Physics 251 Solution Set 3 Spring 2026

1. (a) A homomorphism from the vector space R? to the set of traceless hermitian 2 x 2
matrices is defined by & — F-&. First, show that det(Z-&) = —|&|?>. Second, prove the
identity:

1

v, = 5Tr (-6 0;) .

This identity provides the inverse transformation from the set of traceless 2 x 2 hermitian
matrices to the vector space R3.
Explicitly, we have

o = X l’l—iSL’g
o= 3 .
Ty + 129 —x3

oy -y =l (1)

It follows that
det -0 = —x

—

To invert the transformation & — &-&°, note that:
Tr [@-&)o;| = 2;Tx(0j0;) = 225,
after using Tr(c;0,) = 26;;. Hence, it follows that

(b) Let U € SU(2). Show that U £- U~! = g-& for some vector 4. Using the results of
part (a), prove that an element of the rotation group exists such that 4 = RZ and determine

an explicit form for R € SO(3). Display a homomorphism from SU(2) onto SO(3) and prove
that SO(3)= SU(2)/Zo.

We can evaluate U &-& U~ by writing U = exp(—iff-&/2) and using the results of part (c)
of problem 7 of Solution Set 2. It follows that:

UO_jU—l _ 6—2'9'?1.-6’/2 o ei@'fL-Ef/Z — R@]('f’/,e) i
where R;; is given by
Rij ('fl, 9) = n;n; + (5U — n,-nj) cosf — €ijkTlk sinf . (2)

Thus,
U:E’-&'U_lzijijai:g-&', (3)

where y; = R;jz;. Thus, we have explicitly identified the matrix R which is an orthogonal
3 x 3 matrix of unit determinant, i.e. R € SO(3).



Remarks

The derivation of eq. (3) can be understood in a more general context. In class we showed
that for a Lie group G, we can define the adjoint representation of G, {Ad, | g € G}, where

Ady,(X)=gXg "', forgeGand X € g, (4)

where g is the Lie algebra of the Lie group G. The explicit matrices of the adjoint represen-
tation, D(g), are obtained by the action of Ad, on the basis vectors of the Lie algebra g,

Adg(A;j) = D(g)i; As, (5)

where [A;, Aj] = fEAy. Applying eqs. (4) and (5) to the defining representation of SU(2),
we identify g = U, A; = —%iaj, fE = €1 and D(g);; = Rij, where R, whose explicit form is
given by eq. (2), are the matrices of the adjoint representation of SU(2), which correspond

to the 3 x 3 rotation matrices [i.e., the elements of the defining representation of SO(3)].
That is,
UO'jU_l :Rz’jgi~ (6)

Multiplying both sides of eq. (6) by z; yields,
Ua_:’-&'U_lzijijai:g-&', (7)
where y; = R;jx;, thereby reproducing eq. (3).

Alternative derivation. To prove that a real vector ¥ exists such that

—- = —_ — —1
y-cg=Ux-dU ",

for any real vector &, it is sufficient to prove that UZ-&U~! is a 2 x 2 traceless hermi-
tian matrix, since the most general 2 x 2 traceless hermitian matrix is always a real linear
combination of the three Pauli matrices. First, we note that

Tr(UZ-¢U ) =Tr & =0.
Next, since Ut = U~! and &' = &, it follows that
Uzg-dU Y =U&Z&U=UzU",

where we have used the fact that the components of & are real. Hence, UZ-6 U ! is a 2 x 2
traceless hermitian matrix.
We now use the results of part (a) to conclude that:

yj = %Tl"(g'a:)(f, = %Tr(Ua_:’&’U_laz) = %[L’jTI'(UO’jU_lUi) = Rijllfj,

which yields an expression for R;; in terms of the SU(2) matrix U,

Ry =1Tv(Uo;U o). (8)



In fact, this definition coincides with eq. (50) of Solution Set 2, and we conclude that R;; is
given explicitly by eq. (2). Indeed R € SO(3) as expected.

However, one does not require an explicit calculation of eq. (8) to conclude that R € SO(3).
First, we note that

det §-& = det(UZ-6U ') = det £-& .

Using eq. (1), it follows that |§]* = |Z|?. Thus the linear transformation § = RE preserve the
length of the vector. This observation proves that R € O(3). To show that R € SO(3), w
simply note that R is continuously connected to the identity, corresponding to U = =+1. At
this point, R;; = $Tr(0;0;) = d;;, which implies that det R = 1. Since SU(2) is a connected
group, det R cannot change discontinuously as we vary U € SU(2). Thus, we conclude that
det R =1 for all U € SU(2), which means that R € SO(3) as expected.

The homomorphism of SU(2) onto SO(3) is easily obtained. It consists of the mapping:
{U, -U}— R, where U € SU(2) and R € SO(3).

To prove that this is a homomorphism, we must show that the group multiplication law is
preserved. If we define

Q

U, U—lzg’-& — x,
Ug-dU =% = = R(U,), (10)

@1 81
Qi

then

U1U2£°6"(U1U2) =ZzZ-c == Z= R(UlUQ)f
However, egs. (9) and (10) yield 2 = R(Ul) (Uy)& . Since these equations hold for arbi-
trary vectors, it follows that R(U1U,) = R(U;)R(Us,), which demonstrates that the group
multiplication law is preserved.

From the explicit form for R;; given in eq. (8), it is clear that both U and —U correspond
to the same rotation R. Equivalently, the kernel of the homomorphism defined by eq. (8) is
Zy = {I, —I}, as these are the only two SU(2) matrices that are mapped onto the identity
element, R;; = ¢;; of SO(3). Hence, the homomorphism defined by eq. (8) is a two-to-
one mapping (also called a double-valued homomorphism). Hence, one can introduce an
equivalence relation among SU(2) matrices such that U; ~ Uy if either Uy = Uy or U; = —Us.
It therefore follows that

SO(3) 2 SU(2)/Zs .

(c) The Lie group SU(1,1) is defined as the group of 2 x 2 matrices V that satisfy
VosVT = o3 and det V = 1. (Note that V is not a unitary matrix.) The Lie group
SO(2,1) is the group of transformations on vectors & € R? (with determinant equal to one)
that preserves z? + x5 — x3. Display the homomorphism from SU(1,1) onto SO(2,1) and
compare with part (b).

First we work out the Lie algebra of SU(1,1). Expanding V' about the identity, we write
V >~ 1+ W. Then, using the definition of SU(1,1),

03 =~ (I + W)O'g(I + WT) s

3



To first order, it follows that
Woy = —asWT. (11)

Moreover,
l=det(I+W)~1+TrW,

yields TrIW = 0. The latter implies that W is a complex linear combination of Pauli matrices,
W = wyo1 + wyoy + w303 .
If we now impose eq. (11), it follows that
(w101 + weoe + w303)03 = —o3(Wio] + Wi09 + W303)03) .
Using 0,0, = 10;; + t€;;,0%, this condition simplifies to:
—iwy09 + 1weoy + w3l = —iwioy + iwioy — wil.
That is, w; and wq are real and ws is pure imaginary. It is convenient to define three matrices,
T = (ioy, i0g, 03) .

Then, we may choose {—3i7,} as a basis for the real Lie algebra of SU(1,1). That is, the
most general element of the real Lie algebra of SU(1,1) is

ck(—%ifk) , where ¢, € R,

]

W pum—
k=1

where the factor of % is conventional. The Lie group elements are obtained by exponentiation:

e_wﬁ.—,‘-’/z _ 69(n101+n202—in303)/2 c SU(l , 1) s

where 7 is a unit vector.
We now repeat the analysis of parts (a) and (b). Note that

and
det # 7"’::)3%%—:5% —x%

If we define:

-1, for k=1,2,

Er =

+1, for k =3,

then,
Tr[(&-7)7] = 2, Tr 77 = 2524, (no sum over k).

It follows that:

Note that T]I = ey for k € {1, 2,3}, although we shall not make use of this notation here.
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Next, we write:

g7 =VZFV ', where Ve SU(1,1), (13)
from which it follows that
det -7 = det(VZ-FV ) = det -7

Hence,

2 2 2 9 2 2
T+ T3 —T3=Y] + Yy —Ys3.

This is equivalent to the statement that
vi = Rijxj, where R € SO(2,1), (14)

since O(2, 1) transformations preserve the quadratic form z? + 23 —x3. Moreover, det R = 1,
since R is continuously connected to the identity. Thus, it follows that R € SO(2,1).
Hence, egs. (12) and (14) yield

Rjp = 2 r(Vn,V 7)), (15)
which is a homomorphism of SU(1,1) onto SO(2,1) that maps
Vv, -V}i+—R, where V' € SU(1,1) and R € SO(2,1).

As in part (b), it is easy to check that the multiplication law is preserved (the proof is
almost identical to the one previously given and will not be repeated here). From the
explicit form for R, given in eq. (15), it is clear that both V' and —V correspond to the
same SO(2,1) element R. Equivalently, the kernel of the homomorphism defined by eq. (15)
is Zy = {I, —I}, as these are the only two SU(1,1) matrices that are mapped onto the
identity element, R;; = d;; of SO(2,1). Hence, the homomorphism defined by eq. (15) is
a two-to-one mapping. Hence, one can introduce an equivalence relation among SU(1,1)
matrices such that V| ~ V; if either V; =V, or V; = —V,. It therefore follows that

SO(2,1) 2 SU(1,1)/Z, .

Remarks

Following the remarks at the end of part (b), we can again employ egs. (4) and (5) to the

defining representation of SU(1,1), by identifying g = V', Ay = %Tk and D;; = R;;, where R,

whose explicit form is given by eq. (15), are the matrices of the adjoint representation of
SU(1,1), which correspond to the elements of the defining representation of SO(2,1). That is,
VoVl =Ry (16)

Multiplying both sides of eq. (16) by z; yields,
VEFV ! =,Rymi =9 T, (17)

where y; = R;jx;, thereby reproducing eq. (13).
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2. The Mobius group is defined as the set of linear fractional transformations:

_az—i—b
ez +d’

M:{m(z) ad—bc:l},

where a, b, ¢, d and 2z are complex numbers.

(a) Show that the mapping f : SL(2,C) — M defined by:

(8 ) me (1)

Cc

is a group homomorphism.

To demonstrate the homomorphism, we first consider the group multiplication of SL(2, C),

as bg ay bl _ aoa1 + bgCl agbl + bgdl
Co dg C1 d1 CoQ1 + dgCl Cgbl + dgdl '
Compare this with the product of two linear fractional transformations. If we define

a1z + bl

mi(2) = s
1( 012+d1

then the composition of two successive linear fractional transformations is given by:

(alz + bl
ag | ——————

b
ma(my (2)) = ClZ+d1) 4 by ag(arz +by) +ba(erz + di)
2(my - . <a12+bl) L d  colarz +by) +dy(crz +dy)
LI 2

c1z2+ dl

. (a2a1 + bgcl)Z + agbl + bgdl
(02a1 + d201)z + Cgbl + dgdl )

Thus, the multiplication law of SL(2,C) is preserved. Moreover, the identity of SL(2,C),
denoted by I (the 2 x 2 identity matrix), corresponding to a = d = 1 and b = ¢ = 0 is
mapped to the identity linear fractional transformation m(z) = z. Finally, one can easily
verify that the inverse SL(2, C) matrix,’

(0 - () w

is mapped to the inverse linear fractional transformation,

dz—0

_1 .
m=(2) = —cz+a’

In computing the inverse of the matrix in eq. (19), we have employed the relation ad — bc = 1.



since mm™1(z) = z as shown by the following computation (which uses ad — bc = 1),

_C<L"9)+d_0(dz—b)+d(—cz+a)

dz—1b
a| ———)+b
m(m=(z)) = (‘CZM) a(dz — b) +b(—cz + a)

—cz+a

Hence, the mapping specified by eq. (18) is a homomorphism. It is not an isomorphism
since for any T' € SL(2,C), the two elements T" and —7 are mapped into the same element
of M. The kernel of the mapping f is Zy = {I, —I}. We conclude that M = SL(2, C)/Zs.

(b) Prove that M is not simply connected and identify its universal covering group.

M is not simply connected. Consider a path in the SL(2,C) manifold that starts at the
identity of the group manifold, I € SL(2,C), and ends at —I € SL(2,C). If we map this path
onto M it corresponds to a closed curve since I and —I are both mapped to the identity
of M. Hence, this is a closed path in M that cannot be contracted to a point. Hence, we
conclude that M is not simply connected. In fact, M is doubly connected just like SO(3).
The universal covering group of M is SL(2, C), which is a simply connected group.

To prove that SL(2,C) is simply connected, we shall employ the polar decomposition of
an invertible complex matrix S. Namely, S can be uniquely written as S = HU where H is
a positive definite hermitian matrix and U is unitary.? Note that |detU| = 1 and det H > 0,
since the eigenvalues of H are all positive. Hence, it follows that any matrix 7' € SL(2,C),
which by definition has unit determinant, can be uniquely expressed as the product T'= PU,
where U € SU(2) and P is a 2 X 2 positive definite hermitian matrix with unit determinant.
Moreover, one can uniquely write P = eX = exp{Z-6'} where £ € R and X is a 2 x 2
traceless hermitian matrix.® That is, the set of all 2 x 2 positive definite hermitian matrices
with unit determinant is topologically equivalent to R3.

Thus, there is a continuous invertible map, T+ (U, &), from SL(2,C) to SU(2) x R3.
Using the fact that SU(2) ~ S3 (as shown in class), it follows that SL(2,C) is topologically
equivalent to the direct product space S? x R3. Since both S? and R? are simply connected,
so is their direct product. Hence, SL(2,C) is simply connected.*

2To prove this result, we first note that SST is a positive definite hermitian matrix. Thus, we define
H = (SST)/2 which is the unique positive definite hermitian square root of SST. One can now show that
U is unitary since U = H~'S, in which case UTU = STH='H~1S = §T(SS5T)~1S = 1. For further details
(including a proof that the polar decomposition is unique), see e.g. Chapter 10 of Denis Serre, Matrices:
Theory and Applications, Second Edition (Springer Science, New York, 2010).

3The most general 2 x 2 traceless hermitian matrix can be written as #-6 for some real three-vector,
£ € R3 One can easily compute exp{Z-&} = coshz + (£-&)sinhz, where r = |Z|, and show that
this matrix is a positive definite hermitian matrix with unit determinant. In particular, the eigenvalues of
exp{Z-7} = exp{xf-&} are easily seen to be e and e~ (since the eigenvalues of 7-& are +1), which are
manifestly positive. Moreover, allowing & to range over all possible vectors in R? yields all possible positive
definite hermitian matrices with unit determinant, exp{&-&}. Hence there exists a map from P to ¥ that is
one-to-one and onto.

4For further details, see e.g. Brian C. Hall, Lie Groups, Lie Algebras, and Representations: An Elementary
Introduction, 2nd edition (Springer International Publishing, Cham, Switzerland, 2015).



3. In class, we showed that the invariant measure on a Lie group manifold is given by

—

du(g) = |det c(§)| drd&y - - - d§,, (20)

where the matrix elements cjk(g) are the coefficients of the Lie algebra element A™'0A/0&;

—

with respect to some basis, and A(£) are elements of the corresponding Lie group that
is parametrized by the coordinates £&. That is, given an n-dimensional Lie group G, the
corresponding real Lie algebra g consists of real linear combinations of basis vectors A; € g.
Since A710A/0¢;, € g for any A € G, one can therefore write,
0A - =
AT =) (€A, 21
g6, = (@4, (21)

—

which defines the coefficients ¢;;,(§) needed in the determination of the invariant measure.

(a) An element of SO(3) can be parametrized by é’: (c, B,7), where o, 5 and ~ are the
three Euler angles defined in Appendix E of the class handout entitled Properties of Proper
and Improper Rotation Matrices. Using the Euler angle parametrization of the SO(3) group
manifold, compute the invariant integration measure dju(g) for SO(3).

In the class handout cited above, an explicit expression for R(«, 3,7) € SO(3) is given by,

cosa cos fcosy —sinasiny —cosacosfsiny —sinacosy  cosasin 8
R(a, 8,7) = | sinacos Bcosy + cosasiny —sinacossiny 4+ cosacosy sinasing |,
—sin fJ cosy sin [ sin 7y cos 8
(22)

where 0 < a <27, 0< < mand 0 <~y < 27.
In order to employ eq. (21), we evaluate the following derivatives

OR —sin avcos B cosy — cos asin 7y sinacos fsiny —cosacosy  —sinasin 3
90 cosacos fcosy —sinasiny —cosacos 3siny — sin acosy cosasinf3 | ,
@ 0 0 0
(23)
OR —cosasin fcosy cosasinfsiny  cosacosf
25 = |~ sinasin fcosy sinasinffsiny  sinacosf |, (24)
b — cos 3 cosy cos (3 sin vy —sin
OR —cosacos Bsiny —sinacosy —cosacosScosy+sinasiny 0
Fv —sinacos fsiny + cosacosy —sinacosfcosy —cosasiny 0 (25)
v sin [ sin 7y sin 3 cosy 0
Matrix multiplication then yields,
OR 0 —cos 3 sin [ siny
R'— = cos 3 0 sin B cosy |, (26)
oo . . .
—sinfBsiny  —sinfBcosy 0

®Consider the analytic curve in the group manifold, Cy(t) = A=Y (&1, ..., &) A&, .. & +t, ..., &), Note
that Ci(0) = I so that the curve passes through the identity at ¢ = 0. As shown in class, (dCx/dt)i=o € g.
But a simple calculation yields (dCy/dt)i—o = A~*0A/0E. Hence, it follows that A=10A/I¢ € g.



JOR 0 0 cos 7y

R™ B 0 0 —siny |, (27)
—Cos7y sinvy 0
0 -1 0
R‘lg—R =1 o o], (28)
T\ 0 o0

where we have used R~! = RT (since R is an orthogonal matrix). As expected, R™'OR/0¢;
[where € = (o, 8,7)] are real antisymmetric 3 x 3 matrices and hence elements of the so(3)
Lie algebra. The standard basis for so(3) is given by (A;);x = —€;;,. That is,

0o 0 0 o 0 1 0 -1 0
Ai=[o 0 -—1|, A= 0 0 0|, A=(1 0 0
0 10 -1 0 0 0 0 0

(29)

—

Using eqgs. (26)-(28), we can read off the matrix C' whose coefficients, ¢;;(§), are defined in
eq. (21),

—sin [ cosy sin 7y 0
C= sinfsiny  cosy  0]. (30)
cos 8 0 1
Since det C' = —sin # (and 0 < 8 < 7 so that | det C'| = sin ), we conclude that the invariant

measure of SO(3) is given by,
du(a, B,7) = sin fdadB dy . (31)

REMARKS:

Note that du(ca, 5,7) vanishes at f = 0 and at § = w. This is related to the observation

that
tcos(y+a) Fsin(yta) 0
R(a,sinff =0,v) = sin(y £ «) cos(y £ ) 0o 1, (32)
0 0 +1
where upper signs correspond to 5 = 0 and lower signs correspond to [ = m, which implies
that R(a,sin8 = 0,7) is independent of v F . That is, the Euler angle parametrization
is not unique for 5 = 0 and for f§ = m. In particular, in light of R(«, 0,27 — a) = I,
independently of the value of «, it follows that the Euler angle parametrization is singular
at the identity element of SO(3).° One consequence of this observation is that one cannot
use this parametrization to obtain the basis for the so(3) Lie algebra by using,

_oR
Ok,

since this formula assumes that the coordinates that specifies the group elements is nonsin-
gular at the identity e.

A (33)

6This point has been emphasized in Chapter 9, sections 1 and 2, of James D. Talman, Special Functions:
A Group Theoretic Approach (W.A. Benjamin, Inc., New York, NY, 1968).
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Note that if eq. (33) were valid, then one could set & = 0 (corresponding to the identity
element) in eq. (21). Using eq. (33) along with the fact that A~' = I at the identity element
would then yield, .

¢ik(0) = Gjp - (34)

In the case of s0(3), it would then follow that C(0) = I, which is violated by eq. (30). This
violation is consistent with the observation that eq. (33) cannot be used in this case because
the Euler angle parametrization is singular at the identity element of SO(3).

Although the singular behavior of the Euler angle parametrization of SO(3) at the identity
is annoying, there is a simple fix. Namely, in the neighborhood of the identity element, one
can employ the angle-and-axis parametrization of the SO(3) group manifold (whose behavior
is nonsingular at the identity). Outside the neighborhood of the identity (and more generally,
excluding regions where 5 = 0 and 5 = 7), the Euler angle parametrization of the SO(3)
group manifold is nonsingular. In the overlap region in which both coordinate systems are
valid, the Euler angles and the angle-and-axis parameters are smoothly related. Hence, it
is valid to employ the standard basis for the so(3) Lie algebra in eq. (21) to determine the
matrix C' as we did in egs. (29) and (30). Thus, the result obtained in eq. (31) is correct.
The vanishing of du at f = 0 and 7 is simply an indication of the non-uniqueness of the
Euler angle parametrization of the SO(3) group manifold as indicated below eq. (32).

It should be noted that the same phenomenon noted above is also at play when considering
the measure for three-dimensional Euclidean space (R?) using spherical coordinates (r, 6, ¢).
It is well known that this coordinate system is singular at # = 0 and # = 7, since at these
values, the coordinate ¢ is undefined. In addition, this coordinate system is singular at r = 0
since in this case, both # and ¢ are undefined. This is reflected by the fact that the measure
in spherical coordinates, d*x = r?sin 6 dr df d¢, vanishes for sin = 0 and for r = 0.

(b) The SO(3) group manifold can be also be described as a ball of radius 7 with antipodal
points identified. A point in the SO(3) group manifold is specified by a vector § with |€| <.
Thus, the SO(3) manifold is parametrized by é’ = (£,0,¢), where (0,¢) are the spherical
angles (such that 0 < # < 7w and 0 < ¢ < 27) and £ is the magnitude of the vector £
[NOTE: This is equivalent to the angle-and-axis parametrization where the rotation angle is
¢ and the rotation axis, é , is specified by a polar angle 6 and an azimuthal angle ¢.]

—

Show that the the matrix elements of ¢(£) defined in eq. (21) are given by,

= _1dR;;
C(é)nk - %Egan&'l?jj ) (35)

—

and R;; = R;;(€) is the SO(3) matrix given in problem 7(b) of problem set 2.

The most general element of the Lie group SO(3) is given in problem 7(b) of problem set 2
[cf. eq. (2)],

Rij( _3 = 0ij cos§ + &&; (1_5%85) - Eijm§m¥ ) (36)
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where € = ¢h and € = \E\ The matrix generators of the SO(3) Lie algebra are defined by:

OR

A, =— )
agm é’:()

It suffices to consider infinitesimal &, in which case,

—

Rij (6) - 51']’ - Eijmgm + 0(62) :

Hence,
(Am)ij = —€ijm -

Using the above results, eq. (21) takes the following form:

dR::

R_-l vJ

(4 d&k

= _ijmcmk(£> .

Multiplying both sides of this equation by €,; and using the identity, €s,j€zjm = —20,,, one
obtains:
~ dR;;

C( )nk = %Eganélﬁ. (37)

(c) Using egs. (20) and (35), evaluate the invariant integration measure du(g) for the
angle-and-axis parametrization of SO(3) and show that

—

du(€) = 2(1 — cos &) sin @ df do d§ .

We now compute det ¢(€) given in

in eq. (37). Recall that [R(n, )] = R(—n,&). Using
£ = &n, it follows that R~ (€) = R(—€). Hence,
= 1 —cos sin
Rijl( ) = 5,’j COSf + fzfj (%) + Eijmfng . (38)
It follows that:
_ 1 —cos sin
€l = €inj oS E + Exierm; (Tﬁ) + (0iné; — 5ij£n)T£ : (39)

after employing the identity, €s,;j€pim = 0indjm — 0ij0nm and summing over the repeated index
m. Next, we make use of the chain rule,

d&y, &k 0¢ &  0& & 0
where in the last step, we used & = (£2 + £2 4 €2)'/2 to compute

®_ 4 &
o (F+&+&)2 ¢
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Hence, using eq. (36),

&, = (§i5jk +fj5z‘k) <%S€) - €ijk¥

ffk [ dijsin€ + &, <si§nz§ 522 (1- cosg)) — €jmém (% - si;f)} . (40)

Multiplying egs. (39) and (40) and employing the relevant identities for the product of Levi-
Civita tensors, we obtain:

T Lepée(l — cosé) <1‘T§OS§) (G 5m5k£)&&sizg <1 - 6‘;055 )
+ 5 (&b + &0k ) (E50m §n5z‘j)812€ (1 —g(;osf) — g€nik&j (Sng#)
~ 1060 — 06 (25 + de660n — a0 TS [HE - 21— cong)]

The first and last terms above vanish. Collecting the remaining terms, we find:

EWRZ_Z ciljz s [cosigsinﬁ N silgﬁ(l B COS&)] et [(1 —§§s£)2 . sizjﬁ]

cosé [cosé B sin & _ siné (1 —cosé sinzg]
rea [ (U5 -F) T (58) E
Simplifying the trigonometric factors, we end up with
— dRU n i n 1-
C( )nk EZTLJRZZ dg = <5nk - gggk) Slzf + gggk + Enkégé <%S€> ’ (41)

Note that eq. (34) is satisfied as expected, since the angle-and-axis parametrization of the
SO(3) group manifold is nonsingular at the identity.

The invariant measure is given by eq. (20). To evaluate detc(€), we can use the following
trick. Consider the matrix QcQT, where @ is an orthogonal matrix of unit determinant that
is chosen such that Q;;§; = Z;, where £ is a unit vector pointing in the z-direction. Then,

(QC QT)mp = chcnkak = <5mp - 2m2p) Sing + émép + anQ;ﬁkEnkégé (ﬂ) . (42)

& 3 & &
Since () is an orthogonal matrix of unit determinant, it follows that
ankaEnkZ = Qrf‘smpr det Q = Qrf‘smpr . (43)
Hence, it follows that
ZmZp \ SInE 2,2 . [ 1—cosé
(QC QT)mp = (5mp - 521?) 5 + £2p + Empr2r (T) . (44)
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That is,

sin & 1—cos& 0
3 3
0cQT = _<1—cos§) sin & 0 . (45)
3 3
0 0 1
Since det ¢ = det(QcQT), the determinant of this matrix is now easily computed,
= 1. 2(1 —cos&
det c(§) = det(Qc Q") = ? [sng + (1 — cos 5)2} = % 7 (46)
which is a nonnegative quantity. Consequently, the invariant measure of SO(3) is given by:”
= 2(1-—
du(€) = 2(1 — cos§) d*¢ = 2(1 — cos ) sin 0 df dep d€ . (47)

52

For completeness, I have provided in Appendix A yet another trick for directly computing

—

det ¢(&) without rotating the vector € to point in the z-direction.

REMARKS:

It is instructive to evaluate |det c(€)| by first computing the matrix ¢'c.

(T mk = CrmCnk = [(5nm - §n£m) sing + nbm + €nmebs (ﬂ)]

S 3 & S
X [<6nk — §2k) 51:2 + gzk + €nkede (%)] , (48)

with an implicit sum over the repeated index n. We can evaluate eq. (48) by using the
following identities:

(o= 5) (=) = (o= 52). @

<6nm - %) enkégé = 6mk€€€> (51)
eanEnkjgé—gj - (6mk(séj - 5mj5kf)% - 6mk - ngk . (52)

It then follows that

(T = (m -

(€mpe + Emer)Ee -

(53)

Enlr [sin? € + (1 — cos €)? & siné(1 —cosé)
o) [Pt Gt G e

"In spherical coordinates, é’: £(sinfcos ¢, sinfsing, cosf) and d3¢ = £2dEdQ = £2dE sin 0dOdp.
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The last term of eq. (53) vanishes due to the antisymmetry of the Levi-Civita tensor. After
further simplification, we arrive at®

2(1 — cos¢)

To compute the determinant of ¢'e, we simply use the definition
det A = €;;,A1;A2; Ay,
where there is an implicit threefold sum over i, j, k. Given a 3 x 3 matrix of the form,
Ay = 20y + aa;,
it follows that
det A = e,-jk(bzdli + alai)(b252j + a2aj)(b261k + asay)
=50 + b [CLlCLﬂQQg + asa;€j3 + agakelgk] , (55)

since €193 = 1, and the terms proportional to b? and the terms independent of b vanish due
to the antisymmetry of €, (e.g., €;xa;ar = 0, ete.). Hence, eq. (55) yields

det A =b*[b* + af + a3 + a3] . (56)
We can now identify:
21— cose) G117
V=" o= 57
52 5 ( )
It follows that b? + a? + a3 + a3 = 1. Therefore, eqs. (54), (56), and (57) yield
4(1 — cos &)?
det(cTc) = % . (58)

The quantity gmx = (c'¢)mr corresponds to the invariant metric on the SO(3) mani-
fold. Denoting g = det g, the invariant measure can be identified as du(€) = /]g| d3¢, in
agreement with eq. (46).

Relating the results of parts (a) and (c):

To see the consistency of the results obtained in parts (a) and (c), it is instructive to
rederive eq. (47) from eq. (31) by computing the Jacobian of the transformation from Euler
angles to angle-and-axis parameters. Here, we can employ the results of Appendix E of the
class handout entitled Properties of Proper and Improper Rotation Matrices. It is convenient
to first define

x=3(a+9), y=sz(a—7). (59)

81t is noteworthy that at the origin of the SO(3) manifold corresponding to é = 6, we find the expected
behavior, (¢"¢)mr = Smk-

14



Eq. (103) of the handout cited above states that ¢ = %Eﬂ' + 7, which implies that®

g—gzo, %:0, %:1' (60)
Next, eq. (105) of the handout cited above in the notation employed here states that
sin(8/2) = sin Osin(£/2) . (61)
Hence, it follows that
98 cos(¢/2)sind | 08 _ 2sin(¢/2)cosf | 9 _, (62)
96 /1 —sin®(€/2)sin?6 99 /1 —sin®(£/2)sin% 6 ¢

Finally, egs. (105)—(107) of the handout cited above in the notation employed here gives,
esin(£/2) cosd ecos(£/2)

sinx = , cosx = . 63
V1 —sin?(£/2) sin? 0 V1 —sin?(£/2)sin? 0 (63)
It follows that
Or cos 0 Oz sin({/2) cos({/2)sind %—O (64)
06  2[1 —sin?(€/2)sin? 4]’ 09 1 —sin?(&/2)sin?0 o6
Hence the Jacobian matrix is
cos 6 _sin({/2) cos(§/2) sinf 0
2[1 — sin®(£/2) sin® ) 1 —sin?(£/2) sin® 6
J= 9z, b,y) _ cos(£/2) sin 2sin(£/2) cos b 0 (65)
9,0, ¢) V1 —sin?(£/2) sin 0 V1 —sin?(£/2) sin 0
0 0 1
The determinant of J is given (after some algebraic manipulations) by
dotg = —— &) _ sin6/2) (66)

V1 —sin?(£/2)sin 0 - cos(8/2)
where we have used eq. (61) in the final step above.

In light of eq. (59), davdy = 2dx dy. Hence, after employing eqgs. (61) and (66),
sin BdadB dy = 4sin(8/2) cos(B/2)|det J|dE df dp = 4sin @ sin®(£/2) dE df do (67)

which is equivalent to the result of eq. (47), after using the identity sin*(£/2) = 1(1 — cos €).

9The sign factor, ¢ = sgn{cosxcos(ﬂ/2)}, can be taken to be a constant except in the region where
the argument of the sign function vanishes. As this is a region of measure zero, we can ignore it in the
computation of the Jacobian.
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4. Consider a Lie group of transformations G acting on a manifold M. That is, for every
g € G, we have gz = y for some z,y € M.

(a) Let H be the set of all transformations in G that map a given point x € M into itself.
Show that H is a subgroup. H has at least three names in the mathematical literature: the
little group, the isotropy group, or the stability group of the point x.

Suppose that h € H such that hx = x. First, we note that ex = x, so that e € H. If
hi, ho € H, then hihy € H, since hihox = hijx = x. Moreover, hx = x implies that
x = h™ 'z (by multiplication by h~! on both sides of the equation), so that h~! € H. Hence,
H is a group. Since H is a subset of G, we conclude that H is a subgroup of G.

(b) Consider the submanifold of M defined by {gz|g € G}, for fixed x € M. This is
called the orbit through = with respect to G. Show that there is a one-to-one correspondence
between the points of the orbit and the set of left cosets of H. Explain why we may conclude
that {gz|g € G} = G/H. Show that the coset space G/H is homogeneous.

The subgroup H is defined as the set of all h € H such that hx = x. This condition can be
rewritten as Hx = x. To show that there is a one-to-one correspondence between the points
in the orbit through = and the left cosets of H, consider the following result:

giHx = g;x, where ¢; € G'.

As g; varies over the group, g; H ranges over all left cosets of H and g;x ranges over all points
in the orbit through x. Thus, all be have to show is

gl =gpH <<= gz=g,

Note that ¢¢H = goH =— g1 = goh for some h € H. Hence, g1z = gohr = go.
Likewise, g17 = gox = ¢, g1 = 2 = g, g1 € H. Since HH = H (this is simply
the statement that the subgroup H is closed under group multiplication), it follows that
gy 'g1H € H. Since two cosets that are not disjoint must coincide, g5 'g1H = eH = H.
Multiplying both sides by gs then yields g1 H = g H.

We conclude that the points of the orbit are in one-to-one correspondence with the
distinct left cosets of H. The set of left cosets is denoted by G/H. Hence,

G/H ={gx|g € G}, for a fixed z € M .

To prove that G/H is homogeneous, we must exhibit a homeomorphism ¢ that maps any
point of G/H to any other point. Given the points y,z € G/H such that y = g,z and
2z = gox, consider the homeomorphism,

d(gr) = gagr g

For g = g1, we have ¢(y) = z. That is, the homogeneous property of G/H derives from the
homogeneous property of the Lie group G.
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(c) Prove that S™~' =SO(n)/SO(n — 1) by considering the action of the rotation group
on the point (1,0,0,...,0) € R™.

Consider the action of the rotation group SO(n) on vectors in R". Let us focus on the point
& € R™. The orbit through = under the group action SO(n) consists of all vectors ¢ € R"
such that |g| = 1. One can always find a rotation matrix that rotates the point & to the
point 4. Thus, the orbit is S”~!, i.e. the set of all unit vectors in R™.

To determine the little group, we must find the subgroup of SO(n) that leaves & invariant.
In the case of & = (1,0,0,...,0), the little group is the subgroup of SO(n) that leaves the
x1-axis fixed, namely SO(n — 1). This can be seen explicitly as follows:

110 0 --- 0 1 1
0 0 0
0 0 0

where the matrix block obtained by eliminating the first row and column is an SO(n — 1)
matrix. Thus, using the results of part (b), we conclude that:

Sn—l ~ So(n)

- SO(n—1)° (68)

Remark: In general, the little group H is not a normal subgroup of G, in which case the
manifold G/H is not a Lie group. In light of eq. (68), this last remark is consistent with
the theorem mentioned in class that S"~! is not a group manifold for all positive integers n
(excluding the special cases of n = 1,2 and 4).

(d) Prove that S?*"~! =U(n)/U(n — 1) by considering the action of the U(n) matrices on
the point (1,0,0,...,0) € C™.

Consider the action of U(n) on vectors in C". We repeat the analysis give in part (c¢) almost
verbatim. Focus on the point @ = (1,0, 0, ..., 0) € C". The orbit through @ under the
action of U(n) consists of all complex vectors Z € C" such that |2;]? + |2|? + -+ ]2, = 1.
Writing z; = x; + 1y; where x; and y; are real numbers, it follows that

A a ey sty =1,

This is the equation for the (2n—1)-dimensional sphere, S**~1. To determine the little group,
we must find the subgroup of U(n) that leaves w0 invariant. In the case of w = (1,0,0,...,0),
the little group is the subgroup of U(n) that leaves the complex wj-axis fixed, namely
U(n —1). This can be seen explicitly as follows:

110 0 --- 0 1 1
0 0 0
0 U(n —1) 0f=10{,
0 0 0
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where the matrix block obtained by eliminating the first row and column is an U(n — 1)
matrix. Thus, using the results of part (b), we conclude that:

U(n)
Un-1)"

S2n—1 ~

(e) Complex projective space CP"™ is defined as the space of complex lines in C**! through
the origin. That is, CP" consists of the set of vectors in C"*! (omitting the zero vector) where
we identify (29, 21,...,2n) ~ A(20, 21, - - -, 2) , for any nonzero complex number A. Without
loss of generality, we can restrict our considerations to vectors in C"*! of modulus 1. Show
that U(1) ® U(n) is the little group of the point z = (1,0,0,...,0) € CP", and that CP" is
the orbit through z with respect to U(n + 1). Conclude that CP" = U(n +1)/U(1) ® U(n).

A complex line through the origin is an equivalence relation of points in C**! given by:
(20, 21, -5 2n) ~ N20, 21, -+, 20), where \ € C*, (69)

where C* = C — {0} is the set of nonzero complex numbers and (zy, 21, ... , 2,) € C*L.
Without loss of generality, we can restrict our considerations to vectors in C**! of modulus 1.
This means that we impose the condition
Slal =Y =1, (70)
i=0 i=0
where we have written z; = x; +iy; where x; and y; are real numbers. Eq. (70) is an equation
for the (2n + 1)-dimensional sphere, S?"™!. When eq. (70) is imposed, the complex number
A in eq. (69) must satisfy |A\| = 1. Hence, A = ¢ where 0 < 6 < 2, which is in one-to-one
correspondence with a one-dimensional circle, St. Thus, complex projective space CP" can
also be described as:

CP"™ = {points on S*"*! with a circle of phases S' identified as equivalent} .
This definition of CP™ is mathematically written as:
Cp" = §# /gt

Consider the action of U(n + 1) on CP™ C C"*! . Pick the point in CP" corresponding
to the (n 4+ 1) dimensional vector, z = (1,0, 0, ...,0). Note that as a point in CP",
2 is equivalent to all (n + 1)-dimensional vectors in C"*! of the form (e, 0,0, ..., 0). It
is easy to prove that any point in CP"™ can be obtained by the action of some element of
U(n 4+ 1) on z, since one can always find an element of U(n + 1) to map z to an arbitrary
(n + 1)-dimensional vector of C"*! of unit modulus.

To determine the little group, consider the following mapping,

e?lo 0 - 0\ (1 e
0 0 0
0 U(n) 01=10{. (71)
0 0 0
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Since the following (n + 1)-dimensional vectors are equivalent,
(e®,0,0,...,0) ~ (1,0,0,...,0),

eq. (71) implies that the little group consists of all (n 4 1) x (n + 1) matrices of the form

10 0 0

0

0 U(n) € U(1)® U(n), (72)
0

where the matrix block obtained by eliminating the first row and column is a U(n) matrix.
The matrices specified in eq. (72) constitute the group U(1)®@U(n). Hence, using the results
of part (b), it follows that:

CpP" =

(f) Real projective space RP" can be defined analogously to CP" of part (e) by replacing
the field of complex numbers with the field of real numbers. What coset space can be
identified with RIP"?

A real line through the origin is an equivalence relation of points in R"*! given by:
(o, @1, ooy Tn) ~ NMxg, T1, .,y Tn), where A € R*, (73)

where R* = R — {0} is the set of nonzero real numbers and (zo, z1, ..., z,) € R*L.
Without loss of generality, we can restrict our considerations to vectors in R™*! of unit
length. This means that we impose the condition

i v?=1, (74)
=0

which is an equation for the n-dimensional sphere, S™. When eq. (74) is imposed, the
real number A\ in eq. (73) must satisfy \> = 1. Hence, A = +1, which is in one-to-one
correspondence with the discrete group Zs Thus, real projective space RP" can also be
described as:

RP"™ = {points on S™ with antipodal points identified as equivalent} .
This definition of RP" is mathematically written as:
RP" = " /7, . (75)

Consider the action of O(n + 1) on RP™ C R™*! . Pick the point in RP" corresponding
to the (n + 1)-dimensional vector, & = (1,0, 0, ..., 0). Note that as a point in RP", &
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is equivalent (—1,0,0, ..., 0). It is easy to prove that any point in RP" can be obtained
by the action of some element of O(n + 1) on &, since one can always find an element of
O(n + 1) to map & to an arbitrary (n + 1)-dimensional vector of R™™! of unit length.

To determine the little group, consider the following mapping,

+1(0 0 --- 0 1 +1
0 0 0
0 O(n) 0l=101. (76)
0 0 0
Since (1,0,0,...,0) ~ (=1,0,0, ..., 0), the little group consists of all (n+1) x (n+1)
matrices of the form
+1(0 0 --- O
0
0 O(n) € O(1) ® O(n), (77)
0

where the matrix block obtained by eliminating the first row and column is an O(n) matrix.
Note that the orthogonal group, O(1)= {+1, —1}, which implies that the matrices of eq. (77)
constitute the group O(1) ® O(n). Hence, using the results of part (b), it follows that:

O(n+1)

R = S om

(78)

Remark: By a computation that is nearly identical to the one given in part (c), one can
prove that S™ = O(n + 1)/0O(n) . Hence, it follows from eq. (75) that:

O(n+1)/0(n)
Ly

RP" =

It is tempting to claim that this result immediately implies eq. (78) in light of the fact
that O(1) & Zs, but this last step is not well-defined until one specifies the nature of the
equivalence relation implicit in eq. (78) as well as the precise embedding of the groups. Thus,
one cannot use this shortcut to derive eq. (78).

(g) In parts (c)—(f), check that dim(G/H) = dim G — dim H.
In part (c), dim S"~' = n—1, dim SO(n) = in(n—1) and dim SO(n—1) = (n—1). Hence,
we check that
nn—1)—i(n—1)(n-2)=i(n—1)n—-(n—-2)]=n-1. V

In part (d), dim S*"~! = 2n — 1, dim U(n) = n? and dim U(n — 1) =
Hence, we check that

i(n—1)(n—2).
n—m-1)>=2n-1. v
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In part (e), dim CP" = 2n, dim U(n + 1) = (n + 1)? and dim U(n)®@U(n) = 1 + n?.
Hence, we check that
n+1?—1-n*=2n. v

In part (f), dim RP" = n, dim O(n + 1) = 3n(n+ 1) and dim O(1) ® O(n) = in(n — 1),
since the discrete group O(1) = Zy does not contribute the dimension. Hence, we check that

nn+1)—inn—1)=n. Vv

In all cases above, dim refers to real dimensions (sometimes denoted by dimg). In par-
ticular, since U(n + 1) is not a complex manifold, it does not make sense to employ complex
dimensions in the case of part (e). Note that CP" is a complex manifold of n complex
dimensions, so that dimg CP" = 2n as stated above.

(h) CP" is a manifold of n complex (or 2n real) dimensions. CP' is homeomorphic to
which well-known two-dimensional real manifold?

CP*' consists of all complex 2-vectors such that (zg, z1) ~ A(zg, 21) for all A € C*. Thus, we
can express CP! as the union of two sets:

{all vectors equivalent to (29, 2z1), 2o # 0} U {all vectors equivalent to (0, z1),2; # 0}.

If 29 # 0, then (29, 21) ~ (1, 21/20) = (1, z), where z ranges over all numbers in the finite
complex plane (including z = 0). Likewise, (0, z;) ~ (0,1) for all z; € C*. Hence, we
conclude that:

CP'=C U {(0,1)}.

In words, CP* is isomorphic to the union of the finite complex plane and a single point.

This should remind you of the representation of the extended complex plane as the union
of the finite complex plane and the point of infinity. This representation is topologically
equivalent to the stereographic projection of the two-dimensional sphere (called the Riemann
sphere). In particular, we represent C = R? 2 S? — {north pole} by the mapping illustrated
in the figure below.

The south pole of the Riemann sphere is tangent to the complex plane. A straight line is
drawn from the north pole (which lies above the complex plane) to the complex plane. This
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line intersects the sphere (i.e. the surface of the ball) once and intersects the complex plane
once.

This establishes a one-to-one correspondence between the points of the finite complex
plane and S? — {north pole}. The north pole itself maps onto the point of infinity. Hence,

S? 2 C U {point of infinity},

as a topological homeomorphism. Thus, using the stereographic projection, we have a one-
to-one onto map between CP' and the Riemann sphere. It follows that:

CP! =~ §2.

That is, one can introduce a complex structure on the two-dimensional sphere and realize it
as a complex manifold of one complex dimension. Indeed, this manifold is CP".

5. Let A be an even-dimensional complex antisymmetric 2n x 2n matrix, where n is a positive
integer. We define the pfaffian of A, denoted by pf A, by:

1
2|

PEA= = S (=1 Ay Ay -+ A i (79)

PESan

where the sum is taken over all permutations

(1 2 - 2
P=\iy iy oo o

and (—1)? is the sign of the permutation p € Sy,. If A is an odd-dimensional complex
antisymmetric matrix, the corresponding pfaffian is defined to be zero.

(a) By explicit calculation, show that'®
det A = (pf A)?, (80)
for any 2 x 2 and 4 x 4 complex antisymmetric matrix A.

The most general 2 x 2 antisymmetric matrix is:

a=(_00)-

By definition of the pfaffian given in eq. (79),
pf A= 3la—(—a)] =a,

and det A = a?. Hence, det A = (pf A)?2. v

10Eq. (80) holds for all complex antisymmetric 2n x 2n matrices, where n is any positive number. A
general proof is provided in a class handout entitled, Antisymmetric Matrices and the Pfaffian.
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The most general 4 x 4 antisymmetric matrix is:

0 a2 a3 a14
A— —a12 0 Q23 Q24
—a13 —Qg3 0 34

—ayy  —G4 —a3y 0

Consider the 24 elements of the permutation group S;. Using the definition of the pfaffian
given in eq. (79), three of the terms that appear in the sum are:

pf A= % [a12a34 — a13024 + Q14003 + -+ -] , (81)

where we have noted that (133 %) is an odd permutation and (} 23 %) is an even permutation.

It is clear that the other 21 terms that appear in the sum just reproduce the same three
terms displayed in eq. (81) with the same signs. Hence, we conclude that

pf A = ay12a34 — a13a24 + 14093 .

The computation of the determinant of A is straightforward.

—Q12 Q23 Q24 —Qa12 0 Q24 —a12 0 Q23
det A = —ajodet | —ags 0 asq | +azdet | —ai3 —ass  ass | — apdet | —a13 —aos 0
—Q14 —A34 0 —Q14 —Q24 0 —Q14 —Q4 —A34

= —012024013034 + 012034(012034 + 023014) — 113012024034 + a13a24(a13a24 - a14a23)
+a14Q12023034 — CL14CL23(CL13CL24 - CL14CL23)

2 2 2 2 2 2 2 2 2

= Qj4Q53 + G1305, + Q79034 — 2012013024034 + 2012014023034 — 2013014023024

_ 2

= (a12a34 — ai3a24 + ay4a93)~ .

Once again, we see that det A = (pf A)2. v

(b) Prove that the determinant of any odd-dimensional complex antisymmetric matrix
vanishes. As a result, the definition of the pfaffian in the odd-dimensional case is consistent
with the result of eq. (80).

Starting with A = —AT and taking the determinant of both sides of this equation,
det A = det(—A") = (=1)"det AT = (—1)"det A,

where n is the dimension of the matrix A. If n is odd, then (—1)" = —1, in which case,

det A= —det A,

from which we conclude that det A = 0.
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(c) Given an arbitrary 2n x 2n complex matrix B and complex antisymmetric 2n x 2n
matrix A, use eq. (80) to prove the following identity:

pf (BABT) = pf A det B. (82)

Using eq. (79), if follows that pf A = (2"n!) 7 € 15 inn _1inn Aivis Aigis * * * Aigy_1in, - Hence,

1
pf (BABT) = BilklAklfl Bj1£1>(Bi2k2Ak2£2 szfz) U (BinknAknen Bjnfn)

= onp) i juinjaingn

1
= B leélB' Bj2€2 e BinknBjnénAklflAk‘gfz e Aknfn )

- onpl Cirgrizga--injn i1k ks

after rearranging the order of the matrix elements of A and B. We recognize the definition
of the determinant of a 2n x 2n-dimensional matrix,

. B,

i1j192]2 injn " i1k1

det B €rb1kolsknly — € Bj o, By, Bjats * - BinknBj (83)

ioko nln *

Inserting eq. (83) into the expression for pf (BABT) yields

1
pf (BABT) = Sl det B €y, g ktientn Arrey Abney * " Ap,e, =LA det B

(d) A complex 2n x 2n matrix S is called symplectic if STJS = J, where ST is the

transpose of S and

where 1,, is the n X n identity matrix and O,, is the n X n zero matrix. Prove that the set
of 2n x 2n complex symplectic matrices, denoted by Sp(n,C), is a matrix Lie group'! [i.e.,
it is a topologically closed subgroup of GL(2n, C)].

Consider the set,
Sp(n,C) = {S € GL(2n,C)| STJS = J},

where J is defined in eq. (84). To prove that this is a subgroup of GL(2n, C), we first verify
the closure property. If ST.JS; = J and S5 JS; = J, then

(S199)TJ(S185) = Sy ST JS1Sy =8, JSy =J. v
Next, we note that the identity matrix 15, € GL(2n,C) is an element of Sp(n, C), since
1, J10,=J.
Finally, we check that if S € Sp(n,C) then S~! € Sp(n, C), by verifying that
(STHTJS™ = (SHT(STJS)S™ =T,
where we have used STJS =J. v

HWarning: many authors denote the group of 2n x 2n complex symplectic matrices by Sp(2n, C).
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Note that Sp(n,C) is a closed subgroup of GL(2n,C) by virtue of the theorem given in
class that states if f and g are two functions that map Hausdorff spaces X — Y, then
the set {x € X| f(x) = g(x)} is closed. We apply this theorem to the current problem by
choosing f(S) = STJS and ¢(S) = J.

(e) Prove that if S is a symplectic matrix, then det S = 1.

Since S is symplectic, J = STJS. Taking the determinant of this equation and noting that
det(ST) = det S, it follows that,

det J = det(STJS) = [det S]*det J . (85)

A simple computation gives det J = 1. Hence, eq. (85) implies that [det S]? = 1, and it
follows that det S = +1.

To prove that det S = 1 for all S € Sp(n, C), we shall make use of part (c¢). In particular,
using det(ST) = det S and eq. (82),

pf(STJS) =pfJdetS. (86)
Since S is symplectic, STJS = J, which when inserted into eq. (86) gives
pfJ =pfJdetS. (87)

Using the definition of the pfaffian given in eq. (79), it follows that pf J = 1. Thus, it is
permissible to divide eq. (87) by pf J, which immediately yields

det S =1,

for all complex symplectic matrices S.

First alternative derivation. Another way to show that there are no symplectic matrices
with det S = —1 is to prove that Sp(n,C) is a connected group.'> Thus, all elements of
Sp(n, C) are continuously connected to the identity element. Since 1o, € Sp(n,C) is a
matrix with determinant equal to 1, it follows by continuity that all elements of Sp(n,C)
must have unit determinant.

Second alternative derivation. In Anthony Zee, Group Theory in a Nutshell for Physi-
cists, another proof that the determinant of a symplectic matrix is equal to one is provided.
However, this proof provided is not complete. Here, I will provide Zee’s argument and then
show how to complete the proof.

Zee examines the characteristic polynomial, P(z), of the symplectic matrix S, which can
be manipulated as follows.

P(z) = det(S — 21y,) = 2" det(271S — 1g,) = 2" det Sdet(z 1z, — S71). (88)

12The proof is a generalization of the proof that SL(2, C) is simply connected given in part (b) of problem 2.
In this proof, one shows that Sp(n,C) is topologically equivalent to U(n) x R™"+1) which is a connected
space. We do not present this proof here; for further details, see e.g. Chapter 10 of Denis Serre, Matrices:
Theory and Applications, Second Edition (Springer Science, New York, 2010).
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Since S is symplectic, we have J = ST.JS, which implies that S~' = —JST.J, after making
use of J~! = —J. Hence, it follows that

P(z) = 2*™det Sdet(z 1y, + JSTJ) = 2*"(det J)* det S det(ST — 271y, .
As previously noted, det J = 1. Hence,
P(z) = 2*"det Sdet [(S — 27'1,) "] = 2" det S det(S — 27 1,,) = 2*"(det S)P(z7"). (89)
That is, we have proved that the characteristic equation for a symplectic matrix S satisfies,
P(z) = 2*"(det S)P(z71). (90)

The eigenvalues of S are obtained by solving the equation P(z) = 0. Since S is invertible,
S does not possess any zero eigenvalues. Hence, P(z) = 0 implies that P(z7!) = 0. We
conclude that if X is an eigenvalue of S then A™! is also an eigenvalue of S. That is, the
eigenvalues of S come in pairs, {\, A™*}. Moreover, if A # +1, then it follows that the
multiplicity of the eigenvalues A and A\~! are the same. This latter result follows after taking
r derivatives of eq. (90) with respect to z, where r is the multiplicity of the eigenvalue A,
and then setting z = \ .

What happens when A = A\~! or equivalently when \ = £1? Zee does not consider this
possibility, but it is critical for the argument, because the determinant of S is a product of
its eigenvalues. It then follows that

det S = (—1)%, (91)

where d is the multiplicity of the eigenvalue —1. We shall now argue that d must be even.
Suppose that —1 is an eigenvalue of S, in which case 15, 4+ S is not invertible. However,
it is possible to perturb the matrix S — S, in such a way that it remains symplectic such
that 1, + S, is invertible, implying that —1 is not an eigenvalue of S..!3 If the perturbation
is small, then S, will possess an eigenvalue A\ with multiplicity r that is very close to —1.
But, using the results obtained above, S, will possess a second eigenvalue A\~! with the same
multiplicity r that is also very close to —1. In the limit of € — 0 where the perturbation is
removed, the eigenvalues A and A\~! coalesce, resulting in a degenerate eigenvalue —1 with
multiplicity 2r.1* We conclude that d = 2r in eq. (91), and it follows that det S = 1.

(f) Using the results of parts (d) and (e), prove that the matrix Lie groups Sp(1,C) and
SL(2, C) are isomorphic.

Consider an arbitrary complex 2 x 2 matrix,

BDetails are given in Israel Gohberg, Peter Lancaster and Leiba Rodman, Indefinite Linear Algebra
and Applications (Birkh&user,Basel, Switzerland, 2005) pp. 64-66. In particular, see Lemma 4.8.6 of this
reference, which was inspired by an appendix on symplectic matrices that appears in Peter D. Lax, Linear
Algebra and its Applications, 2nd edition (John Wiley & Sons, Inc., Hoboken, NJ, 2007) pp. 308-312.

4By a similar argument, the multiplicity of the eigenvalue +1 must also be even.
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where a, b, c,d € C. Using the result of part (e), if S is a symplectic matrix then det S = 1,
which implies that S € SL(2,C). Since Sp(1,C) is a group, we can conclude that it is a
subgroup of SL(2,C). That is,

Sp(1,C) < SL(2,C). (92)

Next, if S € SL(2,C) then ad — bc = 1. We now compute ST.JS,

T,a_ fa b 0 I\ [fa by [ O ad—0bc\ ( 0 1Y\
SJS_(C d)(—l 0)(0 d)_<bc—ad 0 )_<—1 O)_J’

Hence, STJS = J, which implies that S € Sp(1,C). Since SL(2,C) is a group, we can
conclude that it is a subgroup of Sp(1,C). That is,

SL(2,C) < Sp(1,C). (93)
Egs. (92) and (93) taken ogether imply that
Sp(1,C) = SL(2,C).

For 2 x 2 symplectic matrices, the determinental constraint is the only constraint imposed
on a complex 2 x 2 matrix. For values of n > 1, the condition ST.JS = J imposes additional
constraints beyond that of det S = 1.

Remark: For n = 2, one can prove the isomorphism Sp(2,C) = SO(5,C). For values of
n > 3, Sp(n,C) is not isomorphic to any of the other classical groups, and thus must be
considered as an independent family of simple Lie groups.

6. The two-dimensional Poincaré group P(2) is the group consisting of two-dimensional
Lorentz transformations [i.e., transformations on 2-vectors (<) that preserve z? — ¢?t?| and
translations in time and space. P(2) can be represented by 3 x 3 matrices acting linearly

on the column vector, (Slct), in analogy with the two-dimensional Euclidean group, E(2),
worked out in class.

The two-dimensional Poincaré group P(2) is the group consisting of two-dimensional Lorentz
transformations and spacetime translations. The most general two-dimensional Lorentz
transformation (which preserves the quantity x? — c?t?) can be written in the following

form: e .
ct cos sin ot
(I) H (sinh§ coshg) <g:) ’ (94)
1 o

- = inhe = 22
Jioee o =

15The parameter ¢ (which is defined as tanh¢ = v/c, where v is the velocity) is called the rapidity.
The parametrization of the Lorentz transformation given in eq. (94) is convenient since the hyperbolic
trigonometric identity, cosh? € —sinh? £ = 1, ensures that 22 —c2¢? is invariant under Lorentz transformations.

Note that (‘;’;}}Ig Z;’;]ﬁg) is the most general element of the group SO(1,1).

where!®
cosh ¢ =
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To incorporate spacetime translations * — x + z¢p and ¢t — t + t3, we can employ 3 x 3
matrices,

ct cosh & sinh & cto ct
x| — [ sinh{  cosh¢ xo x| . (95)
1 0 0 1 1

That is, the most general element of the two-dimensional Poincaré group P(2) is given by:

cosh & sinh & cto
sinh & cosh & o
0 0 1

(a) Find the infinitesimal generators (i.e., differential operators) of the corresponding Lie
algebra, p(2). Work out the commutation relations of p(2).

Consider a Lie transformation group G that acts on a manifold M from the left. We define
7' =d'(a@; ¥), (96)

where A = (a1,0as,...a,) € G acts on & € M. Following section 5 of the class hand-
out entitled, Local properties of a Lie group, the generators of an infinitesimal Lie group
transformation consist of the differential operators,

(97)

(5 7),.. 9

a=0

where

up(&)

As shown in the class handout cited above, the infinitesimal generators satisfy the same
commutations as the corresponding Lie algebra,

(X, X;] = fi Xk,

where this equation should be interpreted as an operator equation that acts on a function.
To compute the infinitesimal generators of P(2), we consider eq. (95) for infinitesimal

(cto, xo, £), where sinh { ~ & and cosh & ~ 1 to first order in £. Then to evaluate eq. (98), we

identify @ = (cto, xo, &) and & = (ct, z,1). In particular, ®(a@; &) in eq. (98) is given by

1 & cty ct ct 4+ Ex + cty
da@;x)=1¢ 1 x x| =|&t+z+x0
0 0 1 1 1



Then, eq. (97) yields the infinitesimal generators,

10 0 x 0 0
MEe T e ST e e

The commutation relations are easily evaluated:

1 0? 0?
[X1,X2]22< ):O

otdr  Oxot
r 9 10 B z O o ([ 10 0
XXl =g o <‘“%> BRI (‘za) ST e

T T corot cot

Xo, Xy =t 22 (2
[27 3] C + xat

9 190 0 9?  x 0? _10__X
0x?  cOx b

where we have assumed that the infinitesimal generators are acting on well-behaved functions
so that the mixed second partial derivatives are equal. Thus, we have established that:

[XlaXQ] = 0> [XlaX?)] = _X2> [X2>X3] - _Xl .

As a check, we can compute the commutation relations of the Lie algebra p(2) by ex-
panding the P(2) transformation to first order in the group parameters,

1 5 Cto
5 1 Zo ZI—FCtQAl—F(L’oAQ—l—SAg,
0 O 1
where
0 0 1 0 0 O 0 1 0
Ai=|(0 0 0], A =110 0 1], A3=|1 0 0
0 0 O 0 0 O 0 0 O

It is straightforward to verify by matrix multiplication that
[Ah A2] == 07 [A17 A3] = _A2 ) [A27 A3] = _Al . (99)

Thus, we have confirmed that the commutation relations satisfied by the infinitesimal gen-
erators are isomorphic to the Lie algebra p(2), as expected.

(b) Compute the Cartan-Killing form. Show that P(2) is noncompact and non-semisimple.

The Cartan-Killing form is defined in terms of the Cartan metric tensor, gi; = f.f};, where

the Z’j are the structure constants of the Lie algebra, and there is an implicit sum over the
repeated indices k and ¢. Using eq. (99), we see that the only nonzero structure constants
are:

f123 = f213 = _f?i = _f312 =-1.
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Hence, it follows that only one element of the Cartan metric tensor is nonzero,

933 = farfao + fiaf5i = 2.

That is,
0 0 O
0 0 2

Since g¢;; is degenerate (i.e., detg = 0), it follows that P(2) is non-semisimple. To see
that P(2) is non-compact, simply note that the coordinate £ on the P(2) group manifold is
unbounded.

(c) Express the Lie algebra p(2) as a semidirect sum of two abelian subalgebras.

Eq. (99) exhibits the structure of a semidirect sum. Note that A3 generates the Lie algebra
of the two-dimensional Lorentz group, so(1,1),'® and A;, A, generate the Lie algebra of
the two-dimensional group of spacetime translations, ¢(2). In particular, £(2) is an invariant
subalgebra (or ideal) of p(2), since for B € t(2) and A € p(2) we have [B, A] € t(2) [which
implies that so(1,1) = p(2)/t(2)]. In contrast, so(1,1) is not an invariant subalgebra of p(2).
Hence, p(2) is the semidirect sum of these two groups. That is, p(2) = t(2) » so(1,1).

7. (a) Show that the Lie algebra of U(n) can be written as a direct sum, u(n) = su(n)du(1).

The Lie algebra of U(n) can be written as a direct sum, u(n) = su(n) @ u(1). To verify
this claim, we can make use of egs. (1)-(3) in the class handout entitled Properties of the
Gell-Mann matrices. Consider the n? generators,

(E)ij = el (100)
which satisfy the following commutation relations (as is easily verified),
[BF, EY] = 8EP — 6B (101)
The matrices EF also satisfy the hermiticity condition,
(B;)' = E. (102)

Thus, we can use the EF to construct the n? hermitian matrix generators (using the physi-
cist’s convention) of u(n) by employing suitable linear combinations. The corresponding
off-diagonal hermitian generators are of the form E} + Ef, and —i(E} — Ef) in analogy with
the off-diagonal Gell-Mann matrices. There are n diagonal generators, E ({ = 1,2,...,n),

16Note that SO(1,1)= R, via the map (g;;j}‘;g g;‘;}};g) — &, and SO(2)~U(1)2 R/Z 280(1,1)/Z, where R
is the group of real numbers under addition. Hence, so(1,1) = s0(2) = u(1). Indeed, all one-dimensional
real Lie algebras are isomorphic.
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consisting of one non-zero entry occupying the ¢/ element of the matrix. Note that
SE-1
‘

where I is the n x n identity matrix. We can identify the traceless generators of su(n) by
defining

1
(EF)iy = (Ef)i — Eakééij : (103)

The off-diagonal generators of u(n) and su(n) coincide. Since,
Y Ff=o0, (104)
¢

it follows that there are only n — 1 linearly independent diagonal generators of su(n). The
F} also satisfy the same commutation relations as the Ef [cf. eq. (101)],

[E}, El'] = 08 F" — 0]'FY (105)

n

The (n — 1) linearly independent diagonal generators chosen from the Ff span an su(n)
subalgebra of u(n), and the generator I of u(n) spans a u(1) subalgebra of u(n). Since I
commutes with the F}, it follows that both su(n) and u(1) are invariant subalgebras (or
ideals) of u(n). Moreover, the only common element of su(n) and u(1) is the zero vector.
Hence, u(n) = su(n) @ u(l).

(b) As for the corresponding Lie groups, show that U(n) =~ SU(n)®U(1)/Z,.

Consider the relation between the Lie groups SU(n)®U(1) and U(n) . In order to determine
the corresponding group isomorphism, we first note that any element of U(n) can be written
in the form e A, where 0 < § < 27 and A is a unitary n x n matrix of unit determinant,
and any element of SU(n)xU(1) can be written as an ordered pair, (4, e).

Let us introduce the homomorphism f: SU(n)xU(1)—U(n) that takes (A, e?) — e A,
where A € SU(n) and ¢ € U(1). The kernel of the map f consists of all elements of
SU(n)xU(1) that are mapped onto the identity element I € U(n). Thus, the elements of the
kernel must be of the form (Ie=® | ¢). In order that Te=* € SU(n), we must have

det(Te ™) = ™ =1,

It follows that § = 27m/n for any integer m, and f(Ie=2mm/n  e2mm/n) =1

We conclude that!”
kerf = {(Le~2mm/n | e2mm/m)  form =0,1,2,...,n—1} 2 Z,. (106)

Noting that the image of the map f is given by im f = U(n), we can use the The Fundamental
Theorem of Homomorphisms, which that states that for any homomorphism f : G — im f
with kernel, ker f, we have im f = G//kerf. Hence, it then follows that

U(n) = SU(n) ® U(1)/Z, .

"Recall the discrete group, Z, = {€?™™/"  for m =0,1,2,...,n — 1}. In light of the isomorphism that
identifies (Ie=2mm/n  e2mim/n)  e2mim/n it follows that kerf = Z, as indicated in eq. (106).
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APPENDIX: Another simple method for evaluating the determinant of eq. (41)

Consider the following 3 x 3 hermitian matrices:
fggk ; = fgfk ; Cnk = i€nk€f ;
where the indices n and k run over 1,2,3 and £ is the magnitude of the vector 5 It is easy
to verify that these matrices satisfy the following relations:
A*=A, B*=B, C*=C, AC=CA=C, AB=BA=BC=CB=0.
We now define three projection matrices:

ElI%(A—FC), EQE

Ank = 5nk -

Bnk

(A-C), E3=B8B, (107)

1
2

which satisfy:

)

3
El = E; E,E; = §;;E; (no sum over i), and Z E =1,
i=1

where I is the 3 x 3 identity matrix. Using the spectral decomposition of linear algebra, any
diagonalizable complex 3 x 3 matrix can be written in the form

3
M =Y \E;, (108)
=1

where the )\; are the eigenvalues of M and the E; are a projection operators that project
vectors of R3 to the one-dimensional linear subspace spanned by the corresponding eigenvec-
tor ¥;, respectively. In particular, E,¥; = v;0;; (no sum over 7), which implies [after using
eq. (108)] that M¥; = \;¥;, as expected. The determinant of M is then given by:

det M = )\1)\2)\3 .

We now use the above results to evaluate the determinant of eq. (41), which can be
rewritten in the following form,

(&) = Sian%—B—i(#)C.

One can re-express c¢(£) in terms of the projection operators defined in eq. (107),

6 [ () e [ ()

—

Comparing with eq. (108), we can read off the eigenvalues of ¢(§),

sin (1—cos
Ao = €$Z<T€>7 Az =1.

Hence,

det C(é = MM \3 = 5—12 [Sin2€ + (1 — COS€)2} =

which reproduces the result obtained in eq. (46).

2(1 —cos¢)
—a
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