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What are Automorphisms

What are Outer Automorphisms

G~ G

Inner Automorphisms Outer Automorphisms

fy: g~ hgh™ J o grrtigh '

Aut(G)

Out(G) = In(C) —

[¢] = {¢ o conj, |VheH}



Automorphisms of Finite Groups
Groups Z, and D,

Z,=(g|g" =e)

Inner Automorphisms are trivial Automorphisms are Isomorphisms
filg) =hgh™ =g e =flg) =e
Under f elements preserve their order
| ord(8") = gcd(n, a)
Aut(Z,)
Out(Z,) = = (Z/nZ)* - Aut(G) = {f(g) = g% | gcd(a,n) = 1}

v Inn(Z,)



Automorphisms of Finite Groups
Groups Z, and D,

) =(r,s|r"=e,srs”! =r71)

Generators Mappings

")y =fr)'"=e=f,(r)=rgcdla,n) =1 (s =f(s) =e = £, () = rbg
]

Aut(D,) = {f,,(r,s) = ri(rs) | ae(ZInZ)*, beZInZ)



Automorphisms of Finite Groups
Groups Z, and D,

) =(r,s|r"=e,srs”! =r71)

Aut(D,) = {f, ,(r,s) = r*(r’s) | ae(ZInZ)*, beZInZ }

N odd N even
Inn(D,) = {f+1,(r,5)| beZ,} Inn(D,) = {fi1,(r,s)| be2Z,}
Out(D,) = (£/nZ) Out(D,) = Ly X (ZInZ)

Z, 27, X Z,



DIVIDE AND CONQUER



FROM THE FINITE TO THE LIE

THE SAME INTUITION APPLIES TO LIE ALGEBRAS

Match the order Cartan Algebra maps to Cartan Algebra

f(g) = h|ord(g) = ord(h) f:h )



FROM THE FINITE TO THE LIE

THE SAME INTUITION APPLIES TO LIE ALGEBRAS

Match the order Cartan Algebra maps to Cartan Algebra
f(g) = h|ord(g) = ord(h) f:hr b

Simple Roots map to Simple Roots



FROM THE FINITE TO THE LIE

THE SAME INTUITION APPLIES TO LIE ALGEBRAS

Action on generators Action on root spaces

fop(r.s) = rGrs) fi80m galfra=asf

Automorphisms permute the root spaces



Outer Automorphisms Permute Simple Roots
While Preserving the Cartan Matrix




Outer Automorphisms Permute Simple Roots
While Preserving the Cartan Matrix

Outer Automorphisms are symmetries of the Dynkin Diagrams



SU4) = Out(SU4)) = 7,

Slmple ROOtS — al — (61 — 62), CZ2 — (82 — 63), Cl3 — (63 — 64)

2 -1 0 0 -1 2 2 -1 0
Ai=(-1 2 1) »=(-1 2 -1) Pp=[-1 2 -1
0 -1 2 2 -1 0 0 -1 2




How to Use Outer Automorphisms in Physics
Discete Symmetry Compatability with Internal Symmetry Groups

CP
f\ /\W
—— (g’ 9)*U~ 1¢<—J




How to Use Outer Automorphisms in Physics
Discete Symmetry Compatability with Internal Symmetry Groups

CP g
f ~»U* \
qﬁ\ Up(g)*o*
> — —1 /¢
; p(g)e = Up(g)'U ¢ e



How to Use Outer Automorphisms in Physics
Discete Symmetry Compatability with Internal Symmetry Groups

Up(9)*U™" = p(u(g))

p(MUp(g)*U~ ' p(h™") = p(h)p(u(g))p(h™") = p(hu(g)h™")



Fundamental Result of Symmetry Application

ZL(¢p) T Z(Co) T ZL(p(g)Cop)

u:G- G conjpou: GG

B

The same Physics are described by Aut. i and conyj, o u



Fundamental Result of Symmetry Application

ZL(p) T Z(Co) T L (p(g)Ch)

u:G- G conjpeu:GrH G

S

The same Physics are described by Aut. iz and conj,, - u
Discrete Symmetries are implemented by Out




Action On the Full Multiplet




Action On the Full Multiplet

Up(e)U" = p(u(g)) =

(U fe=iT" o'y 0
l]eiTaa)al]}L

)



Action On the Full Multiplet

Up(@)U" = pu(s)) = (U R ) _ ("7 0
0 Ue'T" T 0 e T

__+qal . .a a,,d a . d : a :

UTe i1 w [J = elTn = UTelTa) [J* = e—zT“Tn — UezT“a)“UT
l'TCla)d T . T l’TCla)Cl ra , d ra , .d

Ue"*' U = Ule " U* = U*UeT > UTUT = T

UsUel'®" = oI = U*U = al



UsUel'®" = o T U = U*U = al

UU=al = U=aqU',U" =aU
U=a’U=>U==1

THE CHARGE CONJUGATION HAS A SYMMETRIC AND ANTISYMMETRIC
IMPLEMENTATION

detU = a"detU' = a” =1

THE CHARGE CONJUGATION FOR SU(2N) IS SYMMETRIC AND FOR SU(2N+1)
THERE EXIST BOTH A SYMMETRIC AND ANTISYMMETRIC IMPLEMENTATIONS



