Physics 214 Final Exam Solutions Winter 2026

1. Consider the case of localized sources consisting of a charge density p(&,t) and a current

—

density J(&,t).

(a) Suppose that the charge density is independent of time. Derive the following two
identities:

/Ji dr = /8k(kai)d3x =0, (1)
/(Jixj + St dPx = /0k(kaixj)d3x =0, (2)
where there is an implicit sum over the repeated index k. Then, using eq. (2), show that
/Jixj dr = —%eijk/(a_:’ x VW dPr = —c eipm” (3)
where m” is the kth component of the magnetic dipole moment vector (in gaussian units).

The continuity equation states that

6J#Q§:u (4)

Thus, if p is time-independent, then V.J = 0. It follows that
O(JFa') = 'V T + JEOpat = J (5)

after using Jyz’ = d¢. Hence, integrating both sides of eq. (5) over all space, the left hand
side is zero since localized sources by definition vanish at spatial infinity. It then follows that

/J%%:O, (6)

which establishes eq. (1).
A similar analysis shows that

O(JEa'ad) = 2’2V - T + J* (27O’ + &' Opa?) = J'a? + Ja' . (7)
Integrating both sides of eq. (5) over all space, it follows that
/(Jixj + Ja)ydPr =0, (8)

establishes eq. (2).



Finally, to derive eq. (3), we first write
'l = 1(J' + Jat) + S(J') — Jat). (9)

Next, we note that

—ein(@ x J)F = Jiad — Jixt (10)
The proof of eq. (10) follows from
—é€ (€ X f)k = —eijkekgm:cgjm = (8im0j0 — 5M<5jm):cgjm = Jixd — Jixt. (11)
Egs. (9) and (10) yield:
J'xh = LT + Ja') — Le(@ x J)E. (12)

Integrating over all space and using eq. (2), we end up with
/Jixj PP = —Le /(:E x J)F d*x, (13)

which establishes eq. (3). Recalling the definition of the magnetic moment (in gaussian
units),

1 e
m:2—0/:i’><Jd39:, (14)
we can rewrite eq. (13) as
/Jixj d*r = —cem” (15)

(b) Suppose that the charge and current densities are harmonic in time. That is, p(&,t) =
p(Z)e™ ™ and J(&,t) = J(Z)e ™! How are the identities obtained in eqs. (1) and (3)
modified?

In light of the continuity equation [eq. (4)],

V. J(&) = iwp(E) . (16)
Thus, eq. (5) is modified to
O(Jia)) = 2’V T + J*opat = iwa'p + J (17)
Op(JFria?) = 2N T + JF (xjﬁkxi + :Ei@kxj) = qwa'alp + Jiad + Jat . (18)
Integrating over space, we obtain
/ J Pz = —iwp, (19)
/(Jixj + S dPr = —iw/xixjp ., (20)
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where
ﬁz/:ffpd?’:c, (21)

is the electric dipole moment vector. Using eq. (12), it follows that
/Jizvj dr = —%z’w/zia:j pdir — cegpm”, (22)

where m is the magnetic dipole moment [eq. (14)].
It is convenient to introduce the electric quadrupole moment,

QY = /(3xizj —r259) pdx (23)

where r = |&]. Then,

/xixj pdir = % (Q” — 5ij/r2pd3x) : (24)

Then, one can rewrite eq. (22) as

/Jixj dr = — % (Qij — Y / 7 pdgx) —cegpmt. (25)

2. Consider a magnetic dipole moment 1, derived from a steady localized current density Jo
in the rest frame of the magnetic dipole, denoted by K{. Moreover, in frame K|, the charge
density pg is equal to zero. The frame K] moves with velocity ¥ = Bc with respect to the
laboratory frame K. The two reference frames coincide at time t = ¢’ = 0. Do not assume

that 8 = 8| < 1.

(a) The magnetic moment (in gaussian units) in reference frame K is defined by

1 -
n‘i0:2—/£’><]0(53”)d3x/. (26)
c
Show that 1
3 x mozz/f'[ﬁ'fo(f')} &’z (27)

Since the current Jy is a steady current density in frame K|, we have V'.Jy,=0. Thus, we
may use eq. (15), which was derived under the stated assumptions. Hence,

1/:c’j [ﬁfo(if)] dBr = %

c

/:L”jJOi(.’E”) P’z = —ejnB'mg = (5 X T_ﬂo)j- (28)



(b) Find the charge and current densities p(Z, ) and J(&,t) in the frame K. Verify your
result by explicitly showing that the continuity equation is satisfied in the frame K.

Frame K}, moves with velocity & = B¢ with respect to frame K. Since 2 = (ct; &) is a
four-vector, the spacetime coordinates of an observer in frame K| are related to those in
frame K by,

32
where 29 = 20 = ¢t and 2, = /0 = ¢t’. Since J* = (cp; J) is a four vector, it follows that

under a Lorentz boost from frame K’ back to frame K, the transformed charge and current
densities are given by

(B’ Z)B — By, (29)

wh = v(z0 — B-T) , Fr=F+ L

cp(E,t) = v[cpo(&) + B-To(&)] (30)
F@.0) = Jo(@) + 1 [B-To(@)) B+ fom(@). (31)
Since py = 0 by assumption, it follows that in frame K,
cp(E,1) = yB-Jo(&7), (32)
J(&,t) = Jo(&) + © /; B-Ju(@)| 8. (33)

Note that because J, o is a steady current, it satisfies v J_I) =0.

To check the continuity equation, we must verify that eq. (4) is satisfied by p and J as
given by eq. (33). The relevant derivatives can be evaluated by using the chain rule. Note
that the right hand sides of eqs. (32) and (33) depend only on &’ (and not on ¢'). Hence,

o o0x 0 >

o= o am . PV (34)
o 019 D ) BRI
ori  Oxi O (5 52 B B]) [V +2 32 B(B-V)],, (35)

after making use of eq. (29) in evaluating OF’/0t and dz"” /0z". Applying egs. (34) and (35)
to egs. (32) and (33), we obtain

ot —v%ﬁﬁ’)(ﬁ-ﬁ(f/)) , (36)
— Y4 — 3 _’ T (3 ’y—l—»—» _’.’13’
V-J—(V A >) [Jo<w>+ o B(B-Tu@)
2y -+ (y -1 2 J

20O 5.6 (3-Gu@n) = (59 (B

after employing V'- Jy = 0 and using the identity 3%y2 = 42 — 1. Hence, we have verified
that V-J 4 0p/0t = 0 is satisfied.

J@n), (37



(c) Determine the electric dipole moment measured in the frame K using

p- [@ol@nd. (38)
where t is held fixed. Express your result in terms of m,.
Our strategy is to multiply both sides of eq. (32) by &’ d®z’. We will then evaluate the left

had side of the resulting equation by expressing &’ in terms of & using eq. (29), and changing
the integration variable from 2z’ to x (holding z¢ = ct fixed). In particular,

i Y1 i
det <5] + Fﬁ 5j)
where the determinant of the Jacobian matrix has been evaluated using the formula derived

in the class handout entitled A determinantal identity, det(6;; + a;a;) = 1 + |a@|* .
We therefore obtain:

a(:t/l’ x/2’ 1'/3)

B =
O(zt, 22, 23) v

dx = ‘ Pr=[1+(-1)]=~d’z, (39

/cp(:ﬁ’, t) [.’E’+ ﬁ—; (Bi’)ﬁ— fygxo} Br = /;E’/B_‘-fo(if/) ', (40)

after canceling an overall factor of v from both sides of the above equation. Note that 753:0
is a constant (at fixed ). Thus,

/p(a_c', td*z =0, (41)

since by assumption py = 0 which implies that the total charge of the source (which is a
Lorentz invariant) is zero. Using egs. (28) and (38), it then follows from eq. (40) that

v—1
32

Taking the dot product of this equation with ﬁ, and noting that ﬁ . (5 X 'n'io) = 0, it follows
that 75 -p = 0. Inserting this result back into eq. (42), we conclude that

P+

(B-5)B =B x . (42)

=0 x . (43)

3. An electron of charge e and mass m moves in a plane perpendicular to a uniform magnetic
field B. If the energy loss by radiation is neglected, the orbit is a circle of some radius R. Let
E be the total relativistic energy of the electron, and assume that E > mc?® (corresponding
to ultra-relativistic motion).

(a) Express B analytically in terms of the parameters given above. Compute numerically
the required magnetic field B, in gauss, for the case of R = 30 meters and F = 2.5 GeV.
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For circular motion,
a=—=——T7T. (44)
Since the circular motion is in a plane that is perpendicular to the magnetic field B, it

follows that B, @ and # are mutually orthogonal vectors. Moreover, egs. (12.38) and (12.39)
on p. 585 of Jackson yield (in gaussian units),

dv e ., =
— = U X B. (45)
dt  ~ymc

Thus, if B points in the z-direction, then ¥ = —v0 and the circular motion is clockwise in

the x—y plane. Combining eqgs. (44) and (45), it follows that

_ ymuc
 eR

In the ultra-relativistic limit, we have v ~ ¢ so that

B~ yme? = E’
eR eR

(46)

where E = ymc? is the total relativistic energy of the electron. Note that eq. (46) has been
derived using gaussian units. Plugging in numbers, and recalling that 1 eV = 1.6 x 10719 J
and 1 J = 107 ergs, it follows that

(2.5 x 10% eV)(1.6 x 107'2 ergs/eV)

B —
(4.8 x 10719 esu)(3 x 103 cm)

= 2.78 x 10® gauss. (47)

One can convert eq. (46) into SI units by replacing eB — ecB.! In this case, eq. (47)
would be replaced by

(2.5 x 107 eV)(1.6 x 10712 J/eV)

B = 6% 1079 0)(30 m)(3 x 10° m)s)

=0.278T.

Converting tesla to gauss using 1 T = 10* gauss using Table 4 on p. 783 of Jackson, we
recover the result of eq. (47).

(b) In fact, the electron radiates electromagnetic energy. Suppose that the energy loss
per revolution, AF, is small compared to E. Express the ratio AE/E analytically in terms
of the parameters given above.

Using eq. (14.46) on p. 671 of Jackson,

_2e%a®
- 303 ,y )

!The easiest way to see this is to note that the magnetic force on a charge e in SI units is e@ X B , whereas
in gaussian units, the magnetic force is given by e¥ X B/c.
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where a = |d¥/dt| and ¢ is the charge’s own time (which is denoted by t' in section 3 of
Chapter 14 of Jackson). For circular motion, the magnitude of the acceleration is a = v?/R.
One orbit covers a distance of 2R in a time At = 2rR/v. Thus, the energy lost per orbit is

22 (v2\? [/27R Ame? rv\3
AE=PAt== (L) (Z22) 4= ANV
3c3 <R) ( v )7 3R (c) K

In the ultra-relativistic limit, v ~ ¢, so we end up with

2
dme*

3R |-

AE ~

Dividing by the total relativistic energy E = ymc?, and substituting v = E/(mc?), it follows
that

AE  4me? < E )3‘ (1)

E = 3mc2R \ mc?

(c) Evaluate the ratio obtained in part (b) numerically using the values of R and E given
in part (a). Note that the rest mass of the electron is mc? = 511 keV.

Plugging in the numbers into eq. (48),

= 0511 x 105 eV

AE 47(4.8 x 10719 esu)? 2.5 x 10° eV
E 3(0.511 x 10% eV)(1.6 x 10712 ergs/eV)(3 x 103 cm)

3
) =4.6x107".

(49)
To check the dimensions (since AF/E must be dimensionless), note that in gaussian units,

2.cm = 1 (erg-cm)/2. (50)

1 esu = 1 statcoulomb = 1 dyne"/

Eq. (48) has been derived using gaussian units. In ST units, e? is replaced by e?/(47e).

In this case, using the numerical value of ¢, given at the bottom of Table 3 on p. 782 of
Jackson, the modified eq. (48) would yield

E = 3(0.511 x 10° eV)(1.6 x 1010 J/eV)(30 m)(8.854 x 10-12 F/m) \ 0.511 x 100 eV

= 4.6 x 107, (51)

AE (1.6 x 10719 C)? ( 2.5 x 10° eV )3

which again produces the same result obtained in eq. (49). Note that the unit of capacitance
(farad) is given by 1 F =1 C/volt = 1 C?/J, so that AE/FE is dimensionless, as expected.



. . . . . A
4. The Thomson scattering cross section for an incoming wave with polarization e((] °) and

an outgoing wave with polarization € was obtained in class,

dO')\O)\

o Tg PGCIRPIENE

0

2 (52)

where r. = €2/(mc?) is the classical radius of the electron (in gaussian units). Imagine
another theory, in which the corresponding cross section is given by

A)*

d&)\o)\ _ 3 ‘A(}\O) 2’ (53)

2(
€ XE€
ds) 0
where the notation ¢ distinguishes this case from Thomson scattering. In both cases, it is
convenient to choose a coordinate system such that the incident wave approaches the origin

of the coordinate system along the z-axis, and the scattered wave is detected at an angle
with respect to the z axis in the x—2 plane.

(a) If the polarizations of the incident and the scattered waves are not measured, compute
the angular distribution of the scattered wave for both cases introduced above. Evaluate the
corresponding total cross sections.

To obtain the unpolarized cross sections, one must average over initial state polarizations

and sum over final state polarizations. In the case of eq. (52), we repeat the computation
provided in eq. (48) of the class handout entitled Polarization Vectors and Polarization Sums,

Sl £ B () (), = = ) = 30

Ao
It follows that

122\% e

(54)

=1-1[1-(2-n)*] = 2(1 + cos’0), (55)

where 7o = (sin 6 cos ¢, sin fsin ¢, cos ) and 2-f = cos 6. Hence, the angular distribution of
the scattered electromagnetic wave is given by

d d o~
()., = 1SS - e

and the corresponding total cross section for unpolarized scattering is

= 1r2(1 4 cos® ), (56)

27 1 2
Ounpol = %T?/O do /1(1 + cos? 0) d cos ) = 87;7“0 ) (57)

In the case of eq. (53), we note the vector identity,

220, 2(A)*
€, €

2=1—|&°-eVr|?




It then follows that

122 1%

Hence, the angular distribution of the scattered electromagnetic wave is given by

(%), 1 EE - S

and the corresponding total cross section for unpolarized scattering is

A)\O A

NNl 2 =2 — L1+ cos?0) = (3 — cos?0) . (59)
A o

£00 - = 172(3 — cos?0), (60)

2'¢c

16772

2 1
Tunpol = %r?/o do /1(3 — cos?0) dcosf = (61)

(b) An observer measures the polarization of the scattered wave at a scattering angle
of 8 = 90°. Compare the properties of the observed polarizations corresponding to the two
cases introduced above.

Without loss of generality, we shall orient our coordinate system such that the scattering
plane coincides with the x—z plane. In this case, n = & for a scattering angle of 90°, and we
may choose the basis for the polarization vectors of the scattered wave (which are orthogonal
to i) to be {g, 2}. In this case, we average over the initial state polarizations to obtain

d
O')\ . Z‘A)\o ~(A)* (1_"\ A()\| ) (62)
Consequently,
dO'g:A dO'g:z*
de(ezéw):%rf, 0 (0 =4im)=0. (63)

That is, the scattered wave emitted at § = 90° is 100% linearly polarized in the direction
perpendicular to the scattering plane.
Repeating this exercise for the case of eq. (53),

d“* - Z\ego x @2 = 1231 g e ] = L1+ ]2-eVPR) . (64)
Ao
Consequently,
dGe—g 1 1.2 doe—z 1 2
70 (9:§7T):§7‘C, 70 (9:§7T):rc. (65)

In this case, the scattered wave is partially polarized, with twice the probability to be
detected as linear polarization in the scattering plane as compared to linear polarization
perpendicular to the scattering plane.



