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Semi-Riemannian manifold

* Definition: A semi-Riemannian manifold s a parr (M, g) consisting of a smooth manifold M of dimension d and a
non-degenerate metric g such that

9a(X,Y) = g (@)X (a)YV (a), VX,YETM, a€M.

The metric is not needed to be positive definite. If g(a) has p negative eigenvalues and q positive eigenvalues we denote
the manifold by MP1,

* Example: RL3 with the metric [gw] = diag(—1,+1,+1,+1), i.e. the Minkowski space.



Conformal transformations

* Definition: A smooth map @: M — M on a semi-Riemannian manifold s called a conformal transformation if there
exists a function Q: M — R such that

g’uv(fp(x)) = (? (x)guv(x)-

Since g 1s a covariant tensor:

5 dx% dxP
Q Iuv zgaﬁa(pﬂa(pvl




Conformal transformations — examples

* Isometries g — g are conformal with {1 = 1. For example, the Lorentz group 0(1,3), the group
of 1sometries of the Minkowski space.

* Scale transformations x#* = A x* for RP'9 are conformal with Q = A:

p q p q
ds? = —Z d(xi)2 + z d(xj)2 = ds'? = )2 —2 d(xi)z + Z d(xj)z
i=1 j=1 i=1 J=1



Classification of conformal transformations for R%?

[ heorem: Every holomorphic function
o =u+iv:M - R>? =,

on an open subset M < R®? is conformal map with conformal factor O = 0Zu + afu. Converse 1s also true.

Proof: Take a function @ (x + iy) = u(x,y) + iv(x, y). This function is conformal if
ds'? = du® + dv?
= (0Zu + 02v)dx? + (0Zu + 02v )dy? + (9, ud,u + 0,v0,v)dxdy
= Q0%(dx? + dy?)
= 0,udyv + 0,ud,v =0, Ofu+ 05v =0% = 9ju+djv

= 0,u = 0,v, Oyu = —0,V, Ofu+ dyu = Q% = 9Zv + djv.



Classification of conformal transformations for R

[ heorem: A smooth map
o = (u,v):M - RY,
on an open subset M € RY is a conformal map if and only if
Oyu>0zv, and Oyu=0yv,0,u=0,v or Oyu=—0,v,0,u=—0yv

Proof: Take a function @(x,y) = (u(x,y), v(x,y)). This function is conformal if

ds'? = —du? + dv?
= —(02u — 02v)dx? — (02u — 02v )dy? + (—0,ud,u + 9,vd,v)dxdy
= Q% (—dx?* + dy?)

= —0,udyu + 0, vd,v = 0, 0Fu — 0fv = O = —(0Zu — 02v).



Global definability of conformal transtormations

In the previous theorems we described the conformal transformations on open subsets of RPA,

Extending the definition to the whole RP'? is tricky.
Take

1
z=—, z € C\{0}.

It 1s not well defined on z = 0.

The trick 1s to include the points at infinity into the manifold.



Conformal compactifications

o Defimition: A conformal compactification of a manifold M is a larger compact space M containing M as an open
dense subset, such that the metric on M 1s related to a metric on M by a Weyl rescaling:

Iu = Q*(X)gw



Conformal compactifications — examples

¢ For R%2 we have the Riemann sphere S 2 with the same metric as RY%?2

—

J = {oo}
L ~ 52
z[Rz
e For R we have S1xS1.
ds? = —dt? + d 2u=t+x,v=t—xd 2 = gy d u=tanU,v=taan e dudV U VE( T T
= X st = mana A T T s Ucos? V' ’ 2’2



Conformal group

* Definition: The conformal group Conf (RP?) is the connected component containing the identity n the group of
conformal diffeomorphisms of the conformal compactification of RP*4.

o Theorem: The conformal group Conf (R®?) is the group of Mobius transformations [1]:

az+ b
bz +d’

PSL(2,C) = SL(2,C)/{+]} = {(p(z) - 2€S%  ad—bc = 1} /(1)

o Theorem: The conformal group Conf (RY1) 4

Conf (RY) = Dif f(SYXDif f+.(S1)
where Dif f,.(SY) is the group of orientation preserving diffeomorphisms on ST{1].



Is the conformal group infinite dimensional?

* It 1s widely stated in the physics literature that the conformal group is infinite-dimensional. For

example, we quote the original 1984 paper by Belavin, Polyakov, and Zamolodchikov:

The situation 1s somewhat better i two dimensions. The main reason 1s that the
conformal group 1s mfimte-dimensional in this case, 1t consists of the conformal
analytical transformations. To describe this group, 1t 1s convenient to introduce the
complex coordinates

z=¢' 4182, z=¢ g, (17)
the metric having the form
ds?=dzdz (138)

The conformal group of the two-dimensional space which will be denoted by 6,
consists of all substitutions of the form

), (19)

Ny

z-§(z), z-§(

where ¢ and { are arbitrary analytical functions



Is the conformal group infinite dimensional?

* The conformal group of R%? | PSL(2, C) is not infinite-dimensional, however the conformal

group of R being Dif f (SV)XDif £, (S1) is.

* However, the actual meaning of the infinite-dimensionality 1s the fact that the infinitesimal
conformal transformations (in d = 2) lead to an infinite-dimensional Lie Algebra.

* In practice in the study of conformal quantum field theories, one does not care about the global
behavior of the group, but rather the infinitesimal behavior is of interest.

* We will study the Lie algebras relating to the conformal symmetry in d = 2.



Witt alegbra

* Let us elaborate on the infinite dimensional Lie algebra governing the classical conformal
symmetry.

* [ heorem: I he Lie algebra Lie(Di ffe(S 1)) := Vect(S1) is the space of smooth vector fields over ST[1].
* A generic element X € Vect(S1) is given by X = f die where f i1s a smooth function over (0,2m).
. . 1y ; 4 1 a
Theorem: Vect(S™) is generated by —, cos(nd) 5 sin(nd) — [1].
o Theorem: The complexification of Vect(SY) denoted by Vect®(SY) is generated by [1]
d , d d

. —in@ _—  _ —izm Zl—n

L, = — = — = —
nT T e do dz
o Theorem: Vect®(SY) generators satisfy the Witt algebra commultation relations [1]

[Lp, L]l = (n —m) Ly



Quantization of symmetries and Wigner’s theorem

* In order to quantize a classical theory, one needs to replace the classical phase space of the

theory with a suitable Hilbert space H.

* In quantum mechanics on is interested in the subspace P of the Hilbert space H of unit rays:

Y, ¢: (lp' ¢> = L.

* If a symmetry group G acting on the classical phase space 1s to reduce to a symmetry of the
quantum theory, then it should preserve the transition probabilities:

|<T¢'T¢>|2 — |<l/)' ¢>|2; Vi), €P

* [ heorem (Wagner 1931): Every transformation T that preserves the transition probabilities, is either a projective
unitary or anti-unitary representation of G. We denote these representations by U(IP) and they satisfy:

UyUp = w(g, h)Ugp, w(g,h) € U(1), g,h €G.



Quantization of symmetries and central extension of groups

* Wigner’s theorem provides us with a homomorphism G — U(IP) but does this lead to also a
homomorphism on to the unitary/anti-unitary group on the full Hilbert space, 1.e. G — U(H)?

* The answer is no in general: The phase w(g, h) is not equal to 1 for all groups G.

* However, there 1s a way to get a genuine representation.

[ heorem: Every projective representation of the group G lifls to an ordinary representation of E defined by
E=U)x,G6={(e% g)|lea €eR, g € G},
(ei“,g)(eiﬁ,h) = (ei(“J’B)a)(g, h), gh).

Proof: define ﬁ(ei“,g) = eiaUg for U; € U(P). Then
U(e®, g)U(e, h) = ei(‘”ﬁ)UgUh = el@+B (g, WUy =U ((ei“,g)(eiﬁ, h))

* E is called a central extension of the group G.



Quantization of symmetries and central extension of algebras

» Theorem: The Lie algebra associated to E = U(1)X 1, G 1s related to the Lie algebra g of G by

e=g®dRZ,
where Z 1s a central generator: [Z, X g = 0, VX € g, and the bracket is defined by

[X,Y], = [X,Y], + c(X,Y)Z,
for some function c(X,Y) [1].

* To quantize the symmetries, one also needs to centrally extend the Lie algebras.



Quantum mechanical conformal symmetry and Virasoro alegbra

* The classical algebra governing the conformal symmetries was the Witt algebra W:
L, L]l = (n —m)Lpym
* To quantize we apply the theorem in the last slide to a complexified Lie algebra:
* [ heorem: T he Lie algebra associated with the quantum conformal symmetry s the Virasoro algebra given by
Vir=W & CZ,
and 1t has the following commutations relations 1]
n

2_1)z
+m12(n ) )

[Lru Lm] =(n-— m)Ln+m + on
|L,,,Z] =0, vn,m € 7Z



Does there exist a Virasoro group

* A natural though pathological question to ask is:

Does there exist a complex Lie group G with Virasoro algebra Vir as its Lie algebra?

[ heorem: "I here does not exist a complex Lie group G with Lie G = Vir [1].



Virasoro algebra in physics

* Consider a set of decoupled free scalar fields over R%? = C:
5= zn: J d?*z d¢;0¢;
* One can easily quantize this gaussian tlheory using the path integral method
Z=[[Dg;]es
* The OPE’s for the scalars can be calculated exactly [2]

$i(21,21)pj(22,2;) = _4_;108|Zl — 2;]% + reg



Virasoro algebra in physics

* For this theor_y only two components of stress tensor will be non-zero

T==21 ) 3¢:0¢i, Ty =21 ) 3ido,
i [

* One can then define the Virasoro generators as contour integrals around the origin of the
complex plane

dz _ dz _
bn = % 27TizZ 2" ) Ln = 3€ Zm'Z"ZMZTZ_Z_

. _ _ 1
* Using the OPE (21, 21)$;(2, 2,) = —_loglz; — Z,|% + reg [2]:

n
[Lnr Lm] =M —m)Lyym + E (Tl3 —N)0n4m

— — n
[Lnr Lm] =M —m)Lyym + E (Tl3 —N)0n4m



Virasoro algebra in physics

* In general similar analysis for a generic conformal field theory leads to

C
[Lnr Lm] =M —m)Lyym + E (Tl3 —N)0nim

e ¢ is called the central charge.

* Neatly enough as we mentioned the extra term involving the central charge ¢ came from
quantization of symmetries. In physics one can explicitly see that the anomalies in conformal
symmetry are governed by the central charge reinforcing the idea of central extending for
quantization.
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