determined by

c08 = = cos = cos =2 (ny - ny)sin gin 22,
< = cos — cos =2 — (ny - np) sin — sin —2
2 2 2 2 2’ (75)
nsin % = ny sin <2 cos <2 + ng sin ~2 cos - [n; X ny)sin 2L gip 22
5 = D8It —-cos —= + Nz 8ik —= €08 —= — [N} X Na|sin —=sin —=.
2 2 2 2 2 2 2

It follows from Eq. (75) that the resultant rotation is independent of the order of successive rotations (i.e.,
the rotation operators commute) if and only if n; X ny = 0, i.e., the axes of both rotations are parallel or
antiparallel. In this case

w=w; twsy.

If directions of the rotation axes nj, nz,n are specified by the polar angles ©1, ®1; ©2, 2 and O, P, respec-
tively, and the polar angles are defined with respect to the initial coordinate system S{z,y, z}, then
w .

cos % = cos ?1 cos % —sin (‘—)21- sin %[cos ©; cos O, + sin B sin O, cos(P; — B, )],

. w . W w . w w
sin 3 cos © = sin -51- cos __éZ cos ©; +sin _53 cos —2—1- cos O, ,
. Wy, Wwe o, . .
+sin —Zl—sm—ézsm ©; sin Oy sin(®; — &), (76)
8in ©1 (cot %2 cos ®; — cos O3 8in @) + sin ©z(cot %L cos P + cos O; sin B5)

cot d = — : ; - .
sin ©; (cot %42 sin ®; + cos ©2 cos D1 ) + sin O2(cot “* sin P2 — cos ©; cos ;)

If directions of the rotation axes nj;,n are defined by the polar angles ©;, ®; and ©, ® with respect to the
initial coordinate system S{z,y,z} and the direction of the axis of the second rotation n; is defined by the
polar angles ©3, ®; with respect to the intermediate coordinate system S'{z’,y’, 2’} then the angles w, ©,® of
the resultant rotation will be given by Eqs. (76) with interchanged indices 1 = 2. This situation is similar to
the case when rotations are described by Euler angles.

(¢) Description of Rotation in Terms of Cayley-Klein Parameters

Let the first rotation, S{z,y,2} — S'{z',y’,2'} be determined by the Cayley-Klein parameters a;,b;
(1.4.3) and the second one, S'{z',y',2z'} — S"{z",y",2"}, by the parameters az, b. Then the resultant
rotation S{z,y, 2z} — $”{z",y",2"} will be determined by the parameters a, b such as

a=ayaz — b:bz,

77
b=a’{b2+bla2. ( )

The matrix U (see Eq. (11)) which describes the resultant rotation is a product of matrices corresponding to
the first and second rotations
U(a, b) = U(az,bz)U(al,bl). (78)

In this case all the matrices are supposed to be given in an initial coordinate system.
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(d) Addstion Theorem for Rotation Matrices a

Let us carry out two successive rotations ${z,y, 2} — S'{z', ¢/, 2’} and §'{z', ¢/, 2’} — $"{z",y", 2"}. The
matrix which transforms cartesian components of vectors and tensors under the resultant rotation S{z,y, 2} —
S"{z",y", 2"} represents a product of the matrices a{1} and a(2) corresponding to the first and second rotations.
The order of these matrices in the product depends on the convention used for the rotation angles. If all angles
which describe rotations are referred to the initial coordinate system, i.e., the operator of the resultant rotation
is given by Eq. (64), then

a = a(2)a(1) (79)

or, in terms of matrix elements,

s = Z ag (Z)a”c(l), (1., k,l =T, Y, z). (80)

The rotation matrices in terms of the rotation angles are given by Egs. (54) and (56). The angles which
determine the resultant rotation are related to the angles of the first and second rotations via Eqs. (66) and
(78).

If the angles which determine the first and resultant rotations, § — S’ and § — S, are defined with
respect to the initial system S{z,y, z} but the angles of the second rotation $’ — S are defined with respect
to the intermediate system S'{z’,y, z'} (i.e., the operator of the resultant rotation is given by Eq. (73)), then

a = a(1)a(2) (81)

or, equivalently,

A = Zail(l)alk(Z)) (7') kal = IE,y,Z). (82)

In this case the relationships between the angles of the resultant rotation and the angles of the first and second
rotations may be derived from Eqgs. (66) and (76) by an interchange of indices 1 = 2.





