Physics 214 Winter 2026

The Spherical Basis

1. Introducing the spherical basis

Given a real vector ¥ € R3, one typically writes: ¥ = (v,,v,,v.), where v,, v,, and v,
are real numbers corresponding to the components of & with respect to the standard
Cartesian basis,

&=(1,0,0, §=(0,1,0), 2=1(0,0,1). (1)
That is,

NE

U= Um-’;} + ’Uy’g + U22 = ’Uiéi y (2)
i=1
in a notation where the v; € R (i = 1,2, 3) correspond to the x,y, and z components of U,
and the basis unit vectors are denoted by é; = {&, g, 2}.
However, other basis choices are also useful. In these notes, I shall introduce the

spherical basis,
. L, .. . . .
e1:—7§(w+zy), é =2, é_1 =
The spherical basis vectors satisfy:
= (=1)"é m, (4)

(_1)m é_m . ém/ = éjn . ém/ = (Smm/ s for m, m’ c {—1, O, 1}, (5)

T —17). (3)

where * indicates complex conjugation. With respect to the spherical basis, the compo-
nents of ¥ are denoted by v, = U+ é,,, with m € {—1,0,1}. More explicitly,
1 1

V1 = —ﬁ(vx + 7;'Uy) y Vo = Uy, V1 = %(U:C - 7;,Uy) . (6)

Eq. (6) implies that for a real vector ¥ (i.e., a vector with v,, v,, v, € R),

v =(=1)"v_p, for m = —1,0, 1. (7)

m

It is important not confuse v,,—; with v,, which was defined in eq. (2) even though in the
latter context, v, is often called v;.
The expansion of ¥ with respect to the spherical basis is then given by

T=> (~1)"0_mlm = > (=1)" 0y, (8)

where the symbol ) = will always mean the sum over m = —1,0,1. The two ways of
writing ¥ in eq. (8) correspond simply to relabeling m — —m in the summation. One can
check that inserting the expressions of egs. (3) and (6) into eq. (8) reproduces eq. (2).
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To motivate eq. (6), consider the spherical harmonics Y, (6, ¢), for m = —1,0, 1,

) R 3 oti / 3 -
Yi41(R) =F gsm@eid):? 3 Ty, Yio(f —0089— ya.

where we have made use of the definition of spherical coordinates Where

T = (r,y,2) =r(sinfcos¢, sinfsin¢p, cosf) =rn, (10)

with r = |&| and the unit vector 7 specifies the angles 6 and ¢ (such that 0 < 6 < 7 and
0 < ¢ < 2m). Then, it follows that the spherical components of the vector & are given by

4
xm:\/?ﬁrlﬁm( a),  form=—1,0,1. (11)

More generally, Y;,,(72) is an example of a spherical tensor of rank ¢, whose 2¢ + 1 com-
ponents correspond to m = —¢,—¢ +1,... ¢ — 1,{. For more details on the distinction
between Cartesian tensors and spherical tensors, see the Appendix to these notes.

The dot product of two real vectors in terms of the rectangular (Cartesian) coordinates

of the two vectors is given by
3

i=1
In terms of the spherical components, the dot product is given by
T-B =Y (—1)" vty = Y _(=1)™ 0 Wy, (13)

It is easy to check that after employing eq. (6) for the v, and the analogous formula for
the w,,, one reproduces eq. (12).
We can also define the components of the gradient operator in a spherical basis:

1 (o0 .0 0 1 /0o .0
vesmrm) Ve VenlEog) o o

One can check that this definition is consistent by observing that

N L L O D2 N A DR
V-U_Z(—l) ViU = 5 (w“ay) (vy — ivy) + (8:6 Z@y) (vy + ivy) + Ep

_ Ov,  Ov,  Ov,
“ e oy oz 1)

as expected.
One might wonder how a relation such as eq. (11) extends to the spherical harmonics
with higher values of /. As an example, consider the spherical harmonics with ¢ = 2,

Y 42(R) = Vo sin? et = Vo (16)
A [15 ; 15 2(z £ i
Youi(R) =F o sin ) cos e = :F\/Siﬂ'% 7 (17)
. 1 /5 1[5 222 a2 y2
Yol®) = 5\ g oo f =D =5y r = (18)



In terms of the spherical components of &,

R 15

7’2Y2,i2(n) =/ 8_7szil ) (19)
R /15

7’2Y2,i1(n) = Eﬂfilxo, (20)

1Yo (7o) = \/g(:)sg + x12_) (21)

Egs. (19)—(21) can be summarized by the following formula:

1
15
72xmxﬁ):,/§% 221(1ﬂnﬁ]wn1—7nﬂ2,nwxmxm_mg (22)

|m—m/|<1

where (1,m’; 1,m —m'|2,m) are Clebsch-Gordan coefficients, whose values are given
by:
(1,1;1,1]2,2) =1,

1
1,1:1,0]2,1) = (1,0; 1,1 2,1) = —,
( 12,1) ={ 12,1) 7
1
1L,1;1,-1]2,0)=(1,-1;1,1]2,0) = —,
( 12,0) = 2,0) 7
5 (23)
(1,0;1,02,0) = /%
1
1,-1;1,0]2,—1) = (1,0;1, -1 | 2, —1) = —,
( | )= | ) 7
(1,-1;1,-1]2,-2) = 1.

For the record, an explicit formula for the Clebsch-Gordan coefficients above is given by:

, , B (2+m)!(2 — m)!
<Lm’Lm_mmﬂm_V&HwWﬂ—WWwawﬁﬂ—m+Wﬂ

(24)
One can also invert eq. (22) to obtain:!

2
| & .
Ty Tmy = %(_1)m17,2 5m2,—m1 + 1_5 r’ E <1 smy; 1,me ‘ 2, m>}/2m(n) ) (25)
m=—2

mi-+mo=m

Indeed, the Clebsch-Gordan coefficients appearing in eq. (25) vanish unless m; +mq = m.

Eq. (25) can be understood from a group theoretical perspective as implying that the symmetric tensor
product of two three dimensional representations of the rotation group decomposes into two irreducible
representations: one representation of dimension five corresponding to the ¢ = 2 spherical tensor of rank
two and another representation of dimension one corresponding to an ¢ = 0 scalar (i.e, a rank zero
spherical tensor). See the Appendix for a brief discussion of spherical tensors in the context of irreducible
representations of the rotation group.



2. Explicit evaluation of ¥ - ﬁ(reYe’:n('FL)) for £ =1,2

As a pedagogical exercise, we now evaluate v - V( by (n)) when ¢ = 1 and 2,
where ¥ is an arbitrary vector. The results of this exercise will be useful in Section 3,
when we examine the electric and magnetic dipole vectors and the electric and magnetic
quadrupole tensors.

First, in the case of £ =1, we make use of eq. (11) to obtain

- = % (A 3 m’ *
'U-V(rYlm(n)):\/EZ(—l) Ve Vo, (26)

Using egs. (6) and (14), one can easily show that
Vo @ = Oy - (27)
Hence, it follows that

TV (rYy,(n) = (-1)" Vo - (28)

e

Second, in the case of £ = 2, we make use of eq. (22) to obtain

TV (1?5, (7)) \/ Z Z L,m' s 1 m—m [ 2, m) v Vo [ 2]

m/'=—1

[m—m/|<1
(29)
After using eq. (27) and the Leibniz product rule,
Vm// [Ijn/x;’jn_m/} - x;kn/(sm_m/7m” _'_ x;kn_m/(sm’m” . (30)

Using (1,mq; 1,ma|2,m) = (1,ms; 1,my|2,m), it follows that

TV (r?Yy, (1)) ,/ Z c1,m—m" |2, myv_peat, . (31)

\m m”\gl

In particular, using the Clebsch-Gordan coefficients given in eq. (23),

. v 15 N

V- V(’I“2YV27:|:2(’I’L)) = — %U:Fll'il ) (32)
e S/ 20 15 . .

v-V(r Yz,il(")) Vi [vorhy — v (33)

N * [ A 5 * * *
TV (r*Yy(n)) =4/ i [2v0zf — via} — vzt ] (34)
In all the cases above, one is free to use eq. (7) to set 2}, = (—=1)" x_,.
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3. Application to the electromagnetic dipole and quadrupole moments

In the derivation of the multipole expansion in electrodynamics, one introduces the
electric multipole and magnetic multipole spherical tensors in gaussian units [cf. egs. (9.170)
and (9.172) of Jackson, where the latter is given in SI units],?

Qo — / Pt Y (R)p(F) (35)
My, — c(e1+ 3 /d3x (@ x J(@)-9 (' Yy, (7)) . (36)

First, we consider the electric dipole moment, which corresponds to ¢ = 1 in eq. (35).
Then, in light of egs. (6) and (11),

\/7/d3xxmp \/7/d3xx_mpf ﬁ( D™p_m, (37)

p= / d*x & p(X), (38)

and p,, is the corresponding component of the electric dipole moment vector with respect
to the spherical basis. It then follows from eq. (6) that

Qu = —\/g(px - ipy) ) Q1o = \/%pm Q1,1 = \/g(px + ipy) ; (39)

in agreement with eq. (4.5) of Jackson.
Next, we consider the magnetic dipole moment, which corresponds to £ = 1 in eq. (36).

Using eq. (28),
_ —1)m\/g/d3x (@ x J(@) = % (=)™, (40)

- - 3 = I =
m—QC/d:)sa:xJ(a:), (41)

and m,, is the corresponding component of the magnetic dipole moment vector with
respect to the spherical basis. It then follows from eq. (6) that

3 / /3
Mll = — S—W(m - Zmy Ml(] — m27 M1 —1 = ST (mm + Zmy) (42)

As expected, one can obtain eq. (42) from eq. (39) by replacing p'— m.

where

where

2The formula for Mp,, given in eq. (36) can be obtained from eq. (9.172) of Jackson by an integration
by parts.



Second, we consider the electric quadrupole moment, which corresponds to £ = 2 in
eq. (35). Then, in light of the complex conjugate of egs. (19)—(21),

Q2,42 = \/?/OPQ7 ‘T?Fl p(T), (43)
Q2,:|:1 = —\/%/d?’x Tx1Zo P(CB) ) (44)
Qa2 = \/g/d?’x [:E% + xlx_l}p(i’). (45)

Using eq. (6), and noting that the Cartesian electric quadrupole tensor, which is symmetric
and traceless, is given by [cf. Jackson eq. (4.9)]:

Qs — / B (3w — 64|82 p(F),  fori,j € {u,y, 2}, (46)

we obtain

Q2,:|:2 = \/ 312—577' / dgz (12 - y2 + QZfL’y) p(a_f) = é\/;:i[Qxx - ny + 2ZQxy:| ) (47)
Q2 +1 = \/7/61 LL’Z T+ Zy (£> ! \/7(69902 + ZQyz) ) (48)
QQO—\/M /d3 22 — z? —y p(E) = \/ sz, (49)

in agreement with eq. (4.6) of Jackson.
Next, we consider the magnetic quadrupole moment, which corresponds to £ = 2 in
eq. (36). Then, in light of the complex conjugate of eqs. (32)—(34),

V15 [y
M27:|:2 = % % /d X (w X J(w))$ll’¢1 , (50)
Mo =~y 4 [ @0 [@ X T@) o1+ (& % T@) 120 (51)

Moy = \/7/d3 (& x J(&)),20 + (F x J(Z)),21 + (T x f(i’))_lx_l] . (52)

Using eq. (6), and noting that the Cartesian magnetic quadrupole tensor, which is sym-
metric and traceless, is given by®

M;; = %/dgsc {:c; [ % f(a’c’)L + o [& X f(:ﬁ)]l}, for i,j € {z,y, 2}, (53)

3T have seen the magnetic quadrupole tensor defined by some authors with an overall factor of 1/2 as
compared to eq. (53). If you adopt this convention, then you lose the symmetry between Q;; and M;;.
Other authors choose to define both the electric quadrupole tensor [eq. (46)] and magnetic quadrupole
tensor [eq. (53)] by multiplying the corresponding definitions by an overall factor of 1/3. Such a choice
does not upset the symmetry between expressions containing ();; and M;;.
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we obtain

Mj 4o = —\/7/613 :E'Xf)m y(:fz’xJ)y:Fi[x(:BxJ)ijy(:E’XJ)m}}

:-lv[:j(ﬂf — M, :;2@w@y>, (54)
My = \/;/d3 TV, + 2(Z x I Fiy(@ x J). Fiz(@ x “)y}

= 4[‘[ (Me: F My ) (55)
Myy = — \/7/613 2:(& X J), — 2(Z x e — y(& x f)y}

1
- = i (2Mzz - Mxx - Myy) - 1

—Mzza
6V 4r o (56)

after making use of the traceless condition, M,, + M,, + M., = 0. Eq. (56) can also be
derived by employing the identity:

22(8 X J), —x(BXT)y —y(@x J)y =22(xJy, —yJy) —y(zJy —xJ,) — x(yJ, — 2J,)
=3z(xdy —yJy) =32(Z X J),. (57)

As expected, one can obtain egs. (54)—(57) from eqs. (47)-(49) by replacing Q;; — M;;.
Moreover, this computation verifies that the normalization of M;; in the definition of the
magnetic quadrupole tensor given by eq. (53) is consistent with the normalization of Q);;
exhibited in eq. (46) [see footnote 3.

4. Extension to complex vectors and tensors

If ¥ € C? is a complex vector (in which case the Cartesian coordinates v,, v,, v, € C),
then eq. (6) can still be used to define the spherical components of a complex vector
¥ € C3. Indeed, all equations in Section 1 remain valid with one exception. Namely, one
cannot use eq. (7) to relate v_,, and v}, as these are now independent quantities. The
formulae derived in Section 2 also remain valid if ¥’ is a complex vector, since we have
been careful not to apply eq. (7) to the vector ¥ in deriving eq. (28) and eqgs. (32)—(34).

In applications involving harmonically varying charge and current densities, where
p(&,1) = p(&@)e ™' and J(&,t) = J(&)e ™' (where w > 0), the quantities p(&) and J (&)
are complex. It then follows that p" and m [defined in egs. (38) and (41)] are complex
vectors, and @;; and M;; [defined in egs. (46) and (53)] are complex second rank Cartesian
tensors. Moreover, in Section 3, we employed the results of Section 2 to the complex vector
T = & x J. Note that we were again careful not to apply eq. (7) to ¥ = & X J in obtaining
the results of Section 3, which remain valid in the case of complex p(&) and J(&).
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However, one must be careful in identifying the physical electric and magnetic mul-
tipole moments. For example, the physical time-dependent multipole moment gg,, (%) is
given by [cf. eq. (4.3) of Jackson]:

dom (1) = / Vi (7)1 pr(®, ) dPx (58)

where pr(&,t) is the physical (real) time-dependent charge density. The subscript R is
employed here to emphasize that pg(&,t) is a real quantity. In contrast, gs,(f) is not a
real quantity if m # 0, since

T () = (=1)"qe,-m(?) , (59)
which follows from the corresponding property of the spherical harmonics,
Vi () = (—1)"Yi (). (60)

Consider the case where p(&,t) = p(&) e ™", and the physical charge distribution is

given by Re p(&,t). We then define the corresponding multipole moments,*

Qunlt) = [ Vi) p(@8) P2 = Qe (61)
where
Qi = / Vi () r (@) . (62)

However, the physical time-dependent multipole moment is g, (t), which is not the same

as Re [Qum e™']. Indeed, qp,(t) is complex when m # 0, whereas Re [Qy,,, e~*!] is real.
The central issue here is the relation between g, (t) and Q. The real physical

time-dependent charge distribution for a given harmonic frequency is given by

pr(@,1) = Re [p(@) ] | (63)
Inserting this result into eq. (58) yields
n®) = [ YiA)1" Re [p(@) e ] . (64)

Using eqgs. (60) and (64), it follows that®
on®) + 10 (0) = [ Vi) + (1Y ()] 1 Re [p(@) e ]
= Re [ [¥3,(8) + ()", ()] 1 (@) e %

= Re [Qem(t) + (=1)"Qr-m(t)] , (65)

4Note that because p(&F,t) and p(F) are generally complex, neither Qy,, (t) nor Qg,, satisfies a condition
analogous to eq. (59).
®Note that for any complex number z and real number ¢, we have ¢ Re z = Re(cz).
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and

laim(t) — gin(8)] = / [V (#) — (~1)™Y7_ ()] Re [p(@) e 1] d*
= Re [ Vi (R) = (<1"Y (@) (@) e i

= Re{ 1Qun(0) = (~1)" Q1 (0]} = ~ I [Qunlt) = (~1)"@u-n(0)] . (00

In the last step above, we noted that for any complex number z, we have Re(iz) = — Im .
Thus,
Qe (1) = @ (1) = 11 [Quin (1) — (1) Qp—m(1)] - (67)
Combining eqgs. (65) and (67) yields
Gem(t) = 5 [Qem(t) + (=1)" Q7 _(1)] - (68)
Using eq. (61), we can rewrite the above result as
Qo (t) = 3 [Qem ™ + (=1)"Q} _,, '] . (69)

Eq. (69) shows us how to obtain the physical electric multipole moments for a given
harmonic frequency from the Q. Note that g, (t) given by eq. (69) automatically
satisfies eq. (59). The analogous result for the physical magnetic multipole moments also
applies.

Appendix: The distinction between Cartesian tensors and spherical tensors

Consider the distinction between Cartesian tensors and spherical tensors. Under an
active transformation corresponding to a three-dimensional counterclockwise rotation by
an angle 6 about an axis pointing along the unit vector n, the Cartesian components of
a vector U transform as

vy —» U,/- = Rz‘jvj ) (70)

with an implicit sum over the repeated index j,° where i, j € {1,2,3} = {z,y, 2}, and the
matrix elements of the rotation matrix R are given by Rodrigues’ rotation formula,

R;j(7,0) = cosf6;; + (1 — cos@)n;n; — sin b €;jny . (71)
Likewise, a second rank Cartesian tensor transforms as
Tij — T; = RixRj(The - (72)

In this case, T;; is said to transform reducibly under rotations. This means that for any
second rank Cartesian tensor, one can decompose it into smaller objects, each of which

In these notes, we typically employ the Einstein summation convention where a pair of repeated
indices are implicitly summed over.



transforms separately under rotations. In the case of T};, one can always write:
TZ] = Sij -+ Aij -+ C(Sij s (73)

where S;; is a traceless symmetric tensor [i.e., 6,;5;; = 0] and A;; is an antisymmetric
tensor. A little algebra shows that:

Sij - %(EJ +7}Z) —%52] TI'T, Aij = %(TYZJ—CT]Z) y C = % TI'T = %52],11] . (74)
If one now defines aj = €z A;x, then one can verify that under a rotation,
Sij — SZ/] = RikRszkg, a; — CL;- = Rijaj s Cc — C/ = C. (75)

That is S;j, which has five independent components, transforms under rotations like a
second rank tensor, ay, which has three independent components, transforms like a vector,
and c0;; transforms as a scalar (since 0,; is an nvariant tensor under rotations [i.e.,
dij — 0;; = 03] as a consequence of the fact that R is an orthogonal matrix). One cannot
decompose T;; further, which means that each of the pieces S;;, a; and ¢, transforms
irreducibly under rotations.

An example of a spherical tensor of rank ¢ is the spherical harmonic Yy, (7). The
components of this rank ¢ spherical tensor are indicated by m = —¢, ¢/ +1,..., 0 —1,/(.
That is, a spherical tensor of rank ¢ has 2¢ 4+ 1 components. Consider a generic spherical
tensor of rank ¢, denoted by ()y,,. One can show that all spherical tensors transform
irreducibly under a rotation. Specifically, @)y, cannot be further decomposed in a way
similar to that of eq. (73). For example, Qg is a scalar under rotations, whereas Q1,, is a
vector under rotations with three components (m = —1,0, 1). The relation between these
components and the rectangular (Cartesian) components of a vector are precisely those
given in eq. (6). The ¢ = 2 spherical tensor @2, has 5 independent components, and it
also transforms irreducibly under rotations. Indeed, in light of eqs. (47)—(49), the Qa,
(m = —2,-1,0,1,2) can be re-expressed in terms of the five independent components of
the traceless symmetric second rank tensor @;; [c.f. eq. (46)], which like S;; in eq. (75)
transforms irreducibly under rotations.

Although we will not need it in these notes, one can write down the transformation
law for a rank £ spherical tensor Qg,, under an active rotation R(#,0). It is given by’

Qum = Q= Z Qe Do (72,0) (76)

where the unitary matrix D (7, ) is called the Wigner D-matrix.

The presence of the complex conjugation (x) in eq. (76) can be understood as follows.
The correct way to sum over two spherical basis labels is by summing m against —m, with
an extra factor of (—1)™ inserted, as indicated by eq. (13). Consequently, the correct form
for the transformation of a spherical tensor of rank ¢ under an active rotation R(7, ) is

(1" Qe = (1" Q) = > (=1 Qt Diprs (70, 6). (77)

ml

"Here, we follow the conventions advocated by Kurt Gottfried and Tung-Mow Yan, Quantum Me-
chanics: Fundamentals, Second Edition (Springer-Verlag, New York, NY, USA, 2003) in Section 7.6.
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That is,

Qoo = D (1) 7" Qe DY (72,6) (78)
Relabeling by m — —m and m’ — —m/, it follows that
Qi = D (=)™ Qe DY), . (7,6) (79)

Finally, using eq. (98), one can derive the following identity,

DY (7,0) = D) (7, —0) = (=)™ ™D _ (7,0). (80)
Hence, we end up with
Qi = Y Qe Dy (2.0) (s1)

as quoted in eq. (76).
It is instructive to write out eq. (76) explicitly for the case of £ = 1. The explicit form
for DU (7, 0) [derived in the Bonus Material below] is:

1—5(1+n3)(1 —co) —iftzsg —%(ﬁl — ifig) [R3(1 — ¢p) + is0] —3(h1 —ing)*(1 — co)
DW (i, 0) = | =5 (i +if2) [i3(1 — cg) +iso] 1—(1—n3)(1—cp) 5 (P — o) [z (1 = cg) — ise] | |
—3(R1 + ih2)*(1 — co) 5 (1 + i2) [A3(1 — cg) — ise] 1—2(1+73)(1 —co) +ifgsg
(82)

where sy = sinf and ¢y = cosf. Note that n? + 1,°> + 72 = 1. We can apply eq. (76)
to Y1,,(72), which is a rank-one spherical vector. In particular, under an active rotation,
7 — A/ = RA, where the matrix elements of R are given in eq. (71), it follows that®

Yim(RA) = DV (R)Yim () . (83)

Indeed, after relating Yy, (72) to x,, via eq. (11), and relating z,, to the Cartesian coor-
dinates of & via eq. (6), one can verify explicitly using eqgs. (71) and (82) that eq. (83) is
equivalent to the equation n’ = Rn.

In particular, under an active rotation R, the Cartesian components of a vector trans-
form as v; — R;;v;, where R;; is given by eq. (71), whereas the spherical components of

a vector transform as v, — DSE,(R)UW. In light of eq. (6), we have

S 0
U1 Uy V2 V2
v | =M v, |, where M = 0 0 If. (84)
v v, N
V2 V2
Note that M is unitary, i.e., M~! = M. Then, under a rotation R,
Uy U1 U1 Uy
v, | =M [ vy | — MDD | vy | = MTDY*M |, |, (85)
Vy V_1 V_1 Uy

8 Another derivation of eq. (83) can be found on p. 312 of Kurt Gottfried and Tung-Mow Yan, Quantum
Mechanics: Fundamentals, Second Edition (Springer-Verlag, New York, NY, USA, 2003).

11



after applying eq. (84) in the last step above. Therefore, we can conclude that the rotation
matrix R is given by

Cop + ’fl%(l — 09) ’fll’ﬁ,g(l — 09) — ﬂ389 ﬂ1ﬂ3(1 — C@) -+ ’fALQSQ
R = M"DW*M = [ g (1 — cp) + Nzsg co +n3(1 — cp) fons(1 — cg) — g |
ﬁlﬁg(l — Cg) — fLQSg ﬁgﬁg(l — C@) + ﬁlsg Cop + ﬁ%(l — Cg)
(86)

which coincides with eq. (71) [after employing a Mathematica calculation to perform the
matrix multiplications using eqs. (82) and (84)]. Equivalently, one could have used eq. (86)
to deduce the form of DM (7, 6),

DY (,0) = [MR(A,0)M']", (87)

in terms of the rotation matrix given by eq. (71).

BONUS MATERIAL: The Wigner D matrix

In order to define the Wigner D matrix, we will first examine finite-dimensional
matrix representations of the operator,’ L = —iZ x V. Since the spherical harmonics
Yo (72) are a complete set of eigenstates defined on the sphere, we can form, for a fixed
value of ¢, three (2¢+ 1) x (2¢ + 1) matrices by defining their matrix elements as follows

Eﬁg,:/m(ﬁ)i’nm,m)m, where m,m' € {0, 0+ 1,....0— 1,0}, (88)

For example, using L, Y7,,(71) = mY,,,, (1) and the orthogonality properties of the spherical
harmonics,

/ Yy () Yon(#2) 2 = S (89)

it follows that the z-component of Eiﬁ)m, is a diagonal (2¢ + 1) x (2¢ + 1) matrix with
matrix elements
(L)), = M - (90)

To evaluate the x and y components of Efﬁ)mw we write Ly = L, +1L,,, which implies
that

L, = %(LJF—}—L_), L,= —%z’(LJr —L). (91)

Then, after making use of
LYo (R) = /(€ = m)({ +m + 1) Yymia(R), (92)
LY () = /(L +m) (0 —m+1) Yoo (), (93)

we obtain
LYo (7)) =3[/ (E —m) (0 +m + 1) Yoia(R) +/(E+m)({ —m + 1) Ye,i(R)],  (94)
LYo (R) = =3[/ (€ = m)(C+m + 1) Yi i1 () =/ (£ +m) (€ —m+ 1) Yy, (R)].(95)

9For detailed properties of 1_';, see the class handout entitled: Properties of the differential operator L.
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Using the above results in eq. (88),

(L9 ). = V= m)(C+m+ 1) S mer + /(A m) (€ =1+ 1) 5301 (96)
(L), = =31 V= m)(C+ 1+ 1) i =/ (EF M) =m A1) ], (97)

The Wigner D“)-matrix is a (2¢ + 1) x (2¢ + 1) matrix that is defined as
DY (#2,0) = exp[—ibn - L] (98)

Let us evaluate explicitly the case of £ = 1. Then, egs. (90), (96) and (97) yield

L (0 10 ;[0 -1 0 1 0 0
IW=—11 0 1 LW=—"—11 0 -1 LW=10 0 o0
x ) Y Y z 9
V2\p 1 o V2\g 1 o0 0 0 —1
99)
and o
'ﬁ'3 n1—112 0
~ E(l) ni1+ing \(/)5 N1 —ing 1
O n1+ing —ﬁg
V2
It follows that
5(1+73) 7ﬂ3(ﬁ\1/%iﬁ2) (g — ing)?
(7 - 1'-;(1))2 _ ﬁg(ﬁ\%—iﬁg) 1—n3 _7713(&\1/;&2) , (101)
Sy 4 ing)? —MUEl (1 4 f2)
(A- LYY =qn.LY (102)
Hence,
R - 6’3 95 - 94 96
exp[—ifn - L] :n—ifz-L(”[e—§+a—m} + (—m-L<”)2[92—E+a—-~
— 1 —in-LYsing— (A LM)*(1 - cosh), (103)
where 1 is the 3 x 3 identity matrix. That is,
DY (7, 0) =1 —in- LW sind — (- LV)*(1 - cosb), (104)

which coincides with the result quoted in eq. (82).

The D®)-matrices beyond ¢ = 1 can be obtained from eq. (98), although their explicit
forms are rather complicated. Further details can be found in the references below. It
is noteworthy that, excluding the reference to Jackson, all the references cited below are
books that focus on the properties of angular momentum in quantum mechanics. However,
nothing in these notes depends on quantum mechanics. The mathematics underlying the
material in these notes are closely associated with the properties of the rotation group
SO(3) and its matrix representations.
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