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Abstract

In Sections 9.6-9.10 of Jackson’s textbook on electrodynamics [1], the multipole
expansion of the radiation electromagnetic fields in the far (radiation) zone are devel-
oped. However, near the end of the development, approximations are made that are
not internally consistent. In these notes, I will clarify this remark and provide a fully
consistent multipole expansion of the electric and magnetic fields in the small param-
eter kd, where d measures the extent of the sources (charge and current densities) and
k = w/c. The sources are assumed to be harmonic, i.e., of the form p(&,t) — p(&)e~ ™"
and J(&,t) = J(&)e !,

We assume that the electromagnetic fields are of harmonic form. The leading O(r™!)
contributions to the multipole expansions of the magnetic field, B(&E,t) = B(Z)e ™!, and
the electric field, E(Z,t) = E(&)e ™!, in the far (radiation) zone are given, in gaussian
units, by:
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where E = —iZ X V is a differential operator that acts on functions of & = (r,0,¢) and
r = |#|. The corresponding magnetic and electric multipole coefficients are given by:!
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where ' = |Z'| and 7/ = &’/r’. We assume that the waves propagate in vacuum, and we
neglect magnetization as a possible source of the radiation by setting the magnetization to
ZET0.

In our notation, the primed coordinates indicate the location of the sources.



One can rewrite eq. (2) via an integration by parts. First, by using Green’s theorem and
dropping the surface terms (since the sources vanish at infinity), we can move the V'? over
to je(kr)Y,: () and make use of the homogeneous Helmholtz equation,

(V' + B2) [je(kr') Y, ()] = 0. (3)

Likewise, moving 0/9r’ so that it acts on r'%j,(kr’) [after writing d3z’ = r'?dr’' dQ] and
discarding the surface term at infinity, we end up with
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Jackson’s next step is to invoke the small kd approximation. This has two effects. First,
he approximates
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Furthermore, Jackson asserts that the term in eq. (4) proportional to &’ T (£') is subdomi-
nant and can also be neglected. Under these assumptions, it then follows that
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where the magnetic and electric multipole spherical tensors are given by
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However, inserting eqs. (7) and (8) back into the multipole expansions for B(&) and
E(&) does not yield a consistent expansion. In the limit of kd < 1, the multipole spherical
tensors are roughly of order My, ~ (v'/c)d* and Qg,, ~ d*, where we noted that J ~ p@’.
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For harmonic sources ¥/ = d&’'/dt = —iw&’. Thus, v'/c ~ wd/c ~ kd. It follows that
My, ~ kd“*'. Hence, we conclude that

an (6, m)/k ~ (kd)*+, ap(l,m)/k* ~ (kd)*. (11)

Inserting these estimates into the multipole expansions for B(&) and E(&) yields a series
in which each successive term of the sum is suppressed by a power of kd. But, with the
approximations made in egs. (5) and (6) and dropping the term in eq. (4) proportional to
&'-J(&'), the terms that are being neglected are of the same order as other terms that have
been kept.

So, let us return to egs. (1) and (4). We will keep the functions j,(kr’) as they are
without making any small argument approximation. Moreover, we will make use of the

following relation,
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Note that in the limit of &k — 0,
Mﬁm(o) = MZm ) Qﬂm(o) = Qﬂm ) (15)

where My, and @, are defined by egs. (9) and (10).
In addition, we must introduce a third spherical tensor,
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where the last term on the right-hand side above is a consequence of the last term on
the right hand side of eq. (12). Since the charge and current densities are harmonic, with

—

J(@',t) = J(&@)e ™" and p(&',t) = p(&')e~™!, the continuity equation yields
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We then obtain (without making any small argument approximation):
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Inserting these results back into the multipole expansions for B(&) and E(&) yields consis-
tent expansions to all orders in kd [in contrast to the results quoted in egs. (7) and (8)].

Note that Ty, (k?) has a finite limit as k¥ — 0. We can estimate the size of kT},(0) by
using similar arguments to those employed in deriving eq. (11). In particular,

ETy(0) ~ (v/c)kd"™™ ~ (kd)*d* . (21)
If we expand around k = 0,
Qo (K?) + ikTin(k*) = Qum + k*Q}, (0) + kT (0) + - - - (22)

where @}, (0) = (0Qum(k?)/0k?),,_,, then we see that k*Q),,(0) and kT, (0) are of the
same order in the small argument expansion. This observation motivates the following
definition of the toroidal multipole moment spherical tensor,

To evaluate @},,(0), we need the second term in the small argument expansion of j,(kr’),
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In light of egs. (17) and (23),
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after using w = kec.

Whereas the electric dipole moment enters at ag(1,m)/k?* ~ O(kd) in the multipole
expansion, the toroidal multipole moment makes its first appearance in the contribution
to ag(1,m)/k? ~ O(kd)3. This is the reason that these effects were not seen in Sec-
tions 9.2 and 9.3 of Jackson, as the calculations presented there were sensitive only to
the leading electric dipole contribution to ag(1,m)/k* ~ O(kd), and the leading electric
quadrupole contribution to ap(1,m)/k* ~ O((kd)?). Likewise, the leading magnetic dipole
contributes to ay (¢, m)/k ~ O((kd)?) and the leading magnetic quadrupole contributes to
arn(l,m)/k ~ O((kd)*). Thus, had the methods of Sections 9.2 and 9.3 of Jackson been
extended one additional order (corresponding to the third term in the series expansion of
the exponential e=*%’*?) one would have found contributions from the electric octupole,
magnetic quadrupole and the toroidal dipole.

It is of interest to evaluate explicitly the leading contribution to the ¢ = 1 case of the
toroidal multipole moment. Using eqgs. (18) and (26),
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With respect to the spherical basis, we shall normalize the components of the toroidal dipole
moment vector t with respect to the spherical basis as:

/3
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Converting to the Cartesian basis and integrating by parts then yields,
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This is the expression for the toroidal dipole moment vector that appears in the literature.

Note that the normalization of £ according to eq. (28) implies that the relation between
the spherical and Cartesian components of £ are the same as the corresponding relations of
the electric dipole moment p. Namely,

/3 , [ 3 /3 .
T =— 8_7T(tx — Zty) , Ty = In t., 1= 8_7T(tm + Zty) . (30)

For further discussions on the significance of the toroidal multipole moments, see the
references quoted at the end of these notes.

REMARKS:

In obtaining eq. (20), we have written an expression for ag(¢,m) that is proportional
to Qum(k?) + ikTy,(k?), where Qg (k?) and Ty, (k?) were defined in eqs. (14) and (16),
respectively. However, the separation of this sum into its two pieces was arbitrary. For
example, I could have instead defined

Qb = 57 [ i Wi 0ol 35 (). (31)
Tinlb) = (7 i [ Vi) ielh')3-T1). (32)

Note that @gm(O) = Qum. The replacement Qg (k%) + ik Ty, (k?) with @gm(l{?2> —i—ikfgm(k;z) in
eq. (20) simply reshuffles the terms higher order in the small argument expansion between the
@ and T spherical tensors. Likewise, one could have made a different choice than eq. (23) in
defining the toroidal multipole moment, e.g., Ty, = T4, (0) or Em(()). Indeed, in light of the
continuity equation [eq. (17)], one could choose to re-express some (or even all) of the terms
in eq. (4) that are proportional to p(&) in terms of V'-J(&) followed by an integration by
parts.? This suggests that the conventions used to separately identify the @@ and 7" spherical
tensor contributions to ag(¢,m) may not have any physical significance [7].

2However, not all terms in the integral that depend on J(&) can be rewritten in terms of p(&).
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