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Relativistic transformations of the electric
and magnetic dipole moment vectors

Consider the following problem:

A time-independent charge density p’ of zero total charge, but with a nonzero electric
dipole moment vector p’ and a steady localized current density J’ with a nonzero
magnetic dipole moment vector 1M/ exists in the rest frame of the dipoles, denoted
by K’. The frame K’ moves with velocity ¢ = Ec in the laboratory frame K. Find
the charge and current densities p and J in the frame K and determine the electric
and magnetic dipole moment vectors in the frame K.

1. A few useful identities

IfV-J= 0, then the following identities can be derived:
/Ji Py — /ak(ﬁxi)d% —0, (1)
/(Jixj + Sty dPx = /8k(kaixj)d3x =0. (2)

under the assumption that the currents vanish at spatial infinity. We shall use eq. (2) to obtain
one additional identity. First we write

Jal = L(J'a? + Jat) + 3(J'a? — Jat). (3)

Next, we note that

=

—eiji(B X I = Jad — Jiaxt. (4)
The proof of the last identity follows from
_‘fijk(f X f)k - —EijkEMml’ZJm == ((Sim(Sﬂ - (5i55jm)l’zjm - Jil’j - le’i . (5)

Hence, it follows that

=

Jixd = L(Ja? + Jat) — e (T x J)F. (6)

Integrating over all space and using eq. (2), we end up with

/Jimj Pr = —%Eijk/(f x J)Fd®x . (7)



2. Relativistic transformation of the electric dipole moment vector

In frame K, the total charge ' is zero, i.e.

Q = / Nd*r' =0, (8)

whereas the electric dipole moment in frame K’, denoted by p”, is assumed to be nonzero. By
definition, the electric dipole moment is given by

= [ @@ (9)

independently of the choice of origin of the coordinate system in light of eq. (8). The continuity
equation relates that charge and current densities:

ViJ'+—=0, 10
In the case of a time-independent charge density, it follows V. J = 0, corresponding to a steady
current density.

Frame K’ moves with velocity ¥ = B¢ with respect to frame K. The spacetime coordinates
of an observer in frame K’ are related to those in frame K by,

([3 Z)B — By, (11)

=Z+

8

113'6:’7(1'0—5'5), 62

where zp = ¢t and z, = ct’. Under a Lorentz boost from frame K’ back to frame K, the
transformed charge and current densities are given by

epld.1) = y[ep! (@) + B-T"(@)] (12)

= e e

J(&,t) =JT(&") + 7 [B-T" ()8 + e (&) (13)
Although p/(Z') and J'(&) are time-independent by assumption, note that the transformed
charge and current densities in frame K are time-dependent due to eq. (11). For example, using
the chain rule,

o o o Lo
%:78; -V'(p’+%B-J’) =—B-V'(cf +8-J'). (14)

Recall that the differential proper time is related to the coordinate time in frame K by
dr = vy~ tdt. In the rest frame K’, we can identify 7 = #'. Hence, dt = ~dt'. Since d*z is a Lorentz
invariant quantity, it follows that d*zdt = d32'dt’, and we can conclude that d*z’ = yd®z. Another
derivation of this result makes use of the determinantal formula, det(6% + a'b’) = 1+ @-b, which
is derived in the class handout entitled A determinantal identity. At fixed zy, we compute the
Jacobian of the transformation from x to 2/,

a(xll JJ2 J/,/3) s ij i 2
o(t, a2, %) | 47 = |0 (5 e M)
9

d*x = ) =[1+(y-1)] =yd. (15)




If we multiply both sides of eq. (12) by d3x and integrating over all space, we obtain
Q=Q + 4 / J(@) da (16)

In light of eq. (1), it follows that @ = @', which is a well-known result since the electric charge is
a Lorentz scalar. Eq. (8) then implies that Q = @’ = 0. In particular,

/p(a_:’, t)yd*r =0. (17)

Next, we multiply eq. (12) by &’d32’ and integrate over all space. On the left-hand side of
the resulting equation, we will re-express &’ in terms of &, by making use of d*z’ = yd®z and the
Lorentz boost equation for &’ given in eq. (11). We end up with

/<f+ﬂp<ﬂ@ﬂ—wn0p@m%z/émﬁmff+—/fw&f@ﬂff.<m>
c
The last term on the left-hand side of eq. (18) vanishes when integrated over all space at fixed
time ¢ after imposing eq. (8). Moreover, in light of eq. (7),
1 — 2 Tl = 3 7 1 = — 1/ — 3 7
= | & [B-J(&)] &’z =5 Bx (8 x J'(Z)d . (19)
c c
The expression for the electric dipole moment in frame K’ as given in eq. (9). The magnetic
dipole moments in frame K’ is given by

1 -

= _/@v x J'(@) dxr. (20)
2c

Note that the definition of m’ is independent of the choice of origin of the coordinate system in

light of eq. (1). To evaluate the electric dipole moment in frame K, we note that the vector that

points from the location of the dipole to the spacetime point & is given by ¥ = & — ¢3t. Thus

ﬁ:/Fp(:E, t) dsx:/:'c'p(:i',t) . (21)

Thus, we again find that the definition of p'is independent of the choice of origin of the coordinate
system, in light of eq. (8).
Using the definitions of the electric and magnetic moments given above, eq. (19) reduces to:

76_21(5-15’)5:15"+5x m’ (22)

If we now take the dot product of eq. (22) with ﬁ, we obtain 5-15” = 75-13’. Inserting this result
back into eq. (22) and making use of the identity 5%7? = ~% — 1, we end up with

D+

P=p ———B-p)B+8xm'. (23)




The same result can be achieved with a slightly different method. First, we invert eq. (11) to
obtain:

v—1
32
However, since p(&,t) depends on the time coordinate in reference frame K, we shall hold x
fixed in the equation for & above. That is, we must insert z, = 79/ — &' into the equation above

for &, which yields

(B-2")8 + B} (24)

zo = (zh + 3.2, Z=a +

P -

F=a ot (75—‘1 —v) (525 + Bro = & — — (575 + Bo (25)

after making use of %72 = 72 — 1. If we now multiply both sides of eq. (12) by &d>z and use
d3x’ = vd3x on the right hand side, we obtain

p= / & p(Z,1) Pz = / a3 (:z - 7% 3-8 + Exo) [p'(a_f’) + %ﬁ.f’(:r:/)
—p - FpIF e [@IFT @) (20

after making use of eq. (1). Finally, the evaluation of the last integral above is the same as before,
and we again arrive at
— — ,y 5 = = > — /
=p'———(B-p)B+B xm . 27
pP=p 7H(ﬁzﬂ)ﬁ B (27)
Note that although p/(£’) and therefore p’, are time-independent, the corresponding charge
density p(&,t), in frame K, is time-dependent [as emphasized below eq. (13)]. However p is
time-independent, as there is no time-dependence on the right-hand side of eq. (23). This last
assertion van be verified by evaluating

dﬁ_& 3 o oo 1 3, L 0p
dt—at/dxacp(w,t)—v/dxwat

- - -

= —y / &3 (:z - ﬁ (3-2)8 + mo) BV (cp(@)+B-J @) =0. (28

After employing eq. (25) above, we integrated by parts and then made use of egs. (8), (1) and
(14), under the assumption of localized charges and currents that vanish at infinity.

3. Relativistic transformation of the magnetic dipole moment vector

To evaluate the magnetic moment in frame K, we again note that the vector that points from
the location of the dipole to the spacetime point & is given by ©¥ = & — ¢Gt. Thus



i

7

However, note that eq. (13) implies that 8 x f(:i', t) =08 x J'(£’). Hence, it follows that!

—_ —_ ]_ —_ —
BX/J(:E,t)d?’x:—ﬁx/J/(.i")d?’x/: , (30)
y
after making use of eq. (1). Hence, eq. (29) simplifies to
1 -
m = 5% T x J(Z,t)d’x. (31)
c

Using d32’ = yd3x at fixed t and integrating over all space, we obtain

i/df”xf « J(@,1) = —— /d3x’ (;r: 0 (G#F+ Exo) « J'(@)
2c 2cy

it /d%’ 3-J' @) (& - %(5-:3’)&4 on) x B

2cy3? +1
1 3.0 (= 7 3 =2n3 . A 3 I
vy [ (& T B-a5+ n ) x Bol@). (32)
After using egs. (1), (21) and (31), we obtain
_’—l_’/ 1= _’_ 3 1/(3 =2\3 =0 =, 7_1/3/ = =, -,
m—vm—l-zp X 3 726(7+1)/d1'(,8$),8><.]( )—}—20752 d;)j/@,](m)(a; Xﬁ)
(33)

Using eq. (7),

1 ; 1 , -
EGijkﬁmﬁj/dsl’/ JFam :?Ceijkemknﬁmﬁj/d?’x’ (@ x J)"

]_ m ; — 7 n

:?C%(éznéjm - 52m5jn>ﬁ ﬁ]/d3$/ (w/ X J )

_ g / P (@ x T — L33 / B (@ x T, (34)
2¢ 2¢ )

and

1 ; 1 -
E‘Sijkﬁkﬁm/dsx/xljj/m :%Eijkejmnﬁkﬁm/d:ax (ff/ % J-/)n

]_ -
= o (BB — Gunin) BB / P (3 x I

_iz 3.0 (=) _’/i_ii_’ 3.0 (3 il
—QCB/dx(wa) SBR[ @ x . (3)

L Although one cannot make use of eq. (1) to eliminate the last term in eq. (29), since the current density in

frame K is no longer steady (i.e., ef;é 0 since 9p/0t # 0), one can instead make use of a modified version of
eq. (1) as follows. Using the continuity equation [cf. eq. (10)], it follows that

. . . . Tt dp’
/szgzv:/[('“)k(Jk:vl)—xlv-ﬂdgx:/xlapg’ )dgx: CZ .

However, in light of eqs. (14) and (28), it follows that dp®/dt = 0. Hence, the last term in eq. (29) vanishes even
before one takes the cross product with 5




That is,

= o [ @ [ x T - @ x T B
— s G0 = x (Fxm). (3)
Inserting this result back into eq. (33) yields,?
=t - L Gx (Bxm)+ipx B, (37)
v 2(v+1)

Note that although J'(&) and therefore 7/, are time-independent, the corresponding current
density in frame K is time-dependent [as emphasized below eq. (13)]. However m is time-
independent, as indicated explicitly in eq. (37), as there is no time-dependence on the right-hand
side of eq. (23). The time-independence of M can also be checked by a calculation that is similar
to the one employed in obtaining eq. (28).

4. The dispute over the relativistic transformation of m

The result obtained in eq. (37) has been disputed in the literature. In the case of m’ = 0,
eq. (37) reduces to
m=1p"xp3. (38)

Although this result is obtained by Jackson in problem 11.27 of his textbook, the factor of 1/2
is controversial. In the literature, one often finds the result of eq. (38) quoted without the
factor of 1/2. For a discussion of this discrepancy, see V. Hnizdo, Magnetic dipole moment of a
moving electric dipole, Am. J. Phys, 80, 645 (2012), with more details given in V. Hnizdo, and
K.T. McDonald, Fields and Moments of a Moving Electric Dipole.?

However, it has been argued that egs. (37) and (38) are both wrong due to a subtle effect
that invalidates the computation presented in Section 3. Although the equation for the magnetic
moment given in eq. (31) is valid when the current density is steady, some authors argue that
eq. (31) is not valid when §f7é 0. Indeed, a detailed computation in A.L. Kholmetskii, O.V.
Missevitch, and T. Yarman, Eur. Phys. J. Plus, 131, 316 (2016) shows that a more appropriate
definition of 774 in the laboratory frame yields.*

. . y—1,= _ .= =
m:m’—w(ﬁ'm’)ﬁ+17’xﬁ- (39)

2Eq. (37) was first obtained in G.P. Fisher, Am. J. Phys. 39, 1528 (1971).

3This reference can be obtained from http://kirkmcd.princeton.edu/examples/movingdipole.pdf.

4See also A.L. Kholmetskii, O.V. Missevitch, and T. Yarman, Progress In Electromagnetics Research B 47,
263 (2013) and Int. J. Mod. Phys. A 35, 2050135 (2020).




After using 7?3? = % — 1, eq. (39) takes on a form that is very similar to that of eq. (23),

=i — (BB x B (40)

2

5. A summary of results

Collecting the results obtained in Sections 2 and 4, the relativistic transformations of the
electric and magnetic dipole moment vectors from their rest frame K’ (which is moving with
velocity ¥ = B¢ with respect to a laboratory observer) to the laboratory frame K are given by

— — ’y = — =g = —

p=p ———(B8-p)B+ 0B xm, (41)
v+1

— — 7 5 - = — >

m=m - ——(3-m)B+p" x83. 42
G (@)

5 = a3 = 7/82 ]- > —
— 3.9 11— = - 3-p, 43
B-p=pBp { - J 76 P (43)
3 o . V5 1=
M = "1 - =—-0B-m’ 44
G G 1= | =15 (14)
Hence, - ~ - -
B-p" =8P, B-m =B-m. (45)
Likewise, after using the above results,
Bxp' =B x P —yB(B-mm) + 5, (46)
B x i/ =B x m+B(B-p) - 5P (47)
Plugging these results back into egs. (41) and (42), and using 1 — 82 = 72, we end up with
= — 25— (.53 — 3 % "] 48
P v[p 7+1(ﬁp)ﬁ Bxm, (48)
- N ’}/ = — N —
m’ = > [m ———(Bm)B—p X } . 49
V- T (Fm)E -5 x B (49)

In particular, notice that it is not enough to start from egs. (41) and (42), and interchange p’ <> p”,
m < m/’, and 3 < —.



