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Abstract

Vectors and tensors are usually introduced with respect to a Cartesian basis.
However, Cartesian tensors of rank two and higher do not transform irreducibly
under rotations. This motivates the introduction of the spherical basis. In these
notes, the spherical basis is discussed first in the context of a vector quantity (which
corresponds to a rank-one spherical tensor). For tensors of higher rank, the spherical
tensors are identified as the objects that transform irreducibly under rotations. The
corresponding transformation laws are derived both for the spherical components
of a vector and for the components of a spherical tensor of arbitrary rank £.

1. Introducing the spherical basis

Given a real vector ¥ € R?, one typically writes: ¥ = (v, v,,v,), where v,, v,, and v,
are real numbers corresponding to the components of & with respect to the standard
Cartesian basis,

x = (1,0,0), g =1(0,1,0), 2=1(0,0,1). (1)
That is,
3
U=10,L+ 0,9+ 0,2 = Z ;€; (2)
i=1
in a notation where the v; € R (i = 1,2, 3) correspond to the x,y, and z components of U,
and the basis unit vectors are denoted by é; = {&, 9, 2}.

However, other basis choices are also useful. In these notes, I shall introduce the
spherical basis,

(@ —ig). (3)

Sl -

&= ——(&+i9), e =2, é.,-=

V2
The spherical basis vectors satisfy:
€= (=1)" e, (4)
()™ é_p - € = €+ €my = O for m, m" € {—1,0,1}, (5)
where * indicates complex conjugation. With respect to the spherical basis, the compo-
nents of ¥ are denoted by v,, = U - €,,, with m € {—1,0, 1}. More explicitly,
1

v = ——= (v +ivy) vy = v, vy = —=(vp — ivy) . (6)

V2 V2



We can rewrite eq. (6) in matrix form:

1 i
o Uy VZ V2 0
v | =M |v |, where M = 0 0 1 (7)
(] (P 1 i 0

V2 V2

Note that M is unitary, i.e., M~ = MT,
Eq. (6) implies that for a real vector U (i.e., a vector with v,, v,, v, € R),

v =(=1)"v_p, for m = —1,0, 1. (8)

m

It is important not confuse v,,—; with v,, which was defined in eq. (2) even though in the
latter context, v, is often called v;.
The expansion of U with respect to the spherical basis is then given by

T=> (~1)"0_mlm = > (~1)" 0y, (9)

where the symbol )~ will always mean the sum over m = —1,0,1. The two ways of
writing ¥ in eq. (9) correspond simply to relabeling m — —m in the summation. One can
check that inserting the expressions of egs. (3) and (6) into eq. (9) reproduces eq. (2).

To motivate eq. (6), consider the spherical harmonics Y, (0, ¢), for m = —1,0, 1,

) [3 . 3 4 ) E [3 -
Yiai(n)=F gsmﬁeid’:q: - ry’ Yio(n) = ECOS@— 47rr

where we have made use of the definition of spherical coordinates where

Z=(x,y,z) =r(sinfcos¢, sinfsing, cosl) =rmn, (11)

with r = |Z| and the unit vector 7 specifies the angles 6 and ¢ (such that 0 < § <7 and
0 < ¢ < 2m). Then, it follows that the spherical components of the vector & are given by

1
xm:\/grlﬁm( a),  form=—10,1. (12)

More generally, Y;,,(72) is an example of a spherical tensor of rank ¢, whose 2¢ + 1 com-
ponents correspond to m = —¢,—¢ +1,... ¢ — 1,¢. For more details on the distinction
between Cartesian tensors and spherical tensors, see Section 5.

The dot product of two real vectors in terms of the rectangular (Cartesian) coordinates
of the two vectors is given by

3
i=1
In terms of the spherical components, the dot product is given by

TB = (—1) "m0y = Y (=)™ 0 Wy . (14)
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It is easy to check that after employing eq. (6) for the v, and the analogous formula for
the w,,, one reproduces eq. (13).
We can also define the components of the gradient operator in a spherical basis:

1 /0 .0 0 1 /0 .0

One can check that this definition is consistent by observing that

I N N WU 2 A DO
V-U_Z(—l) va_m—2<8x+zay)(vx wy>+2(8:c Z@y) (vy + ivy) + 5

m

_ Ou, N % N ov,
 0r Oy 0z

as expected.
One might wonder how a relation such as eq. (12) extends to the spherical harmonics
with higher values of /. As an example, consider the spherical harmonics with ¢ = 2,

7 1 /15, i 1 /15 (z £ iy)?
szﬂ("hz\/;sm”em:z o 2 (17)
A 15 . ; 15 2(x £
feln) = ﬂ/;smecos 0t = jF\/;% : (18)
~ ]- 5 ]. 5 222—x2_y2
Yzo(’n):§\/—zm(3c0529—1):§ T R (19)

In terms of the spherical components of &,

R /15

7’2Y2,i2(n) = 8_7rx2il ) (20)
R /15

7"2Y2¢1(n) = E@Eﬂoa (21)

12Yao(R) = \/g(xg +zz_g). (22)

Egs. (20)—(22) can be summarized by the following formula:

1
/15
2 AN /. /
Yo (1) = S E (L,m' s 1om—m" |2, m) Ty T (23)

m/'=—1
|m—m’|<1

where (1,m’; 1,m —m/'|2,m) are Clebsch-Gordan coefficients, whose values are given
by:

(1,1;1,12,2) =1, (24)



1
1,1;1,0]2,1) = (1,0;1,1]2,1) = — , 25
( 12,1) = ( 12,1) 7 (25)
1
L1, —112,0=(1,-1;1,1]2,0) = —, 26
( 12,0) = ( | 2,0) 7 (26)
2
(1,0;1,012,0) = /3. (27)
1
L,—1:1,0]2,—1) = (1,0;1,—1]2,—-1) = —, 28
( | ) = | ) 7 (28)
(1,-1;1,-1]2,-2) =1. (29)

For the record, an explicit formula for the Clebsch-Gordan coefficients above is given by:

(2+m)l(2 —m)!
(1T+mH1—=mH(T+m—m)(1—m+m)

<1>m,;1>m_m,|2>m>:\/6 (30)

One can also invert eq. (23) to obtain:*

2
8m .
Ty Ty = 5(=1)™ 1% 6y iy + 1/ IH r? Z (T,mis1,ma|2,m)Yan(R),  (31)
m=—2

mi-+mo=m

Indeed, the Clebsch-Gordan coefficients appearing in eq. (31) vanish unless my +my = m.
If ¥ € C? is a complex vector (in which case the Cartesian coordinates v,, vy, v, € C),
then eq. (6) can still be used to define the spherical components of a complex vector
¥ € C3. Indeed, all equations in Section 1 remain valid with one exception. Namely, one
cannot use eq. (8) to relate v_,, and v, as these are now independent quantities.

2. Transformation law for a vector under an active rotation

Under an active transformation corresponding to a three-dimensional counterclockwise
rotation by an angle # about an axis pointing along the unit vector n, the Cartesian
components of a Cartesian vector U transform as

v —» U,/- = Rz‘jUj ) (32)

with an implicit sum over the repeated index j,2 where i, j € {1,2,3} = {x,y, 2}, and the
matrix elements of the rotation matrix R are given by Rodrigues’ rotation formula,

R;j(7,0) = cosB;; + (1 — cos @)n;n; — sin b €m0, . (33)

'Eq. (31) can be understood from a group theoretical perspective as implying that the symmetric tensor
product of two three dimensional representations of the rotation group decomposes into two irreducible
representations: one representation of dimension five corresponding to the ¢ = 2 spherical tensor of
rank two and another representation of dimension one corresponding to an ¢ = 0 scalar (i.e, a rank
zero spherical tensor). See Section 5 for a discussion of spherical tensors in the context of irreducible
representations of the rotation group.

In these notes, we typically employ the Einstein summation convention where a pair of repeated
indices are implicitly summed over.



Eq. (33) can be derived as follows. We begin with the generators of the SO(3) Lie
algebra, which satisfy the commutation relations,

[SZ ) SJ} = iEiijk . (34)

The SO(3) Lie algebra generators S; can be represented by the 3 x 3 real antisymmetric
matrices, where the matrix elements of the matrices S = (S, Sa, S3) are given by

(Si)jk = —l€ijk (35)

and €;;;, is the Levi-Civita tensor. More explicitly,

0 0 0 0o 0 i 0 —i 0
Ss= o o —i|, S=[o0o o o, s=[i 0 o0
0 i 0 —i 0 0 0O 0 0

(36)

This three-dimensional representation is known as the adjoint representation of the SO(3)
Lie algebra. One can then identify the matrix R by exponentiating the adjoint represen-
tation of the SO(3) Lie algebra. This yields the three-dimensional representation of the
SO(3) Lie group, which corresponds to 3 x 3 orthogonal matrices of unit determinant,

R = exp(—i67 - 5) , (37)

We can compute R by way of the Taylor series of exp(—i@ﬁ . §) Starting with

B 0 —fg  fo
—i0p-S =0 ny 0 —ny|, (38)
IR 0
it follows that
L, n?—1 179 n1n3 3 .
(=i0A-S)" =60 mn,  A3—1  fong |,  (—ibR-S) = —0°(—ibn-S), (39)
e oty P3—1

after making use of nf + n3 + n3 = 1. Hence,

R = exp(—ibf-§) =1+ - (—ibf 56 . }+1( 0n 5)2[92 o |
= X —Z . pr— — —Z . _ P _ —’Z/ . S — P
P 0 31 52 ol 4l
0 —n3 no ﬁ% —1 nine Nyng
=1+ sin 6 TAlg 0 —TAll + [1 — COS 9} ’fll’flg fl% —1 flg’flg
—Ny o 0 NNy  NaN3 ﬁ% —1
0 N3 —7No ﬁ% NNy MqN3
=T1cosf —sinf | —ns 0 iy |+ [L—cosf] | mngy 73 fong |, (40)
Ny —Ny 0 NNy TNaNg ﬁ§

where 1 is the 3 x 3 identity matrix. This result coincides with that of eq. (33).
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It is convenient transform to a new basis in which S3 is diagonal. The eigenvalues
of S3 are +1, 0, and —1. The columns of the diagonalization matrix consist of the
corresponding eigenvectors of S, which can be chosen to be orthonormal.® The resulting
unitary diagonalization matrix P is given by

0 1

1
V2 V2

P=|-4 0 -Z|. (41)
0 1

where PTS;P, which we shall henceforth denote by Lgl), is diagonal. Note that P = MT,
where the matrix M transforms the Cartesian coordinates of a vector into its spherical
coordinates [cf. eq. (6)]. This is not an accident, as we shall shortly see.

Likewise, we can work out the corresponding ex(pressions for S; and Sy in a basis
where S5 is diagonal. Denoting these quantities by LY and Lg(/l), respectively, we obtain

L (010
LW=pPsp=—"1f101]|, (42)
v2\0 1 0
. [(0-1 0
LY =pPis,P=—1|(1 0 —1 (43)
Y )
V2\o 1 o0
100
LY =PissPp=1[0 0 0 (44)
00-1

One can also obtain an expression for the rotation matrix R(7,6) given by eq. (37) in
a basis in which S is diagonal, which we denote below by D" (7, 6),

DW(i,0) = P'RP = P exp(—ifn - S) P = exp(—ifn - L'V) . (45)

To determine exp(—i@ﬁ . E(l)), we first evaluate

'flg ﬁl&%ﬁz 0
A - E(l) _ | nating 0 1 —ifo (46)
- V2 - V2 :
O ni+1i1n —ﬁg
V2
It follows that
L1 4a3) MO (k) —ifs)?
(A - LW)? = @@%@) 1— 2 _@@%@z . (-LYP=q. L.
L +ing)?  —lLER) (1 4 43)

(47)

3Since S3 commutes with its hermitian conjugate, the diagonalization matrix P can be chosen to be
unitary, i.e., P~! = Pt



Hence,

on- L) =1 —in-L0[o- L+ & . L0 — L O
eXp[_zn. i|_ — M . |:_§_|_a_i|_|_(_zn. )[ _Z_l_ﬁ_
=1 —in-LYsing — (A LV)*(1 - cosd), (48)
where 1 is the 3 x 3 identity matrix. That is,
DY (#,0) = 1 —in - LW sind — (- LV)*(1 = cosb), (49)
More explicitly,
DY (7, 0) = PIRP = Ptexp(—ifn - S) P
1= 2(14n3)(1 — cp) — inzsg —%(nl —ing)[R3(1 — cp) + ise] — 3 (R — ifz)*(1 — )
= —ﬁ(nl + in2) [A3(1 — cg) + isg) 1—(1—=73)(1—cp) %(Al — ing)[Rs(1 — cp) — ise]
—3 (A1 + in2)*(1 — cg) %(nl +ing) [A3(1 —cp) —isg] 1 —3(1+n3)(1—cp) + ifzse

(50)

Using eq. (32), we can determine the components of ¥’ in the basis where S; is diagonal.
Starting from ¢’ = R, it follows that

Pig = PIRPPIE = DW(f,0) P15 . (51)

Using eq. (41), it follows that

(pfa)lz—%(vx—wy), Plo)p=v., (Po).=—(o.tiv), (52

5
V2
where we have numbered the components of the vector in the basis where S5 is diagonal
by +1, 0, —1, respectively. Comparing this result with eq. (6), we see that for a vector ¥
whose Cartesian components are real,

= (P'd),,. (53)

This means that under an active rotation, the spherical components of a vector ¥ trans-
form as
V=Y D (70, 0) v (54)

If the Cartesian components of a vector ¥ are complex, then it is more accurate to
replace eq. (53) with?

(=1)™v_p, = (PT0),, . (55)
Using eq. (55), it follows that eq. (51) yields
(=)™ = D (=1 v D (7,6) (56)

40f course, in the case of a vector whose Cartesian coordinates are real, we can use eq. (8) to recover
eq. (53).



We can interpret eq. (56) by saying that in a basis where S; is diagonal, the components of
a vector U are given by its spherical components v,,. The reason why (—1)"v_,, appears
in eq. (56) is the same reason this factor appears in eq. (14). Namely, when working in
the spherical basis, the correct way to sum over two spherical basis labels is by summing
m against —m, with an extra factor of (—1)™ inserted.

As a sanity check, we note that under a rotation, the dot product [cf. eq. (13)]

T =) (—1)"vmw_y, (57)
must be invariant. We can check this explicitly as follows. Using eq. (56), we can write

(=1 = > (=)™ w_ DY) (12, 6) (58)

mll

Making use of egs. (56)—(58),

B @ = Y3 ()" T v Y (1) DY), L (3,0)D), 0 (R.6). (59)
We can now use the following identity:
(~1)"D), _(#.0) = (1) D), (R, ). (60)
Inserting this result back into eq. (59) and noting that
> D (A, =0)D (7, 6) = b (61)
we end up with
G =Y (1) Uy =TT, (62)

as expected.
Returning to eq. (56), after relabeling m — —m and m’ — —m/,

v, =3 (=) vy DY (,6). (63)

m/

Finally, using eq. (50), one can derive the following identity,

DL (7, 0) = D), (A, —0) = ()" DY) | (,0). (64)
Hence, we end up with
V=Y v DL (7, 0), (65)

which reproduces eq. (54) in the more general case of a vector whose Cartesian components
are complex.



Below eq. (41), we noted that P = M, where the matrix M transforms the Cartesian
coordinates of a vector into its spherical coordinates [cf. eq. (6)]. This provides a quick
way to derive the transformation law for the spherical components of a vector under an
active rotation:

(%1 Uy Uy (%1
v | =M v, | — MR | v, | = MRM'" | v, |, (66)
V_1 Uy (% V1

after noting that M~! = MT. This implies that the matrix M RMT transforms the spher-
ical components of a vector under an active transformation. This is consistent with the
result of eq. (65), which identifies this matrix with DMW*. In particular,

DM — MRM' = PTRP* = [P'RP]", (67)

where we have used the fact that R is a real matrix. Taking the complex conjugate of
this equation yields
DY = PTRP, (68)

in agreement with eq. (45).

3. Rank-/ spherical tensors
In light of eq. (12), eq. (65) is equivalent to
Yim(RA) = Dy (R)Yiw () (69)
It is instructive to extend eq. (69) to the spherical harmonics of arbitrary ¢. In order to
define Dfﬁ)m,, we introduce an abstract operator L that satisfies
[LZ-, Lj] = i€y Ly . (70)

We then introduce the states |¢, m), which are the simultaneous eigenstate of L?and L,
with corresponding eigenvalues ¢(¢ + 1) and m, respectively:

L, [tm) =m|t,m) , (71)
L?|0,m) =00+ 1) |em) . (72)

Moreover, after defining Ly = L, +iL,,, one can derive the commutation relations

Ly, L] =2L,, [Ls, L.]=%FLs, (73)

and the identities
L.L_=L°—1L.(L,—1), (74)
L. L,=L*—L.(L.+1). (75)



Using the commutation relations [eq. (73)] and the identities above, it follows that

Lotm)=+{l—m)(l+m+1) [tm+1), (76)
_em)y =/ (L +m)(l—m+1) |[fm—1), (77)

up to an overall phase which is set by convention. These two results imply that

Lo tm) = [Vl =m)(l+m+1) |[tm+1) +/(+m)(l —m+1) [fm —1)],  (78)
Ly|tm) = =%i[\/(t —m)({+m+ 1) [fm+1) =/ (C+m)({ —m+1) [tm —1)]. (79)

One can construct matrix representations of L by the following method. We can form,
for a fixed value of ¢, three (24 1) x (2¢+ 1) matrices by defining their matrix elements

as follows . -
LY = (em| L |tm') . (30)

It follows from eq. (71) that the z-component of I_jfft)m, is a diagonal (204 1) x (20 + 1)
matrix with matrix elements

(L0 ) = mip. (81)

Likewise, we can use eqs. (78) and (79) to evaluate the x and y components of me,,
(L), = sV E=m)C+m+ 1) b mir + V)= m+ 1) O], (82)
(L), = =3[V =)+ m + 1) b =V m) = m+ 1) 6], (83)

As a check, we examine the case of ¢ = 1. Then, egs. (81), (82) and (83) yield

L (010 S 1 0
LW=—1|[1 0 1 LW=—11 0 -1 LYW =1(0 o

x Y Yy ) z
V2 o 1 o V2 o 1 o 0 0

(84
in agreement with the results obtained in eqs. (42)—(44).
The Wigner D¥-matrix is a unitary (2¢+ 1) x (2¢+ 1) matrix whose matrix elements
are defined by

DY) (R) = (tm/| exp(—ibf - L) |[¢tm) = [exp(—ifa - LY)] (85)

m’'m m'm’

where R denotes an active counterclockwise rotation by an angle # about a fixed axis that
points along the unit vector 7fi. For ¢ = 1, this definition coincides with that of eq. (45).

Our goal now is to extend the result of eq. (69) to Yy, (72) for all £. Here, I shall follow
the derivation given in Section 7.5(a) of Kurt Gottfried and Tung-Mow Yan, Quantum
Mechanics: Fundamentals, Second Edition (Springer-Verlag, New York, NY, USA, 2003).
Under a rotation R of the basis [¢m),

em) — |0m; R) = D(R) |¢m) (36)

10



where D(R) = exp(—if# - 1_':) Therefore,

[tm; R) = D(R) [tm) = [¢'m/) (('m| exp(—i6f - L) |¢m) , (87)

'm!

after summing over a complete set of states. In light of the properties of L discussed
above,

(¢'m/| exp(=ibn - L) |tm) = 5,o DY), (R), (88)

since the action of L on |¢m) does not modify the value of . Hence,

|tm; R) = Z|€m PY) (R). (89)

In the notation employed here, one can identify the spherical harmonics by
Yim(R2) = (R|m) . (90)
After multiplying eq. (89) on the left by (7], it is convenient to write:
(Alfm; R) = (| D(R) |fm) = (R Allm) . (91)
Then, eqs. (89)—(91) yield

Yim(R Z Yo () DY) (R). (92)

Since D is a unitary matrix, it follows that
DY (R =D (R). (93)

m'm

Inserting this result into eq. (92) yields

Yom(R an (R)DY* (R . (94)

Since eq. (94) is true for any rotation R, we can replace R™! by R to arrive at

Yim(R ZDmm ) Yo (P2) . (95)

In the case of £ = 1, we have succeeded in reproducing the result obtained in eq. (69).
Eq. (95) motivates the definition of a rank-¢ spherical tensor Qy,, which is defined to
be a tensor that transforms under rotations according to

Qun — Q= Z Qun Dl (2, 0) . (96)

Eq. (65) provides an example of eq. (96) in the case of £ = 1. Indeed, given any vector v,
which transforms under rotations according to eq. (32), the components of ¥ with respect
to the spherical basis transform according to eq. (96) with ¢ = 1.

11



4. The three-dimensional representation of SO(3) revisited

The derivation of the representation matrices E“) v in Section 3 was rather abstract.
Here is a more concrete derlvatlon We shall examine ﬁmte dimensional matrix represen-
tations of the operator, L=—i% x V which acts on functions defined on the sphere.
This operator satisfies the commutation relations given in eq. (70). Since the spherical
harmonics Y;,,(71) are a complete set of eigenstates defined on the sphere, we can form,
for a fixed value of ¢, three (20 + 1) x (2¢ + 1) matrices by defining its matrix elements as
follows

I_j%n, = /Y[;n(ﬁ)Eng/(ﬁ) dQY, where m,m’ € {—0,—0+1,...,0—1,(}. (97)
Introducing Ly = L, £ 1L, the explicit forms for the operators L, and L. are given by
0 0 0
L, = — —y=— | = =i, 98

(xay yaa:) "0 58)
Ly =L, +iL, =" ﬂ:a —I—zcot@g (99)
=T a0 By

Using egs. (98) and (99) and the properties of the spherical harmonics,

L. Yo (72) = mYy (), (100)
LyYom(R) = /(€ =m)(C +m+1) Yo (R), (101)
L-Yim(R) =/ (E+m)(l —m+1)Yem1(R), (102)

From the last two equations above, we can derive

LY (R) = 5[V/(€ = m)(C+m + 1) Y () +1/(C+m)(E = m + 1) Yo ()], (103)
LyYom(7t) = =i [/ (€ =m) (€ +m + 1) Yomir () =/ (€ +m)(0 —m + 1) Yo 1 (7)](104)

We can now evaluate the integral in eq. (97), with the help of the orthogonality
properties of the spherical harmonics,

/ Vit (R) Yo (72) A2 = G (105)

it follows that
(L) = V= m) 0+ m+1) s + VM) —m+ 1) 8], (106)
(Lfﬁ)m’)y = —%’l [\/(f — m)(f +m + 1) 5m’,m+1 - \/(E + m)(f —m+ 1) 6mvm_1:|’ (107)
(L), = b (108)

in agreement with the results of egs. (81)—(83).

12



5. The distinction between Cartesian tensors and spherical tensors

Consider the distinction between Cartesian tensors and spherical tensors. As noted
in Section 2, under an active transformation corresponding to a three-dimensional coun-
terclockwise rotation by an angle # about an axis pointing along the unit vector 7, the
Cartesian components of a vector ¥ transform as

vV — U; = Rijvj s (109)

with an implicit sum over the repeated index j, where 4, j € {1,2,3} = {x,y, z}, with the
R;; given by Rodrigues’ rotation formula [eq. (33)]. Likewise, a second rank Cartesian
tensor transforms as

T,’j — TZIJ = RikRngkg. (110)

In this case, Tj; is said to transform reducibly under rotations. This means that for any
second rank Cartesian tensor, one can decompose it into smaller objects, each of which
transforms separately under rotations. In the case of T};, one can always write:

Tij = Sij + Aij + cbij (111)

where S;; is a traceless symmetric tensor [i.e., 0,;5;; = 0] and A;; is an antisymmetric
tensor. A little algebra shows that:

(112)
If one now defines aj = €5 A;x, then one can verify that under a rotation,
Sij — Sz,] = RikRngkg, a; — CL; = Rijaj s Cc — C/ =cC. (113)

That is, the S;;, which is governed by five independent components, transform under
rotations like a second rank tensor (independently of the other four independent compo-
nents). Likewise, the ay, which is governed by three independent components, transform
like a vector (independently of the other six independent components),. Finally, the one
remaining degree of freedom, cd;;, transforms as a scalar (since d;; is an invariant tensor
under rotations [i.e., d;; — 0;; = ;5] as a consequence of the fact that R is an orthogonal
matrix). One cannot decompose 7T;; further, which means that each of the pieces S;;, ay
and c¢, transform irreducibly under rotations.

In contrast, as indicated previously in eq. (96), a spherical tensor of rank ¢ transforms
according to

Qém — Qlém Z Qém’D(Z ) ) (114)

where the components of ), are labeled by m = =, +1,....,¢ —1,. That is, a
spherical tensor of rank ¢ has 2¢ + 1 components. It is immediately apparent that all
spherical tensors transform irreducibly under a rotation. Specifically, )y, cannot be
further decomposed in a way similar to that of eq. (111). For example, Qo is a scalar under
rotations, whereas Q1,, is a vector under rotations with three components (m = —1,0,1).
The relation between these components and the rectangular (Cartesian) components of

13



a vector are precisely those given in eq. (6). Similarly, the £ = 2 spherical tensor (g,
possesses b independent components, and it also transforms irreducibly under rotations.
Indeed, the Qs,,, (m = —2,—1,0,1,2) can be re-expressed in terms of the five independent
components of the traceless symmetric second rank tensor that, like S;; in eq. (113),
transform irreducibly under rotations.
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