Evaluating the one-loop function arising in h → γγ Howard E. Haber

Santa Cruz Institute for Particle Physics University of California, Santa Cruz, CA 95064, USA May 11, 2020

Abstract In these notes, we provide an explicit calculation of an integral that arises in the computation of the one-loop amplitude for the Higgs boson decay to two photons. Two additional derivations are provided in the appendices to these notes.

In the computation of the one-loop amplitude for the Higgs boson decay to two photons, the following integral arises [1–8],

F (z) = lim_{ϵ→0+} F (z + iϵ) ≡ lim_{ϵ→0+}

∫_1 0 dx x ln [ 1 − zx(1 − x) − iϵ ] , (1)

where z is a real parameter and ϵ is a real positive infinitesimal. The goal of this note is to provide an explicit computation of F (z).

First, let us examine the range of the parameter z for which Im F (z) ≠ 0. Let us denote the argument of the logarithm in eq. (1) by the function,

f(x) ≡ zx^2 − zx + 1 ≥ 0 . (2)

Observe that Im F (z) = 0 if f(z) > 0 for 0 ≤ x ≤ 1. In particular, Im F (z) = 0 if z < 4 since the maximal value of x(1 − x) is^1_4 over the integration range. Note that x =^1_2 is a minimum of f(x) if z > 0 and f(^1_2 ) = 1 −^1_4 z, which implies that the minimum value of f(x) at x =^1_2 is negative when z > 4. Since f(0) = f(1) = 1, it follows that f(x) < 0 for values of x such that 0 < x_− < x < x_+ < 1, where x_± are the roots of f(x),

x_± =^1_2 [ 1 ± √ 1 − 4 z ] . (3)

Thus, Im F (z) = Θ(z − 4)

∫_{x+}

x_− dx x Im ln [ 1 − zx(1 − x) − iϵ ] , (4)

where we have explicitly included the step function to enforce the condition that Im F (z) = 0 if z ≤ 4. To evaluate the imaginary part of the logarithm, we employ the principal value of the complex-valued logarithm, with the branch cut taken along the negative real axis. In particular, for any nonzero real number y and real positive infinitesimal ϵ,

ln(y − iϵ) = ln |y| − iπΘ(−y) . (5)

It then follows that Im ln(y − iϵ) = −πΘ(−y) . Employing this result in eq. (4),

Im F (z) = −πΘ(z − 4)

∫_{x+}

x_− dx x = −π Θ(z − 4) ln ( x_+ x_− ) = −π Θ(z − 4) ln 1 + √ 1 −^4_z 1 − √ 1 −^4_z

= −2π Θ(z − 4) ln (√ z 2 + √ z 4 − 1 ) , (6)

after using the explicit forms for x_± given in eq. (3).

We now turn to the computation of Re F (z). We shall examine separately the cases of z < 4 and z > 4. In the case of z < 4, the argument of the logarithm in eq. (1) is positive, in which case we can drop the −iϵ term and write

F (z) ≡

∫_1 0 dx x ln [ 1 − zx(1 − x) ] , for z < 4. (7)

We proceed to examine two subcases.

First, consider the case of z < 0. In this case, it is convenient to define,

z = −4 sinh^2 w , for 0 < w < ∞. (8)

Taking the derivative of F with respect to w, dF dw = d dw ∫_1 0 dx x ln [ 1 + 4x(1 − x) sinh^2 w ] = 4 sinh 2w

∫_1 0 (1 − x)dx 1 + 4x(1 − x) sinh^2 w

. (9)

To evaluate the above integral, we first factor the denominator of the integrand and then apply a partial fractioning. That is,

1 + 4x(1 − x) sinh^2 w = −4 sinh^2 w(x − x_+)(x − x_−) , where x_± = ± e^{±w} 2 sinh w

. (10)

Hence, it follows that dF dw = − sinh 2w sinh^2 w

∫_1 0 (1 − x)dx (x − x_+)(x − x_−) = − 2 cosh w sinh w(x_+ − x_−)

∫_1 0 ( 1 − x_+ x − x_+ − 1 − x_− x − x_− ) dx . (11) Note that x_+ ∈ (1, ∞) and x_− ∈ (−∞, 0). Hence, the integrands above are not singular for 0 ≤ x ≤ 1, and the corresponding integrals are well defined.

Using eq. (10), it follows that

x_+ − x_− = cosh w sinh w

, x_+ + x_− = 1 . (12)

It follows that dF dw = −2

∫_1 0 ( x_− x − x_+ − x_+ x − x_− ) dx = −2x_− ln ( x_+ − 1

x_+ ) + 2x_+ ln ( x_1 − 1 x_− )

= −2x_− ln ( − x_− x_+ ) + 2x_+ ln ( − x_+ x_− ) = 2 ln ( − x_+ x_− ) = 4w , (13) after employing eqs. (10) and (12). Using the boundary condition, F (0) = 0, one can solve the differential equation above to obtain F (w) = 2w^2. In light of eq. (8), w = arcsinh^1_2 √ −z, and we end up with F (z) = 2 [ arcsinh

(_1 2 √ −z )]_2 , for z ≤ 0. (14) Using the identity, arcsinh x = ln ( x + √ 1 + x^2 ) , (15) one can obtain another form of eq. (14), which we can write in two different ways,

F (z) = 2 ln^2 (√ −z 2 + √ 1 − z 4 ) = 1 2 ln^2 √ 1 −^4_z + 1 √ 1 −^4_z − 1

, for z ≤ 0. (16)

Next, consider the case of 0 ≤ z < 4. In this case, it is convenient to define,

z = 4 sin^2 θ , for 0 < θ ≤^1_2 π. (17)

Taking the derivative of F with respect to θ, dF dθ = d dθ ∫_1 0 dx x ln [ 1 − 4x(1 − x) sin^2 θ ] = −4 sin 2θ

∫_1 0 (1 − x)dx 1 − 4x(1 − x) sin^2 θ

. (18)

To evaluate the above integral, we first factor the denominator of the integrand and then apply a partial fractioning. That is,

1 − 4x(1 − x) sin^2 θ = 4 sin^2 θ(x − x_+)(x − x_−) , where x_± ≡ ± ie^{∓iθ} 2 sin θ

. (19)

Hence, it follows that dF dθ = − sin 2θ sin^2 θ

∫_1 0 (1 − x)dx (x − x_+)(x − x_−) = − 2 cos θ (x_+ − x_−) sin θ

∫_1 0 ( 1 − x_+ x − x_+ − 1 − x_− x − x_− ) dx . (20)

Using eq. (19), it follows that

x_+ − x_− = i cos θ sin θ

, x_+ + x_− = 1 . (21)

Moreover, ∫_1 0 (1 − x_−)dx x − x_− = ∫_1 0 x_+ dx x − x_− = ∫_1 0 x_+ dx x − 1 + x_+ = − ∫_1 0 x_+ dx x − x_+

, (22)

after changing the integration variable x → 1 − x in the final step above. In light of these last two results, eq. (20) yields, dF dθ = 2i

∫_1 0 dx x − x_+

= 2i ln ( 1 − x_+ −x_+ ) = 2i ln ( x_− −x_+ ) = 2i ln ( e^{2iθ} ) , (23)

after using eq. (19) for x_± to obtain the final result.

To complete our analysis, recall that the principal value of the complex logarithm is given by, ln z = ln |z| + i arg z , (24) where the principal value of the argument function is defined such that −π < arg z ≤ π. Since 0 < θ ≤^1_2 π [cf. eq. (17)], it follows that ln(e^{2iθ}) = 2iθ. Hence, eq. (23) yields, dF dθ = −4θ , for 0 < θ ≤^1_2 π. (25)

Setting z = 0 in eq. (7) and noting that z = 0 implies that θ = 0, it follows that F (θ = 0) = 0, which serves as an initial condition for eq. (25). Integrating eq. (25) subject to this initial condition yields, F (θ) = −2θ^2 , for 0 < θ ≤^1_2 π. (26) From eq. (17), sin θ =^1_2 √ z. Hence,

θ = arcsin

(_1 2 √ z ) . (27)

Plugging this result back into eq. (26) yields our final result,^1

F (z) = −2 [ arcsin

(_1 2 √ z )]_2 , for 0 ≤ z < 4 , (28)

where 0 ≤ arcsin

(_1 2 √ z ) <^1_2 π. Note that eqs. (14) and (28) are analytic continuations of each other, in light of the relation, arcsin(ix) = i arcsinh x. In order to analytically continue eq. (28) into the region of z > 4, the following equivalent form for eq. (28) is useful,

F (z) = −2 [π 2 − arccos

(_1 2 √ z )]2 , for 0 ≤ z < 4 . (29)

The case of z = 4 can be treated separately. In this case, 1 − 4x(1 − x) = (1 − 2x)^2, in which case we can again drop the −iϵ term in eq. (1). It then follows that

F (z = 4) =

∫_1 0 dx x ln [ (1 − 2x)^2 ] = 2 ∫_{1/2} 0 dx x ln(1 − 2x) + 2

∫_1 1/2 dx x ln(2x − 1) . (30)

In the first integral on the right hand side of eq. (30), we substitute y = 2x, and in the second integral on the right hand side of eq. (30), we substitute y = 2x − 1. Hence,

F (z = 4) = 2

∫_1 0 dy y ln(1 − y) + 2

∫_1 0 dy 1 + y ln y . (31)

The two integrals above are well known [9], ∫_1 0 dy y ln(1 − y) = − π^2 6 , ∫_1 0 dy 1 + y ln y = − π^2 12 . (32)

Hence, it follows that F (z = 4) = −^1_2 π^2 . (33) In light of eq. (26), lim_{θ→0} F (θ) = lim_{z→4} F (z) = −^1_2 π^2. Hence, it follows that we can extend the results of eqs. (28) and (29) to include the endpoint z = 4.

1An alternative derivation of eq. (28) and its analytic continuation are given in Appendix A.

Finally, we consider the case of z > 4. In this case, Im F (z) ≠ 0 and is given explicitly in eq. (6). In order to compute Re F (z) when z > 4, it is convenient to define, z = 4 cosh^2 w , for 0 < w < ∞ . (34) In light of eq. (5),

Re F (z) =

∫_1 0 dx x ln | |1 − zx(1 − x) | | . (35)

After employing eq. (34), we take the derivative of Re F with respect to w, d dw Re F = d dw ∫_1 0 dx x ln | |1 − 4x(1 − x) cosh^2 w | | = −4 sinh 2w P

∫_1 0 (1 − x)dx 1 − 4x(1 − x) cosh^2 w , (36) where P indicates the principal value prescription. In obtaining this result, we have made use of the relation obtained on p. 26 of Ref. [10], d dy ln |y| = P 1 y . (37)

To evaluate the above integral, we first factor the denominator of the integrand and then apply a partial fractioning. That is,

1 − 4x(1 − x) cosh^2 w = 4 cosh^2 w(x − x_+)(x − x_−) , where x_± ≡ e^{±w} 2 cosh w

. (38)

Hence, it follows that d dw Re F = − sinh 2w cosh^2 w P ∫_1 0 (1 − x)dx (x − x_+)(x − x_−) = − 2 tanh w x_+ − x_− P ∫_1 0 ( 1 − x_+ x − x_+ − 1 − x_− x − x_− ) dx . (39) Using eq. (38), it follows that x_+ − x_− = tanh w , x_+ + x_− = 1 . (40) Moreover, P ∫_1 0 dx x − x_− = P ∫_1 0 dx x − 1 + x_+

= −P

∫_1 0 dx x − x_+

, (41)

after changing the integration variable x → 1 − x in the final step above. Using the definition of the principal value prescription, P ∫_1 0 dx x − x_+

= lim_{δ→0+}

{∫_{x+−δ} 0 dx x − x_+ + ∫_1

x_++δ dx x − x_+ }

= lim_{δ→0+} { ln(x_+ − x) | | | x_+−δ

0 + ln(x − x_+) | | | 1

x_++δ }

= lim_{δ→0+} { ln δ − ln x_+ + ln(1 − x_+) − ln δ }

= ln ( 1 − x_+ x_+ ) = ln ( x_− x_+ ) = −2w , (42)

after making use of eqs. (38) and (40).

Finally, after employing eqs. (40)–(42), one can simplify eq. (39) to obtain, d dw Re F = −2(2 − x_+ − x_−) P

∫_1 0 dx x − x_+

= 4w . (43)

Integrating both sides of eq. (43) and using eq. (33) to determine the constant of integration,

Re F (w) = 2w^2 −^1_2 π^2 . (44)

From eq. (34), cosh w =^1_2 √ z. Hence, it follows that

Re F (z) = 2 [ arccosh

(_1 2 √ z )]_2 −^1_2 π^2 , for real z ≥ 4 , (45)

where the principal value of the arccosh function for real positive values of z ≥ 4 is

arccosh

(_1 2 √ z ) = ln (√ z 2 + √ z 4 − 1 ) . (46)

Note that eqs. (6) and (46) imply that

Im F (z) = −2π arccosh

(_1 2 √ z ) , for real z ≥ 4 . (47)

Combining eqs. (45) and (47) yields,

F (z) = −2 [π 2 + i arccosh

(_1 2 √ z )]2 , for z > 4 . (48)

In summary,

F (z) = −2 [ arcsin

(_1 2 √ z )]_2 , for 0 ≤ z ≤ 4 , −2 [_π 2 + i arccosh

(_1 2 √ z )]_2 , for z > 4 ,

(49)

where 0 ≤ arcsin

(_1 2 √ z ) ≤^1_2 π. In the literature, one often rewrites the expression for F (z) when z > 4 in one of the two following equivalent forms,^2

F (z) = −2 [ π 2 + i ln (√ z 2 + √ z 4 − 1 )]_2 = − 1 2 π + i ln 1 + √ 1 −^4_z 1 − √ 1 −^4_z 2 , for z > 4,

(50) after employing the identity,

arccosh x = ln ( x + √ x^2 − 1 ) , for x ≥ 1. (51)

It is straightforward to show that the two expressions on the right hand side of eq. (49) are analytic continuations of one another. This statement is proven at the end of Appendix A.

A similar method to the one presented in these notes for evaluating F (z) has been given in Refs.[11,12]. In these two references, dF/dz is evaluated first and then the result is integrated to obtain F (z). However, the final integration of dF/dz is more difficult as compared to the derivation given above.

Yet another technique for deriving F (z) is given in Appendix C.

2This result corrects a sign error that appears in eq. (3.3) of Ref. [5], which gave the opposite sign for the imaginary part of F (z). The sign was corrected in Ref. [6] (and also appears correctly on p. 434 of Ref. [7]).

Appendix A: Alternative derivation of F (z)

For 0 ≤ z < 4, Im F (z) = 0. One can therefore drop the factor of −iϵ in eq. (1) and write,

F (z) ≡

∫_1 0 dx x ln [ 1 − zx(1 − x) ] , for 0 ≤ z < 4. (52)

Noting that 0 ≤ zx(1 − x) < 1 for all 0 ≤ x ≤ 1 and 0 ≤ z < 4, we can employ a series expansion for the logarithm,

ln(1 − w) = − ∞∑ n=1 w^n n , for −1 ≤ w < 1. (53)

Setting w = zx(1 − x) in eq. (52) and interchanging the order of integration and summation,

F (z) = − ∞∑ n=1 z^n n ∫_1 0 x^{n−1}(1 − x)^n dx , for 0 ≤ z < 4. (54)

We recognize the integral above as a beta function,

B(n, n + 1) =

∫_1 0 x^{n−1}(1 − x)^n dx =

Γ(n)Γ(n + 1)

Γ(2n + 1) = (n − 1)! n!

(2n)!

. (55)

Plugging this result back into eq. (54) yields,

F (z) = − ∞∑ n=1 [ (n − 1)!

]_2

(2n)!

z^n , for 0 ≤ z < 4. (56)

Comparing this result with eq. (71) of Appendix B, we conclude that

F (z) = −2 [ arcsin

(_1 2 √ z )]_2 , for 0 ≤ z < 4 , (57) where arcsin is the principal value of the arcsine function, which satisfies | arcsin x| ≤^1_2 π for real values of x. Thus, we have confirmed the result of eq. (28).

One can now employ the method of analytic continuation to obtain F (z) in the region where z > 4. Note that an equivalent form for eq. (57) is,

F (z) = −2 [π 2 − arccos

(_1 2 √ z )]2 , for 0 ≤ z < 4 . (58)

To analytically continue into the region of real z > 4, we employ eqs. (4.23.24) and (4.37.19) of Ref. [13], which imply that for a positive infinitesimal ϵ,

lim_{ϵ→0+} arccos(x + iϵ) = −i arccosh x = −i ln ( x + √ x^2 − 1 ) , for 1 < x < ∞. (59)

Consequently, for z > 4,

F (z) = lim_{ϵ→0+} F (z + iϵ) = −2 [π 2 − arccos

(_1 2 √ z + iϵ )]2 = −2 [π 2 + i arccosh

(_1 2 √ z )]2 , (60)

in agreement with eq. (48). As expected, both eqs. (58) and (60) yield the same result at their common boundary, F (z = 4) = −^1_2 π^2.

Similarly, the analytic continuation of eq. (57) into the region of z < 0 yields eq. (14) in light of the relation, arcsin(ix) = i arcsinh x.

A careful treatment of the analytic continuation is also given in Ref. [12].

Appendix B: Power series of (arcsin x)^2

One method for deriving a power series of a function is to develop a differential equation (with appropriate initial conditions) whose solution is the function in question. This differential equation can then be solved by the series expansion method. This technique was used by Ref. [14] to derive the Taylor series for (arcsin x)^2 about the origin.^3 Inspired by the computation of Ref. [14], we first consider the function, y = arcsin x √ 1 − x^2

, (61)

where the principal value of the arcsine function is employed such that | arcsin x| ≤^1_2 π for real values of x. We can derive the Taylor series of eq. (61) about x = 0 by the following technique. Taking the derivative of eq. (61) yields dy dx = 1 1 − x^2 + x arcsin x (1 − x^2)^{3/2}

. (62)

It follows that eq. (61) is the solution to the following first order differential equation,

(1 − x^2) dy dx − xy = 1 , where y(x = 0) = 0 . (63)

Note that setting x = 0 in eq. (61) yields y = 0 which fixes the initial condition for eq. (63).

One can solve eq. (63) using a series solution, y = ∞∑ n=0 c_nx^n . (64)

Plugging eq. (64) back into eq. (63) yields, ∞∑ n=1 nc_nx^{n−1} − ∞∑ n=1 nc_nx^{n+1} − ∞∑ n=0 c_nx^{n+1} = 1 . (65)

Equating coefficients of x^n on both sides of eq. (65) and imposing y(x = 0) = 0 yields c_0 = 0, c_1 = 1 and c_{n+1} = n n + 1 c_{n−1} , for n = 1, 2, 3, . . . (66)

It immediately follows that

c_{2n+1} = 2n 2n + 1 · 2n − 2 2n − 1

· · · 2 3 = 2^nn!

(2n + 1)!!

, c_{2n} = 0 , for n = 0, 1, 2, . . . (67)

Hence we conclude that arcsin x √ 1 − x^2 = ∞∑ n=0 2^nn!

(2n + 1)!!

x^{2n+1} , for |x| < 1. (68)

In eq. (68), we have noted that the convergence of the sum requires that |x| < 1.

3Other methods for obtaining the Taylor series for (arcsin x)^2 about x = 0 can be found in Refs. [15–19].

In light of d dx (arcsin x)^2 =

2 arcsin x √ 1 − x^2 , it follows that (arcsin x)^2 = 2

∫_x 0 arcsin t √ 1 − t^2 dt . (69)

Inserting the series obtained in eq. (68) on the right hand side of eq. (69) yields,

(arcsin x)^2 = 2 ∞∑ n=0 2^nn!

(2n + 1)!!

∫_x 0 t^{2n+1} = ∞∑ n=0 2^nn!

(n + 1)(2n + 1)!!

x^{2n+2}

= ∞∑ n=1 2^{n−1}(n − 1)! n(2n − 1)!!

x^{2n} , for |x| ≤ 1 . (70)

One can check that the series on the right hand side of eq. (70) converges at all points on the boundary of the circle of convergence.

Note that (2n)! = (2n)!! (2n − 1)!! = 2^nn! (2n − 1)!! .

Hence, (2n − 1)!! =

(2n)! 2^nn! . Inserting this result into eq. (70) yields,

(arcsin x)^2 = 1 2 ∞∑ n=1 [ (n − 1)!

]_2

(2n)!

(2x)^{2n} , for |x| ≤ 1 . (71)

Using (n − 1)! = n!/n and introducing the central binomial coefficient, ( 2n n ) = (2n)! n! n! , one can rewrite eq. (71) as

(arcsin x)^2 = 1 2 ∞∑ n=1 (2x)^{2n}

n^2 ( 2n n ) , for |x| ≤ 1 . (72)

Appendix C: Yet another derivation of F (z)

In this Appendix, we shall evaluate F (z) defined in eq. (1) by employing the dilogarithm function discussed in detail in Ref. [20]. Eq. (1) is a special case of a more general integral with an integrand that consists of a ratio of quadratic polynomials. Such an integral was examined previously in Ref. [21]. In Appendix D, we present a detailed computation of this more general integral and correct some typographical errors that appear in Ref. [21].

Using eqs. (2) and (3),

f(x) =

(x_+ − x)(x_− − x) x_+x_− = ( 1 − x x_+ ) ( 1 − x x_− ) = (1 − xzx_+) (1 − xzx_−) , (73)

after making use of x_+x_− = 1/z.

In the region where 0 ≤ z < 4,

x_± =^1_2 [ 1 ± i √ 4 z − 1 ] . (74)

Moreover, f(x) is strictly positive for 0 ≤ x ≤ 1, in which case we can safely take the limit of ϵ → 0 in eq. (1). Hence,

F (z) =

∫_1 0 dx x ln [ f(x) ] = ∫_1 0 dx x ln (1 − xzx_+) +

∫_1 0 dx x ln (1 − xzx_−) . (75)

Using the following indefinite integral taken from Ref. [20], ∫_x dx x ln(1 − Ax) = − Li_2(Ax) , (76)

where Li_2(x) is the dilogarithm function, it follows that

F (z) = − Li_2(zx_+) − Li_2(zx_−) . (77)

Note that

zx_± =^1_2 [ z ± i √ 4z − z^2 ] = √ z e^{±iϕ} , where tan ϕ = √ 4 z − 1 . (78)

Following Ref. [20], we define

Li_2(r, ϕ) ≡ Re Li(re^{iϕ}) = − 1 2 ∫_r 0 ln(1 − 2x cos ϕ + x^2) x dx . (79)

Since F (z) is real in the region where 0 < z < 4, eq. (77) yields,

F (z) = Re F (z) = − Re [ Li_2(zx_+) + Li_2(zx_−) ] = − [ Li_2( √ z, ϕ) + Li_2( √ z, −ϕ) ] . (80)

Eq. (79) implies that Li_2(r, ϕ) = Li_2(r, −ϕ) . (81) Hence,

F (z) = −2 Li_2( √ z, ϕ) , where tan ϕ = √ 4 z − 1 and 0 ≤ z < 4 . (82)

Since 0 ≤ z < 4, it follows from eq. (78) that Re(zx_±) ≥ 0. Hence, cos ϕ ≥ 0, in which case

cos ϕ = 1 √ 1 + tan^2 ϕ

=^1_2 √ z . (83)

Eqs. (82) and (83) then yield,

F (z) = −2 Li_2(2 cos ϕ, ϕ) , where cos ϕ =^1_2 √ z and 0 ≤ z < 4 . (84)

Finally, we can employ formula (15) of Ref. [20], which states that

Li_2(2 cos ϕ, ϕ) =

(_1 2 π − ϕ)^2 , for 0 ≤ ϕ ≤ π. (85)

In light of the fact that 1 2 π − ϕ =^1_2 π − arccos

(_1 2 √ z ) = arcsin

(_1 2 √ z ) , (86)

it follows from eqs. (84)–(86) that

F (z) = −2 [ arcsin

(_1 2 √ z )]_2 , for 0 ≤ z < 4 , (87)

in agreement with eq. (28).

In the region where z > 4, one cannot drop the factor of −iϵ in eq. (1). Noting that both roots,

x_± =^1_2 [ 1 ± √ 1 − 4 z ] , (88)

are real and lie between 0 and 1, we see that eq. (75) must be modified as follows,

F (z) =

∫_1 0 dx x ln (1 − xzx_+ − iϵ) +

∫_1 0 dx x ln (1 − xzx_− + iϵ) . (89)

In particular, note that since 0 < x_− < x_+ < 1 and z > 4, it follows that

(1 − xzx_+ − iϵ)(1 − xzx_− + iϵ) = 1 − zx(1 − x) + iϵ xz(x_− − x_+) = 1 − zx(1 − x) − iϵ , (90)

in a region where 0 < x < 1, as required. An alternative way to arrive at the same result is to note that z → z + iϵ is equivalent to x_± → x_± ± iϵ. Since zx_± = 1/x_∓, eq. (76) yields,

F (z) = − Li_2(zx_+ + iϵ) − Li_2(zx_− − iϵ) , for z > 4. (91)

Using zx_+x_− = 1 and x_+ + x_− = 1, it follows that

zx_− − iϵ = 1 x_+

− iϵ = 1 1 − x_−

− iϵ = 1 1 − (zx_+)^{−1} = zx_+ zx_+ − 1

− iϵ . (92)

Thus, we can rewrite eq. (91) as,

F (z) = − Li_2(zx_+ + iϵ) − Li_2 ( zx_+ zx_+ − 1

− iϵ ) , for z > 4. (93)

The factors involving iϵ indicate how to evaluate the dilogarithms which are defined on the complex plane with a branch cut from 1 to ∞. Specifically, for real values of x and positive infinitesimal ϵ, Li_2(x ± iϵ) = Re Li_2(x) ± iπ Θ(x − 1) ln x . (94)

The step function Θ(x−1) in eq. (94) indicates that the dilogarithm of a real number possesses an imaginary part only when the argument of the dilogarithm is greater than 1.

Formula (9) on p. 283 of Ref. [20], with the imaginary part modified appropriately^4 in light of eq. (94), states that Re [ Li_2(x) + Li_2 ( x x − 1 )] =^1_2 π^2 −^1_2 ln^2(x − 1) , for x > 1, (95) and Im [ Li_2(x + iϵ) + Li_2 ( x x − 1

− iϵ )] = π ln(x − 1) , for x > 1. (96)

Hence, eq. (93) yields,

F (z) = −^1_2 π^2 +^1_2 ln^2(zx_+ − 1) − iπ ln(zx_+ − 1) = −^1_2 [ π + i ln^2(zx_+ − 1)

]_2 . (97)

Noting that zx_+ − 1 = 1 x_−

− 1 =

1 − x_−

x_− = x_+ x_−

, (98)

it follows that F (z) = − 1 2 [ π + i ln ( x_+ x_− )]_2 , for z > 4. (99)

Employing eq. (88), we end up with

F (z) = − 1 2 π + i ln 1 + √ 1 −^4_z 1 − √ 1 −^4_z 2 , for z > 4, (100)

in agreement with eq. (50).

Finally, we can also treat the region of z < 0. Using eqs. (77) and (92),

F (z) = − Li_2(zx_+) − Li_2 ( zx_+ zx_+ − 1 ) , for z < 0. (101)

Note that zx_+ ∈ (0, 1) when z < 0, so the arguments of both dilogarithms are less than 1, which means that F (z) is real, as expected from eq. (6). Thus, we can evaluate eq. (101) by employing formula (8) on p. 283 of Ref. [20], which states that

Li_2(x) + Li_2 ( − x 1 − x ) = −^1_2 ln^2(1 − x) , for x < 1. (102)

Hence, eq. (101) yields,

F (z) =^1_2 ln^2(1 − zx_+) , for x < 1. (103)

4In formula (9) on p. 283 of Ref. [20], it has been implicitly assumed that x means x − iϵ in both the arguments of the dilogarithms.

Using eq. (98), it follows that

1 − zx_+ = − x_+ x_− = √ 1 −^4_z + 1 √ 1 −^4_z − 1

. (104)

Thus, we end up with,

F (z) = 1 2 ln^2 √ 1 −^4_z + 1 √ 1 −^4_z − 1

, for z < 0, (105)

in agreement with eq. (16).

Appendix D: Generalizing the results of Appendix C

The integral treated in these notes is a special case of the more general integral,

G(x_1; b, c) =

∫_1 0 dx x − x_1 ln ( x^2 + bx + c − iϵ x^2_1 + bx_1 + c − iϵ ) , (106)

where x_1, b and c are real parameters and ϵ is an infinitesimal constant (which can be either positive or negative).^5 Note that the potential singularity of the integrand at x = x_1 is removable. One can evaluate G(x_1; a, b, c) by using the same techniques employed in Appendix C. In this Appendix, we will provide details of the evaluation of eq. (106), and verify that it reduces to the results obtained in Appendix C for G(0; −1, 1/z).

We first consider the case of b^2 < 4c. In this case, c > 0 and the polynomial equation x^2 + bx + c = 0 has two complex roots,

x_± =^1_2 [ −b ± i √ 4c − b^2 ] , (107)

which implies that x^2 + bx + c > 0 for all x. Consequently, it is safe to take the limit of ϵ → 0. After factoring the argument of the logarithm,

G(x_1; b, c) = G(x_1, x_+) + G(x_1, x_−) , (108)

where G(x_1, x_±) =

∫_1 0 dx x − x_1 ln ( x − x_± x_1 − x_± ) , (109)

which consists of two equations (one for the upper signs and one for the lower signs). Changing the integration variable to y = x − x_1,

G(x_1, x_±) =

∫_{1−x1}

−x_1 dy y ln ( 1 − y x_± − x_1 ) . (110)

5In the more general case where the argument of the logarithm is (ax^2 + bx + c − iϵ)/(ax^2_1 + bx_1 + c − iϵ) where a ≠ 0, one can always divide the numerator and denominator by a and change the sign of ϵ if a < 0. Thus, without loss of generality, one is free to consider the form of the integral as given by eq. (106).

Employing eq. (76), we end up with

G(x_1, x_±) = − Li_2 ( 1 − x_1 x_± − x_1 ) + Li_2 ( −x_1 x_± − x_1 ) . (111)

Note that

1 − x_1 x_± − x_1 = |1 − x_1| √ x_1 + bx_1 + c e^{±iϕ} , for ϕ = θ + π Θ(x_1 − 1) , (112)

−x_1 x_± − x_1 = |x_1| √ x_1 + bx_1 + c e^{±iϕ′} , for ϕ^′ = θ + π Θ(x_1) , (113)

where cos θ = −

2x_1 + b 2 √ x^2_1 + bx_1 + c

. (114)

To derive the above results, we calculate as follows,

1 − x_1 x_+ − x_1 = (1 − x_1)(x_− − x_1) (x_+ − x_1)(x_− − x_1) = 1 − x_1 2(x^2_1 + bx_1 + c) [ −2x_1 − b − i √ 4c − b^2 ] . (115)

In a convention where −π < ϕ ≤ π, it follows that

tan ϕ = √ 4c − b^2 2x_1 + b

, (116)

and the two-fold ambiguity on the determination of ϕ is fixed by the sign of cos ϕ. In particular, the sign of cos ϕ is equal to the sign of Re [ (1 − x_1)/(x_+ − x_1) ] . That is,

sgn(cos ϕ) = { +1 , if (1 − x_1)(2x_1 + b) < 0 , −1 , if (1 − x_1)(2x_1 + b) > 0 .

(117)

It follows that,

cos ϕ = − 1 √ 1 + tan^2 ϕ sgn ( (1 − x_1)(2x_1 + b) ) = − 2x_1 + b 2 √ x^2_1 + bx_1 + c sgn(1 − x_1)

= cos θ sgn(1 − x_1) = cos ( θ + π Θ(x_1 − 1) ) , (118)

in agreement with the result for (1−x_1)/(x_+ −x_1) given in eq. (112). The other cases specified in eqs. (112) and (113) can be obtained similarly.

Hence, after using the definition of Li_2(r, ϕ) given in eq. (79) and making use of eq. (81), we end up with

G(x_1; b, c) = 2 Li_2 ( |x_1| √ x_1 + bx_1 + c

, θ + π Θ(x_1) ) − 2 Li_2 ( |1 − x_1| √ x_1 + bx_1 + c

, θ + π Θ(x_1 − 1) ) . (119) It is convenient to allow the parameter x in Li_2(x, ϕ) to be negative. Then, eq. (79) implies that Li_2(−x, θ) = Li_2(x, θ + π) . (120)

In addition, note that Li_2(x, 0) = Re Li_2(x) , (121)

which means that Li_2(x, 0) ≠ Li_2(x) for x > 1, since in this regime Li_2(x) possesses an imaginary part, whereas Li_2(x, 0) is real.

It then follows that,

G(x_1; b, c) = 2 Li_2 ( −x_1 √ x_1 + bx_1 + c , θ ) − 2 Li_2 ( 1 − x_1 √ x_1 + bx_1 + c , θ ) , (122)

where cos θ = −

2x_1 + b 2 √ x^2_1 + bx_1 + c

, (123)

in agreement with the result given in Appendix D of Ref. [21].

As a check, we set x_1 = 0, b = −1 and c = 1/z, under the assumption that 0 ≤ z < 4, to obtain,

G(0; −1, 1/z) = −2 Li_2( √ z, θ) , where cos θ =^1_2 √ z and 0 ≤ z < 4, (124)

in agreement with the result of eq. (84).

Next, we consider the case of b^2 > 4c. In this case, the polynomial equation x^2 +bx+c = 0 has two real roots, x_± =^1_2 [ −b ± √ b^2 − 4c ] . (125)

Depending on the values of x_+, x_− and x_1, the argument of the logarithm may change sign in the interval 0 ≤ x ≤ 1. If this happens, then the logarithm will develop an imaginary part, whose sign is fixed by the presence of the iϵ term. However, it will be convenient to first consider the case where the argument of the logarithm is strictly positive in the interval of 0 ≤ x ≤ 1. In this case we can safely take the limit of ϵ → 0. Once we obtain the result for this case, one can analytically continue the result into other parameter regimes simply by replacing c → c − iϵ.

Thus, if we assume that x_± < x_1 and x_± < 0, then we can factor the argument of the logarithm as we did in eqs. (108)–(110), and we once again arrive at eq. (111),

G(x_1, x_±) = − Li_2 ( 1 − x_1 x_± − x_1 ) + Li_2 ( −x_1 x_± − x_1 ) . (126)

As expected, both dilogarithm arguments are less than 1, which confirms that the functions G(x_1, x_±) are real, as expected. Hence eq. (108) yields,

G(x_1; b, c) = Li_2 ( −x_1 x_+ − x_1 ) + Li_2 ( −x_1 x_− − x_1 ) − Li_2 ( 1 − x_1 x_+ − x_1 ) − Li_2 ( 1 − x_1 x_− − x_1 ) . (127)

If we drop the assumption that x_± < x_1 and x_± < 0, then some of the dilogarithm arguments may be larger than 1 indicating that an imaginary part is present, in light of eq. (94). Thus, we now restore the iϵ factors by letting c → c − iϵ. In particular, we must replace x_± → x_± ± iϵ. For example,

−x_1 x_± − x_1 ± iϵ = −x_1

(x_± − x_1) ( 1 ± iϵ x_± − x_1 ) = −x_1 x_± − x_1 ± iϵ x_1 (x_± − x_1)^2 = −x_1 x_± − x_1

± iϵ sgn x_1 .

(128) Hence, it follows that independently of the values of x_± and x_1,^6

G(x_1; b, c) = Li_2 ( −x_1 x_+ − x_1

+ iϵ sgn x_1 ) + Li_2 ( −x_1 x_− − x_1

− iϵ sgn x_1 )

− Li_2 ( 1 − x_1 x_+ − x_1

+ iϵ sgn(x_1 − 1) ) − Li_2 ( 1 − x_1 x_− − x_1

− iϵ sgn(x_1 − 1) ) . (129)

As a check, we take x_1 = 0, b = −1 and c = 1/z, which yields, zx_+x_− = zc = 1 and

G(0; −1, 1/z) = − Li_2(zx_+ + iϵ) − Li_2(zx_− − iϵ) , for z > 4, (130)

in agreement with eq. (91).

For completeness, we examine a third case where b^2 = 4c. In this case, it is safe to take the ϵ → 0 limit, which yields, G ( x_1; b,^1_4 b^2 ) = 2 ∫_1 0 dx x − x_1 ln | | | x +^1_2 b x_1 +^1_2 b | | | = 2 Re

{∫_{1−x1}

−x_1 dy y ln ( 1 + y x_1 +^1_2 b )}

= 2 Re { Li_2 ( x_1 x_1 +^1_2 b ) − Li_2 ( x_1 − 1 x_1 +^1_2 b )} , (131)

after making use of eqs. (24) and (76). It is a simple exercise to check that in the limit of b^2 = 4c, eqs. (122) and (129) both reduce to eq. (131), as expected.^7

If the argument of the dilogarithm is larger than 1, then one can use formula (6) on p. 283 of Ref. [20] to write,

Re Li_2(x) =^1_3 π^2 − Li_2 ( 1 x ) −^1_2 ln^2 x , for x > 1. (132)

The reader can rewrite the result of eq. (131) accordingly.

As one final check of the formulae derived in this Appendix, consider the limit where |b|, |c| → ∞ with r ≡ c/b held fixed to a finite value. In this limit, one can neglect the factor of x^2 in the numerator and denominator of eq. (106), in which case,

G(x_1; b, c) =

∫_1 0 dx x − x_1 ln ( x + r − iϵ sgn b x_1 + r − iϵ sgn b ) . (133)

6Eq. (129) corrects a typographical error that appears in eq. (D.6) of Appendix D in Ref. [21]. 7When analyzing eq. (122), we have made use of eqs. (120) and (121). When analyzing eq. (129), we have used the fact that Li_2(x + iϵ) + Li_2(x − iϵ) = 2 Re Li_2(x), in light of eq. (94).

Suppose that x_1 and r take on values such that (x+r)/(x_1 +r) > 0 over the interval 0 < x < 1. In this case, we can safely take the limit of ϵ → 0. Hence,

G(x_1; b, c) =

∫_1 0 dx x − x_1 ln ( x + r x_1 + r ) = ∫_{1−x1}

−x_1 dy y ln ( 1 + y x_1 + r )

= Li_2 ( x_1 x_1 + r ) − Li_2 ( x_1 − 1 x_1 + r ) . (134)

To obtain a result that is independent of the values of x_1 and r, one must restore the iϵ factor by letting r → r − iϵ sgn b. Hence, we end up with,

G(x_1; b, c) = Li_2 ( x_1 x_1 + r

+ iϵ sgn(bx_1) ) − Li_2 ( x_1 − 1 x_1 + r

+ iϵ sgn ( b(x_1 − 1) ) ) . (135)

This result corrects a typographical error in eq. (D.9) of Appendix D of Ref. [21] (the latter was valid only in the case of b < 0). One can verify that eq. (135) is reproduced when evaluating eq. (129) in the limit of |b|, |c| → ∞ with r ≡ c/b. In performing this check, note that if b > 0 then x_− → ∞ and x_+ → −r, whereas if b < 0 then x_+ → ∞ and x_− → −r.

References

[1] J.R. Ellis, M.K. Gaillard and D.V. Nanopoulos, Nucl. Phys. B 106, 292 (1976).

[2] M.A. Shifman, A.I. Vainshtein, M.B. Voloshin and V.I. Zakharov, Sov. J. Nucl. Phys.

30, 711 (1979) [Yad. Fiz. 30, 1368 (1979)].

[3] M.B. Gavela, G. Girardi, C. Malleville and P. Sorba, Nucl. Phys. B 193, 257 (1981).

[4] L. Okun, Leptons and Quarks (North Holland, Amsterdam, 1982).

[5] J.F. Gunion and H.E. Haber, Nucl. Phys. B 278, 449 (1986) [Erratum: Nucl. Phys. B 402, 569 (1993)].

[6] J.F. Gunion, H.E. Haber, G. Kane and S. Dawson, The Higgs Hunter’s Guide (Westview Press, Boulder, CO, 2000).

[7] V.D. Barger and R.J.N. Phillips, Collider Physics, updated edition (Addison-Wesley Publishing Company, Reading, MA, 1997).

[8] A. Djouadi, Phys. Rept. 457, 1 (2008) [hep-ph/0503172].

[9] H.B. Dwight, Table of Integrals and Other Mathematical Data, 4th Edition (MacMillan Publishing, New York, 1961).

[10] I.M. Gel’fand and G.E. Shilov, Generalized Functions, Volume 1: Properties and Operations (Academic Press, Inc., New York, 1964).

[11] B. de Wit and J. Smith, Field Theory in Particle Physics, Volume 1 (Elsevier Science Publishers B.V., Amsterdam, The Netherlands, 1986). See pp. 287–289.

[12] R.N. Cahn, in Proceedings of GIF 90, 22nd Summer School on Particle Physics: Where is the Higgs?, edited by R.N. Cahn, D. Froidevaux, J.F. Grivaz, et al., 3–7 September 1990 (Inst. Nat. Phys. Nucl. Phys. Particules, Paris, France, 1991) pp. 5–100 [Lawrence Berkeley Laboratory preprint: LBL-29789 (December 1990)]. See pp. 32–34 of the preprint.

[13] F.W.J. Olver, D.W. Lozier, R.F. Boisvert and C.W. Clark, editors, NIST Handbook of Mathematical Functions (Cambridge University Press, Cambridge, UK, 2010).

[14] Joseph Edwards, An Elementary Treatise on the Differential Calculus, 2nd edition (MacMillan and Company, London, UK, 1892). See pp. 86–88.

[15] Hongwei Chen, Excursions in Classical Analysis (Mathematical Association of America, Washington , DC, 2010). See Chapter 15.

[16] Z.A. Mekzak, Companion to Concrete Mathematics: Mathematical Techniques and Various Applications, Volume 1 (John Wiley & Sons, New York, 1973). See p. 108.

[17] George Boros and Victor H. Moll , Irresistible Integrals (Cambridge University Press, Cambridge, UK, 2004). See pp. 118–122.

[18] J.M. Borwein and M. Chamberland, International Journal of Mathematics and Mathematical Sciences, Volume 2007, Article ID 19381 [doi:10.1155/2007/19381].

[19] Cornel Ioan Vǎlean, (Almost) Impossible Integrals, Sums and Series (Springer Nature, Cham, Switzerland, 2019). See pp. 331–333.

[20] Leonard Lewin, Polylogarithms and Associated Functions (Elsevier North Holland, New York, 1981).

[21] H.E. Haber and D. Wyler, Nucl. Phys. B 323, 267 (1989).