Physics 214 Midterm Exam Solutions Winter 2026

1. In the Drude dielectric model for metals, a conducting medium possesses a frequency-
dependent electric permittivity (in gaussian units) of

w2
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In class, we showed that under the assumption of causality and linearity,

D(Z,t) = E(Z,t) + /oo dr f(r)E(& t—7),  where f(r)=0for7<0. (2)
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We then showed that

f(r) = % /OO [e(w) — 1]e™dw. (3)

— 00

(a) Evaluate f(7) given by eq. (3) with e¢(w) as specified in eq. (1), and verify that
f(7) =0 for 7 < 0 if the integration path along the real w axis is deformed near the origin
by taking a semicircular path of radius € in the complex w plane from w = —¢ to w = €.
Using the same deformed integration path, evaluate f(7) when 7 > 0.

Consider first the case of 7 < 0. By deforming the integration path as shown in the figure
below, we note that the integrand is exponentially damped in the upper half complex plane
as R — 00, so we are permitted to add C} to the integration path. The result is an integral
over a closed curve with no singularities inside. Thus by Cauchy’s theorem, the value of the
integral
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Next, we consider the case of 7 > 0. By deforming the integration path as shown in
the second figure below, we note that the integrand is exponentially damped in the lower
half complex plane as R — oo, so we are permitted to add Cy to the integration path. The



result is an integral over a closed curve with two poles inside. One pole resides at w = 0

and one pole resides at w = —iy. Thus by the residue theorem, the value of the integral
1 W2 et w2
f(r)=—=—1lim lim ¢ —"——dw=-L(1-€e"), for7>0. (5)
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after noting that the closed integration path is clockwise, which implies that the integral is
given by —2m¢ times the sum over the two residues.
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In summary, we have found that
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f(r) = 7” (1-e"™0(r), (6)
where the step function ©(7) = 1 for 7 > 0 and O(7) = 0 for 7 < 0. It is noteworthy
that f(7) does not vanish in the limit of 7 — oo, as one might expect from the Riemann-
Lebesgue theorem. In this case, the theorem does not apply due to the pole in the integrand
at w = 0 (which is the typical behavior of a conducting medium).

(b) One cannot use the Kramers-Kronig relation for e(w) since it has a pole on the real
axis at w = 0. However, note that the quantity
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is an analytic function in the upper half complex plane including the real axis. Thus, the
Kramers-Kronig relation can be used for é(w). Verify explicitly that the following result is
satisfied: . % o &(o
Reé(w) = 1+ —P/ me(w) (8)
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Using eq. (1),
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It follows that
~ w? . wiw
RQE((A)) =1- wz —i’}/2 y Ime(w) = — m . (10)
Thus, we are asked to evaluate the integral
1 o0 I ~ !
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and show that eq. (8) is satisfied. Using eq. (10),
1 % Imé&(w’ 2 o / /
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The principal value prescription dictates how to treat the singularity at w’ = w. The
simplest approach is to use the Sokhotski-Plemelj formula,
1 1

P = — +imd(w —w), for a real infinitesimal ¢ > 0. (13)
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Hence, we can write:
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The remaining integral in eq. (14) can be evaluating by closing the contour in the upper
half complex w’ plane (since the integrand vanishes along the semicircle of radius R in the
limit of R — 00). We can then evaluate the integral over the closed contour using the

residue theorem. There is one pole inside the closed contour at w’ = iy. Thus, 27i times
the residue at the pole yields:

% W dw’ o (W' — iy)w’ . o mi(w + ) - (15)
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Inserting this result back into eq. (14), we end up with

1 [ Iméw) w?

—P dw' = — P 16

T /_Oow’—w “ w? + 2 (16)
Hence, in light of eq. (10),

1 [ Imé(w) Wy 3
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which verifies the Kramers-Kronig relation for é(w) given in eq. (8).
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2. The theory of electromagnetism in 3 + 1 spacetime dimensions can be generalized to
n+ 1 spacetime dimensions as follows. The indices of the second-rank totally antisymmetric
electromagnetic field strength tensor F* now take on values pu, v € {0,1,...,n}. The
dynamical Maxwell equations are given (in gaussian units) by:

0, F = %J", (18)
where P
B 27"
S,y = / A1 = (19)

is the surface area of an n-dimension ball of unit radius. For example, S| = 27, Sy = 4,
etc. The dual electromagnetic field strength tensor is defined by employing the totally
antisymmetric rank (n 4+ 1) e-tensor. The latter can be used to express the kinematical
Maxwell equations,

P, Fop =0, (20)

where --- in eq. (20) represents n — 2 free indices that are not exhibited explicitly. By
convention, we choose €927 = 41,

(a) In n + 1 spacetime dimensions, how many independent components are needed to
describe F*”? How many of these components represent the electric field and how many of
these components represent the magnetic field?

In general, a rank 2 tensor in n + 1 spacetime dimensions has (n+ 1)? components. But, an
antisymmetric tensor satisfies F° = F1! = ... = 0 and F'* = —F"*. Hence, the number
of independent components is given by:

%[(m 12— (n+1)] = %n(n+ 1). (21)

As a check, in 4 spacetime dimensions (i.e., with n = 3), F*” has 6 components.
The components of the electric field are given by:

Et = F", forie {1,2,...,n}. (22)

Since the electric field vector has n components, we can use eq. (21) to conclude that the
number of components of the magnetic field is

1 1
in(n +1)—n= §n(n -1). (23)

If you wish to have a more explicit result, recall that for n = 3, we showed in class that
BF = —1€* i where there is an implicit sum over the two pairs of repeated indices. In n
spatial dimensions, the Levi-Civita tensor has n components. Thus, for n > 4,
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Bké--- — _iezyké---Fm 7 (24)



where - - - represents the remaining n—4 space indices. That is, B is a totally antisymmetric
rank n — 2 tensor, which (with a little help from combinatorial mathematics) has

n! 1
e (25)

components, in agreement with eq. (23).

(b) Consider the theory of electromagnetism in 2 + 1 spacetime dimensions, where F*”
can be constructed by deleting the fourth row and fourth column of the 3 + 1 dimensional
version of F". Note that the electric field vector is now of the form E = &, + yE,, as
expected, but magnetic field consists of a single “component” which you can denote by B.
Define a “dual” electromagnetic field strength tensor and show that it is a Lorentz three-
vector of the 2+ 1 dimensional spacetime. Determine its components in terms of the electric
and magnetic fields. In light of the 2 4+ 1 dimensional version of eq. (20), show that

d
& | B@E1) Pz =0, (26)
assuming that the electric and magnetic fields vanish sufficiently fast at spatial infinity.

Starting with F** in 3+ 1 dimensional spacetime and deleting the four row and column, we
obtain:

0 —-E, —E,
Fr =\ E, 0 —-B]. (27)
E, B 0
Note that what was B, in 3 + 1 dimensions is now denoted by B. More explicitly,
. ) 1 .. ..
E'=F", B = —56”1?” , for i,5 € {1,2}, (28)
where € is the Levi-Civita tensor in 2 spatial dimensions (e'? = —€*! = 1 and €!! = ¢*? = (),

and there is an implicit sum over the pair of repeated indices. In particular, note that
E,=FE' and E,=E>. (29)

In 3 4+ 1 dimensional spacetime, the dual of the electromagnetic field strength tensor is
an antisymmetric rank 2 tensor that is defined as:

~ 1
Frvo= §EWQBFQB, (30)

where Fo3 = Gapgps F?7 where g = diag(1, —1, —1, —1) is the Minkowski metric in 3 + 1
spacetime dimensions. In 2+ 1 spacetime dimensions, the Levi-Civita tensor has only three
indices. Hence, in this case the dual of the electromagnetic field strength tensor is a Lorentz
three-vector that is given by

~ 1
Fr= —§e“aﬁFag, (31)



where the minus sign has been inserted for convenience. In eq. (31), Fog = gapgs-L"7,
where g = diag(1, —1, —1) is the Minkowski metric in 2 4+ 1 spacetime dimensions. Using
egs. (27) and (31), the components of F* are:

~ 1
FO _ _5(6012];12 + ) = —F? =B, (32)
~ 1
Fl _ _5(6102F02 + 6120F20) — _F02 — E2 — Ey, (33)
~ 1
F? = — (%P + ' Fy) = F = —E' = B, | (34)

after making use of eq. (28). Note that egs. (33) and (34) can be rewritten as
Fi=élEl | forie{l1,2}, (35)

with an implicit sum over the repeated index j.
In 2 + 1 spacetime dimensions, eq. (20) yields

0, F" =0, (36)
which is equivalent to
19FY ~
——— + 0" =0. 37
c Ot * (37)
Using the results of egs. (32) and (35),
10B ;.. .
—0 L ig T =0,
- + €70, 0 (38)

Integrating this result over two-dimensional space,

1d g .

oo B(&,t) d*x + €7 / OB (2, t)d*x = 0. (39)
c

The second integral in eq. (39) can be converted into a line integral at infinity by using the
two-dimensional version of Stokes’s theorem. Under the assumption that the electric fields
vanish at spatial infinity, the end result is

d

N r 2 —
= | B@t)dr=0. (40)

(c) Consider a reference frame K’ that moves at a constant velocity ¢f& with respect
to reference frame K. Using the behavior of a Lorentz three-vector under a boost, obtain
expressions for the electric and magnetic fields, E,, E,, and B, in reference frame K’ in
terms of the corresponding fields in reference frame K. Check that your results coincide
with the expected result in 3 + 1 dimensional spacetime.



A Lorentz three-vector in 2 + 1 spacetime dimensions transforms under a boost similarly
to the transformation of a Lorentz four-vector in 3 + 1 spacetime dimensions. Writing
wh = (w’; wh, w?), the corresponding Lorentz transformation is given by

Wf® = (- o), (a1)
W' = (' — Buf), (12)
w'? = w?. (43)

where v = (1 — $2)~'/2. The only difference between 2 and 3 spatial dimensions is that in 2
dimensions there is only one spatial direction transverse to 3 whereas in 3 dimensions there

are two spatial directions transverse to 3.
Using eqs. (32)—(34), it follows that

B = (B - BE,). (44)
E,=~(E, - BB), (45)
E. =E,. (46)

To check that eqs. (44)—(46) are correct, note that in 3 + 1 spacetime, one can employ
eq. (11.148) of Jackson, where the third component of the electric field and the first and
second components of the magnetic field are discarded whereas Bj is identified as B.

(d) In 2 spatial dimensions, there are two different vector differential operators,

5 _ .0 0
= L0 0
Vl:wﬁ_y_y%’ (48)

where V-V, = 0 (which justifies the notation). Using eqgs. (18) and (20), write out
Maxwell equations explicitly in terms of the electric field vector, the magnetic field, the
charge density and current density vector, and the differential operators defined above.
Show that in 2 spatial dimensions, there are only three Maxwell equations (in contrast to
the four equations obtained in three spatial dimensions).

In 2 + 1 dimensional spacetime, Maxwell’s equations are given by egs. (18) and (36),

2T

OuF™ = =" (49)
O F" =0, (50)

Note that eq. (28) implies that
F=_F"=F', FV=—F'=—¢"B. (51)



Moreover, in terms of components, eqs. (47) and (48) are equivalent to

=

Using eqgs. (27), (32), and (35) and J* = (cp; J), eq. (49) yields

V-E=2mp), (53)
_ 10E 27 -
V,B--—=="17J. 54
+ c Ot c (54)

Finally, we have already shown that eq. (50) yields eq. (38) which can be rewritten as

10B & =

-—=V_,-FE. 55
c Ot + (55)
It is noteworthy that there is no 2 dimensional analog of the 3 dimensional Maxwell equation,
VB = 0. A further exploration of electrodynamics in 2 spatial dimensions can be found
in a paper by Kirk T. McDonald, Electrodynamics in 1 and 2 Spatial Dimensions, which is
available at http://kirkmcd.princeton.edu/examples/2dem.pdf.

3. A magnetic dipole m undergoes precessional motion with angular frequency w and angle
¥y with respect to the z-axis as shown in Fig. 1. That is, the time-dependence of the
azimuthal angle is g (t) = po — wt. Electromagnetic radiation is emitted by the precessing
dipole.

Figure 1: A magnetic dipole m undergoes precessional motion with angular frequency w and angle g
with respect to the z-axis.

(a) Write out an explicit expression for the time-dependent magnetic dipole vector 1 in
terms of its magnitude mg, the angles ¥y and ¢y and the time ¢. Show that 1 consists of the
sum of a time-dependent term and a time-independent term. Verify that the time-dependent
term can be written as Re(iZ e™™"), for some suitably chosen complex vector fi.



In light of Fig. 1, the magnetic dipole moment vector is given by:
m = mg [5: sin Jg cos(po — wt) + g sin Jg sin(py — wt) + 2 cos 190] (56)

~\  —iwt

= Re [mo sin ¥y €0 (& — ifj)e + mgycosty 2.

Thus, we can write the time-dependent term of m as Re(fZ e~ "), where

i = mgsin g e (& — i7) . (57)

(b) Compute the angular distribution of the time-averaged radiated power, with respect
to the z-axis defined in the above figure.

The angular distribution of the time-averaged power is given by eq. (9.21) of Jackson in SI
units,

P 1 oo

mziRe[ﬁn-EXH }
The magnetic and electric fields of the magnetic dipole are given by egs. (9.35) and (9.36)
of Jackson. Keeping only the leading terms of O(1/r), we see that

— 1 —
H=—-—F Xn
Zyo T
where Zy = /1o /€o is the impedance of free space. It follows that
A ExH =——7-Ex (B xn :-[E2— E-al?| = —|B?,
n S B x (B xh) = - [|Bf — |E -] = |
since E -7 = 0 (due to the transverse nature of electromagnetic radiation). Hence,
ggzliﬁp
aQy 2%,

where the leading O(1/r) term of eq. (9.36) of Jackson, applied to the complex magnetic
moment vector fi, yields

, (58)

R ZO 6ikr
E=-Z"F#nxi 59
“om x i) (59)
Inserting this result into eq. (58), we end up with
dpP Zy
= 20 ph X i
70— 39,2 F I X Al (60)

The squared magnitude of the cross product above is easily computed,
[ X il = (A X ) - (o X fi7) = |@]* = |7 - G,
since 7 is a unit vector. Explicitly, fi is given by eq. (57) and

N =sinfcosp& +sinfsinpy + cosh 2.



Hence, it follows that
|ii|*> = 2m2 sin® v, , |7y - fi] = mgsintysind,
and
[fe X fi|* = mZsin® ¥y(2 — sin? §) = m?sin® Jo(1 + cos? ) .
Thus, the angular distribution of the time-averaged radiated power is given by!
% = %jj% k414 cos?0) . (61)

An alternative technique for computing the time-averaged radiated power

Instead of evaluating eq. (60), which requires the complex magnetic moment f given in
eq. (57), one can instead employ the result of problem 9.7(a) of Jackson,
dP(t) A

dQ) 16wt

oo
‘—0

m X n|?, (62)

where 1 = d*m/dt?, and m is the time-dependent magnetic dipole moment given in
eq. (56). Note that eq. (62) yields the time dependent power distribution, so to recover the
results obtained in problem 1(b), we must time-average over one cycle.

For convenience, we rewrite eq. (56) here:

m = my [a?: sin Jg cos(pg — wt) + g sin Yg sin(pg — wt) + 2 cos 190]

Taking two time derivatives, we obtain:

m = —mow’ [ﬁ: sin ¥ cos(pg — wt) + g sin Jg sin(po — wt)} . (63)
Next, we compute the square of the cross product,

M X Af? = — (A m)?,
after using the fact that n is a unit vector,
N = &sinfcos ¢+ Ysinbsing + 2 cosh. (64)
Using egs. (63) and (64), it follows that
o = maw? sin? g

and

- 1 = —mow? sin Jg sin 0 [cos ¢ cos(p — wt) + sin ¢ sin(py — wt)

= —mow? sin Y sin 6 cos(wt — o + @) .

!To obtain the angular distribution of the time-averaged radiated power in gaussian units, one must
replace Zy — 4w /c and moy — mgc in eq. (61).
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Hence,
M X fl? = miw sin® 19[1 — sin® @ cos®(wt — g + ¢)] .

Inserting the above result into eq. (62) and using w = ke, we end up with

dP(t)  Zymisin® o
Q1672

E* [1 — sin? 0 cos? (wt — g + qb)] . (65)
Time-averaging over one cycle, (cos?(wt—po+@)) = 3. Since 1 —1 sin® 6 = (14 cos? ), we

recover eq. (61). One can also check that the total power obtained by integrating eq. (65)
over solid angles is time-independent and coincides with eq. (67).

(c) Compute the total power radiated.

Integrating eq. (61) over solid angles,

1
/dQ(l + cos? ) = 27r/ (14 cos®f)dcos) = 1677? . (66)
-1

Hence,

274 2 92
_ Zym§k® sin” 9§
6T

P (67)

(d) What is the polarization of the radiation measured by an observer located along
the positive z-axis far from the precessing dipole? How would your answer change if the
observer were located in the x—y plane?

The polarization is determined from the electric field given in eq. (59). Thus, we must
evaluate 1 X fi,

A A~ A

T Y z
n X i =det | sinfcos¢ sin @ sin ¢ cos 6

mo sin ¥pe™®°  —imgsindpe’?® 0
— imge™ sin v cos O(& — i) — img sin Vg sin § ¢ (?079) 2 (68)

The polarization depends on the location of the observer. If the observer is located on the

positive z-axis then 6 = 0. In this case, n = 2 and E &« & — i3, which corresponds to

right-circularly polarized light [cf. p. 300 of Jackson]. If the observer is located in the z—y
1

plane, the 6 = Sm. In this case, i = & cos¢ + Psin¢ and E 2, which corresponds to

linearly polarized light in the z-direction.

REMARK: If = 7, then A = —2 and E « & — 1Y, which corresponds to left-circularly
polarized light. For any other value of 6 # 0, %7‘(‘ or 7, the radiation is elliptically polarized.
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